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CONVERGENCE ALMOST EVERYWHERE OF FOURIER
SERIES OF THE FUNCTIONS OF BOUNDED VARIATION

LARRY GOGOLADZE AND VAKHTANG TSAGAREISHVILI

ABSTRACT. Let (p,(x)) be an orthonormal system on [0, 1] (ONS). If f(x)
is a function of bounded variation (f(x) € V), then the convergence of
Fourier series of f(x) generally does not occur (see [2]).

In the present paper we prove that if ONS (g, (x)) satisfies some condi-
tions, then nh—>Holo Sp(f, ) exists a.e. on [0, 1], where f(x) € V is an arbitrary

function.

1. SOME DEFINITIONS AND THEOREMS

Let V be a class of a functions of bounded variation and

||f||v—/ (@) de+ sup |f(2)

z€[0,1]

be a norm. The sum

> @nlfeal)

is the Fourier series of the function f(z) € L(0,1).

2 S ATS(fi0) (0> 0)

n k=1

n

on(f, ) =

is the Césaro mean of the sum S, (f;x). Let

antl_q

where (c) are arbitrary numbers, and let

(1.1) Py(z)= Y cprl(x),
i/2n
/0 P,(x)dx

k=2n
in/2"
= ‘ / P,(x)dx
0
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(1.2) A(P,) = max

1<i<2n
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The following theorems are valid (see [1, pp. 87, 132]).
Theorem A. If (¢,(x)) is ONS on [0,1] and

Z c2log’n < +o0,

n=1

then
(1.3) Z Cnon ()

converges a.e. on [0, 1].

Theorem B. If (p,(x)) is ONS on [0,1] and

> 2 (loglogn)? < +o0,

n=1

then lim o%(f,x) exists almost everywhere on [0, 1] for any o > 0.
n—o0

Lemma 1.1. If ®(z) € Ls(0,1) and f(x) € Ly(0,1) is a function finite in
every point of [0, 1], then

(1.4) /Olf(x)q)(x) dr — ni (f (%) _f <Z:;1>) /Oi/n () do

Proof. 1t is evident that

(1.5) /0 F(2)®(z) do = Z/ F(2)0() d.

Applying Abelian transformation we have

(1.6) z::f<%) /i@(x)dxzi(f (%)—f(i;1>)/oi/n®(x)dx

+ f(1) /Olcb(a:) d.

Combining (1.5) and (1.6) we get (1.4). O
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2. THE MAIN RESULTS

Theorem 2.1. Let (p,(x)) be ONS on [0, 1] satisfying the following conditions:

1) 5 B0z n < oo (Ful1) = fy eulw) dr);

2) for every sequence of polynomials (P, (z)) (see (1.1) and (1.2))

i@%)lﬂq

n=1

(Here and below if A(P,) = ||P.||z, = 0, then we assume that ”‘;‘D(P") =

nHL2
0.)
Then for any function f(x) € V

Z 22(f)log*n < +oo.

Proof. Suppose that

antl_q

Po(z) = Y (Bul(f)log® k)pr(x),

k=2n

then

2"+1—1

e Y Btk = / F@) S Gulf) log? k() da
k=2 2

/f

Considering equality (1.4) with f(z) € V and ®(z) = P,(z), we have

o [romias 2 0(2) 1 (39) [ o
+;/ <f(a;)—f (2%)) P(2) d:v+f(1)/01 Pu(x) da.
S (1) -1 (5) [ e <

If f(z) € V, then
i=1
1 1+ 1
(z)- (%)

(2.3)

2" —1

D

i=1

i

/OW P,(x)dx

<|lfllv - A(Fn)

< max
1<i<2n
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antl_g

AP >( S @2<f>log4k)2

= [/ llv -
1Pallz \

<Al anet)’
L k=2n

On the other hand,
A )
> <f<x> —f (2—

(2.4) 3
i sup (x)—f(zin)‘/21 |P,(2)| da

i—1 4
1= 1x€[2n s

B

12

1 2 . ;—n
< (/ P (x) dm) Z Vv %;—1)2—
0 i=1

ontl_

< Hf|!v-2‘3< 3 ai<f>log4k)

k=2n
antl_q

S B log? k)

< 2||fuvn2—'%(
k=2

[N

and
1 2"+1 1
’ / Py (z)dz| = Gr(f)log’ k / or(w
0 k: on
ont+l 1 ontl_q 1
S( PRl long) ( > @i(l)long)
k=2 k=2n

Using (2.3) and (2.4) from (2.2) we get

(2.5) ‘ / e
27L+1 1 1
P | e ?
<20 IIva( A +22+—( > sniot) ) x
1Pl i\ 2
ontl_q 1
<3 stog' )
k=2n
In such a way (2.1) implies
antl_q antl_q L
. A(P, a1 . 2
> gtnogth < 2lflvn( il v 2t 4L (5 dek) )
n 2 k=2mn

k=2
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ontl_g

2
(X enogn)
k=2n
Hence,
antl_g antl_g N
N A(P, a1 . 2
> gt ogth < alflpnt (el + 2t 4 (3 gtwiot))
k=2n n L2 k=21
Since
0 e’} 2 0
26—n nA(F,) ~2 2
;n 27" < o0, ; ( Pl < +oo and ;wn(l)log n < 400,
we have
— 2
ngn(f) log®n < 4o00.
n=1
Theorem 2.1 is proved. [l

Theorem 2.2. Let (¢,(x)) be ONS on [0, 1] satisfying the conditions of The-
orem 2.1, then the Fourier series of any function f(x) € A converges almost
everywhere on [0, 1].

The validity of Theorem 2.2 follows directly from Theorems A and 2.1.
Theorem 2.3. Let (p,(x)) be ONS on [0, 1] satisfying conditions:

1) >° @n(1)(loglogn)? < +o0,
n=1

2) for every sequence of polynomials (P, (z)) (see (1.1) and (1.2))

i(A(Pn) log )2<—|—
" logn 00,
| Pall 2,

n=1

Then for any f(x) € V

> Za(f)(loglogn)® < +oc.
n=1

Proof. Suppose that

antl_g

Py(z) = Y @(f)(loglogk)’ex(x).

k=2"
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Analogously to Theorem 2.1 we have (see (2.5))

[ s | <

1
A(Pn) _n 1 ~2 2 2
<2|f logn( +272 + ( v (1)(loglog k X
\lviosn\ R, g \ 2, PV loglog )

2ntl 3
x( > @i(f)(loglogk:)?) ,
k=2n
According to the equality
on+l_q 2"+1 1
S F2(f)(loglog k)? / o) 3 Bul1)oslog k) ule) ds
k=2n =2n

/f

> Z2(f)(loglogn)® < +oo.

we conclude that

Theorem 2.3 is proved. ([l

Theorem 2.4. Let (¢,(x)) be ONS on [0,1] satisfying conditions of Theo-
rem 2.3. Then for any f(x) € A and a > 0

llm o (f,x)

exists a.e. on [0, 1].
The validity of Theorem 2.4 follows from Theorems 2.3 and Theorem B.

Theorem 2.5. Suppose that for some ONS (pn(x)) the following conditions
are satisﬁed
fo on(x)de=0,n=1,2,.
2) there emst a sequence ofpolynomzals (P.(z)) (see (1.1) and (1.2)) such

that
— nA(P,)

nvoe || By,
Then there ezists a function fo(x) € V' such that

:+()O

> G fo)log*n = +oo.

n=1

Proof. Consider the sequence of linear functionals

(2.6) Clh) = TR / /(@)
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ontl_1

where P,(z) = > cppr(x) and (¢x) € ¢y satisfies condition 2) of Theo-

[=2n

rem 2.5.
Let
0 for z € [0, 2],
(2.7) fo(@) = ¢ 1 for z € [E 1],
linear and continuous on [;—Z, ’”;1]

be the sequence of functions from V. Obviously,

”anV:Q, n=12....
Now, consider (2.2) with f(z) = f,(). One can find

in

an

(2.8) /O (@) Pa(a) di = — /0 Po(2) dx

in+1

" / (f"(x) —fa (i"; 1)) Py () du.

2

Since (see (2.7))

(2.9) ‘/+ (fn@;) — £ (i"+1>) Po(2) dx

b 2"
n 1 n
sw( / Pﬁ(z)dx) A
0

<

2

D=

from (2.8) we get

/0 ful@) Pa(x) di| > A(P,) — 2% |[ Py

Taking into account condition 2) of Theorem 2.5 we obtain

n ! nA(P,) n
_— fol)P,(z) dx| > —"2 A(P,) —n2" 2.
R, #oR e ia| 2 g Ak
Consequently (see (2.6)),
(2.10) lim |C,(f,)| = +oc.

From (2.10) and Banach-Steinhaus theorem it follows that there exists a func-
tion fo(x) € A such that

(2.11) lim |C,(fo)| = +o0.
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Next, by virtue of Holder’s inequality we get
antl_g

1 1
[ r@r@a] = S a [ swa
0 o 0
2ntl_g 2ntl_1 1ot 1
| ¥ aam| < (X @) (X e)
f=2n f=2n f=2n
n+171 1
Pullw, [
(5 )
k=2n
Therefore,
2n+1_1 % n 1
( 2 @z<fo>1og2k) > | [ o)Pate) da| = o)
= 1Ellzs | Jo
Then from (2.11) we have
2ntl_q
T ~2 2. _
Tim ]; i (fo) log® k = +o0.
Theorem 2.5 is completely proved. 0

Theorem 2.6. If (p,(x)) is ONS on [0, 1] satisfying conditions 1) and 2) of
Theorem 2.5, then there exists a function fo(x) € A such that

S 32 (fo) (log log n)? = 400,

n=1

Theorem 2.6 is proved analogously to Theorem 2.5.
Remark 2.1. If in Theorem 2.5 we change condition fol on(x)dx = 0 by the
inequality > @2(1)log®n < +o0, then Theorem 2.5 will also be valid.
n=1

3. EFFICIENCY OF THEOREM 2.1

Consider trigonometric system (v/2 cos 2rna, v/2sin 2na) on [0, 1] for every
sequences (ay) and (bg). Then

ip ontl_]
n

2
‘ Z V2(ay sin 27k + by cos 2rkx) da
0 k=20

2n+171 2n+171 1 2n+171

<2y M@L( 3 (az+bz))2< 3 %)

k=2n k=2n k=2n
<275 P,

Consequently, for the trigonometric system conditions of Theorem 2.1 are valid.
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