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ABSTRACT. In Finsler geometry, the notion of parallel for Finsler tensor
fields is defined, already. In this paper, however, for vector fields on a base
manifold, the author studies the notion of parallel. In the last section, the
obtained results are shown as compare corresponding properties to them
of Riemannian geometry.

INTRODUCTION

The author gave the definition (1.1) of the parallel displacement along a curve
in [7] and explained the geometrical meaning by HT M (the horizontal subbundle
of TTM) in it. Further, the author proved that the inverse vector field was
parallel along the inverse curve under some conditions, in addition, that the
inner product of two parallel vector fields was preserved along a path. Next,the
notion of the autoparallel curves was stated and, last, the author formulated the
notion of the geodesics by using the Cartan Finsler connection and the notions
of the path and autoparallel curves.

In this paper, the author studies the notion of parallel displacement for vector
fields on a base manifold. The notion of parallel for Finsler tensor fields is
already defined([3],[5],[6]) as same as done the notion of parallel displacement
along curves([2],[1]). However, the study in detail of parallel vector field on the
base manifold are not done, the author thinks so. As the first step of the study
in detail, the author investigates the geometrical meaning of parallel in HT M
(Proposition 3.1) and from the obtained results the author have the conditions
for Finsler connections (Theorem 3.1). Lastly, in Riemannian geometry, parallel
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vector fields have the special properties, for examples, “be parallel along any
curve” and “its norm is constant on the base manifold”. So the author checks
the above two properties for the ”parallel vector field” in Finsler geometry and
investigates being parallel along curves under our definition (1.1) of the parallel
displacement in particular.

The terminology and notations are referred to the books [4] and [5]. The
author is given very useful suggestions by Prof. T. Aikou and Prof. M. Hashiguchi
frequently, and greatly appreciates their kindness.

1. THE DEFINITION OF THE PARALLEL DISPLACEMENT ALONG A CURVE

Firstly, we put the terminology and notations used in this paper. Let M
be an n-dimensional differentiable manifold and T'M its tangent bundle, and let
(N}, F},., C},) be a Finsler connection( or the coefficients of a Finsler connection).

grs
Further let F(z,y) be a Finsler fundamental function and g;;(x,y) = %%
the Finsler metric.
Now, for a vector field along a curve ¢, we put the definition of the parallel

displacement along c. It is as follows
Definition 1.1. For a curve ¢ = (c'(t)) (a < t < b) and a vector field v = (v*(t))
along c, if the equations
d % o de”
(1.1) ;t FOIF (e =0 (& = d_ct)

are satisfied, then v is said to be parallel along ¢, and we call the map v(a) — v(b)
the parallel displacement along c.

Let set the state as the curve ¢ = (c'(t)) (a < t < b) passes through two
points p = ¢(a), ¢ = c¢(b) on M, and we assume that the vector field v = (v¥(t))
is parallel along c and A = (A%) = v(a), B = (B") = v(b). Then we have another
curve ¢! and vector field v™1 as follows
(1.2) c (1) = (¢ (7)), where ¢ (1) = '(—T +a +b),
(1.3) v (1) = (v1(7)), where v (1) = v (=T +a +b)
andt = —7+a+b, a <7 <b Then c'(a) = c(b) = q, c1(b) = c(a) =
pand v~ 1(a) = v(b) = B, v=1(b) = v(a) = A.

We have the following theorem, for the inverse curve ¢~! and vector field v—1,

Theorem 1.1. For any differentiable curve c(t). Let v(t) be parallel vector field
along the curve c(t). Then the vector field v=1 is parallel along the curve c=1 if
and only if

(1.4) Foj(,y) + Fg;(@,—y) = 0

is satisfied, where (N;,FJ?'T,C;T) is a Finsler connection satisfying F;T(.r,y) =
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Now, let HT' M be the subbundle of the bundle T'T'M. HT M is the collection
of horizontal vectors at every point (x,y) on the tangent bundle 7'M, namely

(1.5) HTM = | ) {#'6; €T )TM | 2" € R},
(z,y)€eTM

where §; = % — N/ 827” is the horizontal basis of T{, ,yT'M. We put a local co-
ordinate system (z%,y¢, 2*) of HT'M. This system have the coordinate transfor-
mation (z*,y", 2") — (2%, 9%, z%) attended with the coordinate transformation

(x') — (2%) of the base manifold M, where

%= z%x)

0 Jﬁi‘“
Za — Z]ia
-7 Oxd
Then we can take the derivative operator with respect to z°
) 0 0 0
1.7 — =— — N/ — F" ,
(17) oxt  Oxt " oyr b0z

where F} = 2" F};(z,y).
Next, let ¢ = (¢'(t)) be a curve on M and v = (v*(t)) a vector field along c.
o de
We take the lift ¢ = (¢, ¢*,v") to HT'M and the tangent vector d_(tj of ¢ is written
in
G0 a0 v o
dt — dt 9zt dt Oyt = dt 0z
0 dé - 0 dv’ - 0
— X3 i - N'L o\ e : jFl o\ e |

Therefore Definition 1.1 means that the lift ¢ is a horizontal curve in HT M .
So we have

(1.8)

Theorem 1.2. If a vector field v = (vi(t)) along the curve ¢ = (c'(t)) is parallel
along ¢, then the lift ¢ = (¢,¢é,v) to HT'M is a horizontal curve in HT M. The
inverse property is also true.

2. PATHS AND AUTOPARALLEL CURVES
First, we treat paths on M ([4]). It is the curve ¢ = (c'(t)) satisfying

dé ;
(2.1) d—ct + Ni(e,é)é" = 0.
In other words, the canonical lift (¢, ¢) to T'M is a horizontal curve in T'M.

Then we have the following theorem.
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Theorem 2.1. The inverse curve ¢~ ' of any path c is also a path if and only
if N?(a:, —y) = —le(:c,y) satisfies.

Next, we consider a Finsler space (M, F(x,y)) with a Finsler connection
(N7, F;T,C;T). We assume the curve ¢ = (c! t)) is a path, namely, satisfies
(2.1) and two vector fields v = (vi(t)), u = (u’(t)) are parallel along c. Then

the " inner product” g;;(c, ¢)vu’ satisfies

(2.2) a7 i (e ) = et + 8; gV g 9
= (53613 - gk:ij gikFJkr) ! = gz‘j|7«(C, C)Q) uwé’.

Hence if g;;, = 0, then g;;(c, ¢)v'u/ is constant on c.

Inversely, we assume that the inner product g;;(c, ¢)v'u’ is preserved on the
curve ¢ = (c¢'(t)). Then we have the following calculations

d . 0gi; - . [dé"
(2.3) E(gij(c’ e'u’) = %yivzuj ( dct + N (¢, ¢)é k) =0.
The vector fields v, u are arbitrarily. So we have
9gij(c,¢) (de” o

2.4 ZIWANT T k) — .
(2.4) 20 (S Ve

Obviously, on the curve ¢ satisfying (2.4), the inner product of the parallel vector
fields v and u are preserved. So we have

Theorem 2.2. Let (M, F(x,y)) be a Finsler space with a Finsler connection
(N7, F},.,C,) satisfying h-metrical g;j, = 0 and v = (v'(t)), u = (u’(t)) vector

fields parallel along the curve ¢ = (c*(t)). Then the inner product g;;(c,¢)v*u’ is
preserved on c if and only if the equation (2.4) is satisfied.

Furthermore if Ni(z,y) + Nj(z,—y) = 0, Tj(z,y) = 0 and Fy;(z,y) +
F§;(z, —y) = 0 are satisfied, then according to Theorem 1.1 we have
Theorem 2.3. For a Finsler space (M, F(x,y)) with a Finsler connection
(N’ F;r, C;T) satisfying h-metrical g;;), = 0, if the curve ¢ = (c'(t)) is a path and
vector fields v = (v*(t)), u = (u'(t)) are parallel along c, then the inner products
gij(c,e)v'u? and g;;(c™, e Yo a1 are preserved on ¢ and ¢!, respectively.

Last, let’s define the autoparallel curve. It is as follows

Definition 2.1. If the canonical lift (c,¢,¢) to HT M is horizontal of HT' M,
then we call ¢ an autoparallel curve.

By the above definition, autoparallel curves c satisfy
dé

(2.5) -+ F} (c,é)é¢" = 0.
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In addition we consider the geodesics from the viewpoint of the parallel dis-
(& C

placement. It is well known that for the Cartan connection (NV}, ; F;r, C’;T) the
equations of the geodesic ¢(t) are written

d?ct ¢ dc? d2ct ¢ de” de?

2.6 Ni(e.o)2 — 9 Fi.
(2.6) iz TNl g =0 (or a4 Fryle, &)~

=0).

(&
This means that the geodesic is path and autoparallel curve, from N ; = ng.

3. PARALLEL VECTOR FIELDS
In Riemannian geometry, when the equations

ov'(z)
ozl

are satisfied, we call v(x) the parallel vector field, where T (x) are the coef-
ficients of the Riemannian connection. We want the notion of parallel vector
fields in Finsler geometry.

According to Section 1 and 2, we treat the lift o = (z,v,v) to HT M and
calculate the differential with respect to z* as follows

o .0 ov" 0 o 0
oxt ' Qxr + oxt oy + oxt 0z"
0 ov" 0 ov" 0

Ozt * oxt Yy + oxt 0z"

5 ) LoD
(3.2) ((sgcﬁNlarH7 oz 81‘1 ay t ozt 027

J ov , .\ 0
_5J;i+<6aﬂ+N>8’" < +F>8zr

o ov” 0 ov 0
T - - J
.+( —{—N(ajv)) yr—{—<:Z+F(q:fu)1)>E .

- dxt

(3.1)

+ Fij (x)v"(x) =0

oz’ o
So we consider the tangential case of — 3 v , namely, we assume that v(z) satisfies
xt
8 T
(3.3) 82_1 + N (z,0) =0
ov”
(3.4) L Fli(z,v)v’ = 0.

Ozt
From (3.2) if the vector field v(z) on M satisfies (3.3) and (3.4), then the lift ©

on HT M is tangential to the n-dimensional subspace spanned by 5o So we
x

have
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Proposition 3.1. Let M be an n-dimensional differential manifold and
(N},F? C;T) a Finsler connection.  For a wvector field v(z) on M, the

grs
lft © = (z,v,v) on HTM is tangential to the n-dimensional subspace

o

ozt
isfies (3.3) and (3.4).

NER,i=1,2,--- ,n} at every point (z,v,v) if and only if v sat-

Next we study the conditions in order for the vector field satisfying (3.3) and
(3.4) to exist in locally at every point (x,y) € T'M.
First of all, we must have the necessary condition as follows

(3.5) Dij(z,v) =0
because of ?)sz = =N/ (z,v) = —FJ;(z,v)v/ and D (x, v) = F;(z,v) = Ni(z,v).
0?0 020!

Next, by the integrability conditions of (3.3), the equation

dzidak — 9xkdzi
(3.6) R;k(x,v) =0
are satisfied because that

0% _ONj ONjow 0N 0N}

dxidz* —  dxzF  Oyr dzF k| Qyr N

(3.7) i i (1
Oxk koyr dxk
and
2. i
(3.8) 0%v _ _5N,?7
OxkOxi oxd
so we have
. SN!  §Ni
7 _ J k _
RIL RN

Furthermore by the integrability conditions of (3.4), the

0 0z*  OxFor

equation

(3.10) R (z,0) =0
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are satisfied because that
o' CO(Fv) _ _aFﬁjUT B Fi'(?fu’"
Oz Oxk oxk oxk " Oxk
_ TJ rJ r [ r m
__<8$k+@ym 8Ik>v + FrjFpv
= — axk — 8ym Nk v +FTijkU
5Fj. . SF?. .
J ., 7 T m o __ ) 7 m T
_WU +Fermkv - <5l‘k — tmy ’I‘k)v
and
82’Ui 6F7fk i m r
(3.12) R ( 527 kaFw) v
so we have
SFi.  §Fi . ,
] rk [ m 7 m ro__
i 5F2j 5Fﬁk i m i m i m
From (3.6), (3.13) and R, = Sk 50 + F B — B E + Oy R we

have (3.10).

At last we have the conditions that there exist a vector field v(z) with initial
value v(zg) = yo satisfying (3.3) and (3.4). Of course, the solutions of the
differential equations (3.3) or (3.4) are locally. So we have

Theorem 3.1. For any point xo € M and any direction yo at xg, there ex-
ists an neighborhood U of xo and on U the vector field v(x) with the initial
value v(xzg) = yo satisfies (3.3) and (3.4) if and only if the Finsler connection

(Ni(2,y), F}, (2,y), C},.(2,y)) satisfies

(3.14) D;- (x,y) =0, (for the deflection tensor)
(3.15) Ry (z,y) =0, (for the R' torsion tensor)
(3.16) Réjk(x, y) =0 (for the R* curvature tensor).

Now, in Riemannian geometry, if a vector field v(xz) on M satisfies (3.1),
namely, parallel vector field, then v(z) have the following properties

(1) v is parallel along any curve ¢,
(2) the norm ||v|| is constant on M.

So, for the vector field v(x) stated in Theorem 3.1, we investigate the above two
properties.
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First of all, we consider the curve c(t) = (ci(t)) as the solution of the following
differential equation

dct

(3.17) —

= v'(c(t)).

dvt|l.  Ovtdc” . .
@ " owar ~ Lar(evlevlle

Then the restriction v|. = v(c(t)) satisfies

from (3.4). Further, from ¢ = v|., we have

dv'|

(3.18) 7 S+ 07| (c,¢)¢" =0.

Thus, according to Definition 1.1, we may call v parallel along the curve c.

) . dét vt de” ; -
Next the solution c(t) of (3.17) satisfies gl el —N}(c,vl|c)é¢" from
(3.3). Thus we have
dé -
(3.19) d—ct + Ni(e,&)é = 0.

By the definition (2.1), the flow ¢ of v(x) is a path.

Therefore let (M, F') be a Finsler space with a Finsler connection satisfying
(3.14),(3.15),(3.16) and g;;x(x,y) = 0. According to Theorem 2.2, the inner
product |[v]|? = gij(c, ¢)vivd is constant on the path ¢ that is the solution of
(3.17). This means the norm |[v|| is constant on ¢. Thus we have

Theorem 3.2. Let (M, F) be a Finsler space with a Finsler connection satisfy-
ing (3.14),(3.15),(3.16) and g;jjx = 0. Then, at every point z(€ M), there are
an neighborhood U of x, a local vector field v and a certain path on U, and the
following properties are satisfied on U

(1) v is parallel along ¢,
(2) the norm ||v|| is constant on c.

Remark 3.1. We notice the interesting similarity when we compare the notions
of geodesics and parallel vector fields with the ones of Riemannian geometry, see
Table 1.

For the metrical properties (inner product, geodesic, norm), we need not only
the horizontal property of HT M, but also the one of TM. We may define
the notion of parallel vector fields on M in Finsler geometry. It is Proposition
3.1, namely, if the lift o = (z,v,v) to HT'M is tangential to the n-dimensional
subspace spanned by %, then we call v the parallel vector field on M.



[1]
2]
[3]
[4]
[5]
[6]

[7]

ON THE PARALLEL DISPLACEMENT AND PARALLEL VECTOR FIELDS... 357

Riemannian space (M, g) Finsler space (M, F')

(I) v is parallel along ¢

o 4 Wil ()& =0 o W WIF! (¢,6)é" =0
(¢,v) is horizontal of TM (¢, ¢,v) is horizontal of HT M

(IT) the inner product

e it is constant on ¢ e (¢, ¢) is horizontal of T M
if ¢ is a path, it is constant on ¢

(ITI) ¢ is a geodesic

e (c,¢) is horizontal of TM e (¢, ¢) is horizontal of T'M

c is an autoparallel curve c is a path
e (¢, ¢,¢) is horizontal of HT M
c is an autoparallel curve

(IV) v is a parallel vector field

. ag;(ch) +TLi(x)o" () =0 o o Ffi(z,v)v) =0

(x,v) is horizontal of TM  (x,v,v) is horizontal of HT M

e v is parallel along any ¢ e v is parallel along the curve ¢
that is the solution of (3.17)

e the norm ||v|| is constant e gg: + N/ (z,v) =0

on M if (x,v) is horizontal of T'M,
the norm ||v|| is constant on ¢

TABLE 1
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