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ABSTRACT. In this paper we identify some natural CR-foliations on the
tangent bundle of a Finsler space and next, some cohomological aspects of
these CR-foliations in relation with corresponding results for CR-submanifolds
of almost Kéahler manifolds are studied.

1. INTRODUCTION AND PRELIMINARIES

1.1. Introduction. The study of CR-submanifolds of Kahler manifolds was
initiated in [2] and [9]. Some aspects concerning to cohomology of CR-
submanifolds of Kéhler manifolds was studied in [8]. In this direction the
cohomology of such submanifolds in a locally conformal Kahler manifolds was
studied in [10], [14] and in the case of locally product manifolds a similar study
is given in [19].

On the other hand in the paper [4] Bejancu and Farran have initiated a study
of interrelations between the geometry of foliations on the tangent manifold
of a Finsler manifold and the geometry of the Finsler manifold itself. The
main idea of their paper is to emphasize the importance of some foliations
which exist on the tangent bundle of a Finsler manifold (M, F’), in studying
the differential geometry of (M, F') itself. Other generalizations are studied in
[18].

From the other point of view the study of lifted foliation to the tangent
bundle of a foliated manifold in relation with Lagrange or Finsler metrics was
initiated in [20]. In this direction, recently in [15] is given an identification of
Riemannian foliations on the tangent bundle which are compatible with SODE
structure and some geometric properties of such foliations are studied. Also,
in this direction, a cohomology of foliated Finsler manifolds is studied in [16]
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and some vertical tangential invariants for some foliated Lagrange spaces are
introduced in [12].

Taking into account that the tangent manifold of a Finsler space has a model
of an almost Kéahler manifold (TM°, G, J), the aim of this paper is to identify
some natural CR-foliations on the tangent manifold TM° and to study some
cohomological properties of these CR-foliations in relation with corresponding
results for CR-submanifolds of Kahler manifolds.

The paper is organized as follows: In the preliminary subsection we recall
some basic facts on Finsler manifolds and we present the almost Kéhler model
of the tangent manifold TM? of a Finsler space (M, F). In the second section
we present the vertical Liouville distribution and we briefly recall some natural
foliations on the tangent manifold 7M°. In the third section using the vertical
Liouville vector field and the natural almost complex structure on TM° we give
an adapted basis in T(TM?°) and we identify a CR-foliation on TM° given
by the orthogonal complement in T(T'M?) of the line distribution spanned
by the vertical Liouville vector field. In fact we have that the c-indicatrix
I(M, F)(c) of a Finsler space (M, F) is a CR-submanifold of (TM° G, J).
Then, by applying the general theory for cohomology of CR-submanifolds of
an (almost) Kéhler manifold, [8], we obtain some cohomological properties of
the c—indicatrix I(M, F')(c). In the last section we consider the case when the
Finsler space (M, F') is endowed with a regular foliation F which is compatible
with the Finsler structure in a certain sense. Then, we identify a canonical CR-
foliation on T"M° produced by the lifted foliation F* on the tangent manifold
TM?Y of the foliation F on (M, F) and we also present some cohomological
aspects of this CR—foliation.

1.2. Preliminaries. Let (M, F) be a n—dimensional Finsler manifold with
(x',y"), i =1,...,n the local coordinates on T M (for necessary definitions see
for instance [1, 6, 17]).

The vertical bundle V(T M?) of TM® = TM — {zero section} is the tan-
gent (structural) bundle to vertical foliation Fy determined by the fibers of
7n: TM — M and characterized by 2* = const. on the leaves. Also, we locally

have V(T M°) = span{aiyi} ci=1,...,n.

A canonical transversal (also called horizontal) distribution to V(T'M?) is
constructed by Bejancu and Farran in [5] pag. 225 or [4] as follows:

Let (¢7(@,y))nxn be the inverse matrix of (¢;;(%,y))nxn, where

1 9*F?

11 77 5 - = 5 5
(1.1) 9i(2,y) 28ylayj(av y)
and F' is the fundamental function of the Finsler space.

If consider the local functions

L1 P, OF?\ 00
(1.2) G'=19 (W?J ok 7Gi_ayia
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then, there exists on TM° a n-distribution H(T'M?) locally spanned by the
vector fields

o 0 ;0
1.3 = — —Gl—,i=1,...,n.
(13) ozt Oxt Loy’ T hen
The local basis {%, a%i} ;1 =1,...,n is called adapted to vertical foliation
Fv and we have the decomposition

(1.4) T(TM®) = H(TM®) & V(TM°).

If we consider the dual adapted bases {dz’,dy" = dy' + G'dx’}, then the
Riemannian metric G on TM?° given by the Sasaki lift of the fundamental

metric tensor g;; from (1.1) satisfies
(1.5)

6 9 g 0 6 0
= o == o v A - — Gij - v A - — 7.,':1,...7 .
G(M“Mf) G(ay”ayf) % G(W ayf) b !

We also notice that there is a natural almost complex structure on 7'M° which
is compatible with G' and locally given by

5 0 . ) 0 0 )
1.6 J=—®0 — —dz", J ) =——,J - ) = —.
(1.6) 5 2OV oy B, (5:13’) oy’ (ayz) oz’
According to [6, 17] we have that (TM° G, J) is an almost Kéhlerian man-

ifold with the almost Kéhler form given by Q(X,Y) = G(JX,Y), VX,Y €
X(TM"Y), and, locally expressed as

(1.7) Q = gi;0y" Ada.

2. A VERTICAL LIOUVILLE DISTRIBUTION ON T M?°

In this section, following [3, 4], we present the vertical Liouville distribution
on TM? as the complementary orthogonal distribution in V(T'MY) to the line

distribution spanned by the vertical Liouville vector field I' = 3 a?,iv and we

also discuss about some natural foliations on T'M°.
According to [5, 6, 17], from the homogeneity condition of the fundamental
function of the Finsler manifold (M, F') we have
C9F 1 B
2.1 F?=g9'y, — = =gu¥’, —2y' =0, k=1,...,n.
( ) g]yyaayk ngy7ayky ) ’ y v

Hence it results
(2.2) G, T) = F?
By means of G and I', we define the vertical one form ( by

(2.3) ((X) = %G(X, I),VX e D(V(TM)).

Denote by {T'} the line vector bundle over T M spanned by I" and consider the
vertical Liouville distribution as the complementary orthogonal distribution Vi
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to {T'} in V(T M°) with respect to G. Hence, Vr is defined by (, that is we
have

(2.4) [ (Vr)={X e D(V(TM")) : ((X) = 0}.

Thus, any vertical vector field X = X* BZ" can be expressed as follows:
1

(2.5) X=PX+ FC(X)F’

where P is the projection morphism of V(T'M°) on Vf.
Then the local components of ¢ and P with respect to the basis {dy'} and

{6yi ® aiyj}, respectively, are given by
OF - o1

9 pi_ i L,
ayz ) 7 7 FC y

where 5;» are the components of the Kronecker delta.

(2.6) Gi

Remark 2.1. We notice that the projector P can be related in terms of the
angular metric tensor of the Finsler space (M, F'), which is defined by

(2.7) hij = gij — GG
More exactly, by (2.6) and (2.7) it is easy to see that P! = ¢g/*hy,.
Now, by (2.6) the rank of the projector P is n — 1 and taking into ac-

count that P’y’ = 0 it follows that Vp is an (n — 1)-dimensional vertical
sub-distribution, orthogonal to I', locally spanned by the vertical vector fields

{,a },@': 1,...,n, where

Oyt

_‘9‘ _ 9 _&p_ pg‘i.
oy oyt F Oyi

Taking into account that I'(F') = F and gf,- = (; (which easily follows from the
homogeneity of the Finsler structure F'), we obtain that an important property
of the vertical Liouville sub-distribution Vr is the following:

For any Y € T'(Vr) we have Y(F) = 0.

(2.8)

Theorem 2.1 ([3, 4]). The vertical Liouville distribution Vr is integrable and
hence it defines a foliation on TM° denoted by Fys..

Remark 2.2. The Theorem 2.1 can be also obtained using an argument similar
to [7]. More exactly, if 2;, 2= € '(Vf) C T(V(TM?)), then

Ayt’ Ayt
(2.9) [i., i} a2y
oyt Oyi oyF

for some locally defined functions Af; and Bjj, since V(TM°) = Vi @ {T'} is
integrable. Now, if we apply the vector fields in both sides of formula (2.9)

to the Finsler function F' and using the fact that I'(F') = F and g;’:. =0, we
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obtain B;;F' = 0. This implies that B;; = 0, and then the formula (2.9) says
that the vertical Liouville distribution V1 is integrable.

By direct caculations, we obtain the following relations for the Lie brakets
of vertical vector fields adapted to the decomposition V(T M) = V¢ @ {T'},

o 0 1 2 0 0 d
210 =, = .| = 7 = — (= N = ,,F - =,
(210 {W’ &W] F << oy 8y’) {W } Dy’

for all 4,5 = 1,...,n, and the first relation of (2.10) says also that Vi is
integrable.

Let us consider now the following complementary orthogonal distribution to
{T'} in T(TMP°):

(2.11) I ={X e(T(TM")) : G(X,I') =0}.

According to [4], the distribution {I'}* is integrable and we also have the
decomposition

(2.12) ('} = H(TM®) @ ;.

Proposition 2.1 ([4]). i) The foliation Firy. determined by the distribu-
tion {T'}* is just the foliation determined by the level hypersurfaces of the
fundamental function F' of the Finsler manifold, denoted by Fr and called
the fundamental foliation on (TMY G).

ii) For every fixed point xo € M, the leaves of the vertical Liouville foliation

Fv. determined by the distribution Vi on T, M are just the c—indicatrices
of (M, F):

(2.13) Lo(M, F)(¢) = {y € To,M : F(zg,y) = c}.

iii) The foliation Fy,. is a subfoliation of the vertical foliation Fy .

3. A FUNDAMENTAL CR-FOLIATION ON (T'M° G, J) AND THE
COHOMOLOGY OF THE ¢—INDICATRIX BUNDLE

In this section, using the vertical Liouville vector field I' and the natural
almost complex structure J on TM°, we give an adapted basis in T(T'M?).
Next we prove that the c-indicatrix bundle I(M, F')(c) of (M, F) is a CR~
submanifold of the almost Kéhlerian manifold (TM?°, G, J) and we study some
cohomological properties of I(M, F')(c) in relation with classical cohomology
of CR—submanifolds, [§].

For the natural almost complex structure J on T'(TM
the new local vector field frame in T(T'M°) as {i £, 2

ozt

we consider now

0y,
F}, where

El
_yéxi

(3.1) ¢=J(I)
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and
) 0 § ; ;0
ox’ oy’ ox’ b’
As in the previous section it follows that H, := span {g%, e &in is an

(n—1)-dimensional horizontal sub-distribution, orthogonal to {£} in H(T'M?),
where {¢} is the line distribution spanned by the horizontal Liouville vector
field €.

Since the vertical Liouville vector field I' is orthogonal to the level hypersur-
faces of the fundamental function F', the vector fields { =& a -

to these hypersurfaces in TM?, so they generate the distribution {F}l The

vertical indicatrix (Liouville) dlstrlbutlon Vi is locally generated by

are tangent

, and

ST

the vertical foliation has the structural bundle locally generated by

t=1,...,n. Also, we have the decomposition
(3.3) I ={geHao

For any ¢ > 0, let us consider now the c—indicatriz bundle over M, given
by I(M, F)(c) = U,ep 1:(M, F)(c) and we briefly recall the CR-submanifold
notion. ~

According to [2, 5], if (IV, g, J J) is an (almost) Kihler manifold, where g is the

Riemannian metric and J is the (almost) complex structure on N, then N is a
CR-submanifold of N if N admits two complementary orthogonal distributions
D and Dt such that

i) D is J-invariant, i.e., J(D) C D;

ii) D+ is J-anti-invariant, i.e., J (D*) C (TN)*.
D is called mazimal complex (holomorphic) distribution of N and D+ is called

totally real distribution of V.
We have

Proposition 3.1. Leti: I(M, F)(c) = TM?° be the immersion of I(M, F)(c)
in TM°. Then I(M,F)(c) is a CR—submanifold of TM° with holomorphic
distribution given by D = H¢ @ Vi and the totally real distribution given by

D+ ={¢}.

Proof. We have that {T'}* = {£}@® H: @Vt is the tangent bundle of I(M, F)(c).
Taking into account the behaviour of the almost complex structure J of
(TM°, G) we have

J(He® Vo) = Ve @ He, J({€}) = {T} = ({T})”
which end’s the proof. 0
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We recall that a r—dimensional distribution D on a Riemannian manifold
(M, g) is minimal if the mean-curvature vector field H on D vanishes identi-
cally, where

1 ¢ N
H - r ;(vsz’l) )
where V is the Levi-Civita connection on (M, g), {Xi, ..., X,} is an orthonor-
mal frame of D, and (VxY )+ denotes the component of VxY in the orthogonal
complementary distribution D+ of D in T'M.

It is well known, see [9, 8], that the totally real distribution of a CR-
submanifold of an (almost) Kéhler manifold is integrable and its maximal
complex (holomorphic) distribution is minimal. Then we obviously have that
the line distribution {¢} is integrable, and the distribution He @ Vi is minimal.

Let w' be the dual 1-forms of the vertical vector fields % and 6% be the

dual 1-forms of the horizontal vector fields %, that is W’ (%) = ¢! and

o (i> = 0}, respectively. It is easy to see that we have the following relations:

Sad
(3.4) 0yl = P/w' and da? = P/¢'.

As we already noticed the vertical vector fields 53.}, it = 1,...,n
are linear dependent and we consider the linear independent system
{5%1,...,5?{1,5?%,...,5%} that generates Vi. Consequently, by means
of J, we get the linear independent system of horizontal vector fields

5 5 5 s

} that generates He.

Spl? ) i1 Fpitlo 0 Fan
Then, the general theory for cohomology of CR-submanifolds of an (almost)
Kéhler manifolds, [8], leads to

Theorem 3.1. The differential form

V=W AL AGA L AG AN NG NG
15 closed and it defines a cohomology class
(3.5) [v] € H* 2 (I(M, F)(c)) .

Definition 3.1. The cohomology class [v] is called the canonical class of the
c-indicatrix bundle I(M, F')(c) of a Finsler space (M, F').

Remark 3.1. The form v which defines the canonical class can be expressed in

the form

—1 -t o n—1
v= ﬁ (@),

where (2 is the fundamental form given in (1.7).

Since I(M, F')(c) is compact when M is compact, according to [8] we have
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Corollary 3.1. If the cohomology groups H**(I(M, F)(c)) = 0 for some k < n
then either holomorphic distribution He @ Vr is not integrable or its totally real
distribution {&} is not minimal.

We notice that the Poincaré-Cartan 2-form associated to a Finsler function
has rank 2n—2 and it play an important role in projective metrizability problem
in Finsler geometry, see [7, 11]. In the end of this section, as in the case of
Cartan manifolds [13], we prove that the differential form v that represents
the canonical class of the c-indicatrix bundle I(M, F')(c) of a Finsler space
(M, F) can be related in terms of the Poincaré-Cartan 2—form associated to
the Finsler function F' which is defined as follows:

Using the Frolicher-Nijenhuis formalism, for the tangent structure J on
T MO locally given by J = 821- ® da* we consider the differential d; =iy od —
dot 7, where J is considered as a vector valued 1-differential form. Then, using
the horizontal projector h = % ®dx’ and the vertical projector v = % ® 0y,

by direct calculus we obtain

de = Zde = Zj(th+ dvF) = ZJC = CZdJTZ,

where we have used dp,F' = 0 and d,F' = (. Now, taking into account that

hij = F agf ;;/ - and using again d,F = 0, we obtain the following Poincaré-

Cartan 2-form associated to the Finsler function F

1 ) .

Using the relations (3.4) and the fact that h;; P/ = hy, we have the following
expression of the Poincaré-Cartan 2—form

(3.7) CMJF::%hmwM\m.
Finally, taking the n — 1 power of the above 2—form, we get
(3.8) v=a(dds;F)" !,
where )
1) e
a:<(£—UMmﬁ |

and H = (hw), Lke{l,...,i—1,i+1,...,n}.

Remark 3.2. Let us consider a conformal change of the Finsler structure [
given by F = @ F, ‘where o € C*(M). Taking into account that dsF =
e’dsF we obtain ddsF = €?(ddsF + do A d7F) which leads to

(3.9) v=v+(n—1a(ddsF)""?ANdo ANd;F.

The relation (3.9) says that if o = const., that is F and F are homothetic,
then v = v.
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4. CR~FOLIATIONS ON THE TANGENT MANIFOLD OF A FOLIATED FINSLER
SPACE

In this section we consider the case when the Finsler space (M, F') is en-
dowed with a regular foliation F which will be compatible with the Finsler
structure F' in a certain sense. Then, as in the previous section, we iden-
tify and we study from topological point of view a canonical CR~foliation on
(TM°, G, J) produced by the lifted foliation F* on the tangent manifold 7'M°
of the foliation F on (M, F).

4.1. Foliated Finsler spaces. Let us consider (M, F') a Finsler space en-
dowed with a m-codimensional foliation F. It follows that there is a partition
of M into (n — m)—dimensional submanifolds, called leaves. In the following,
the indices take the values w,v,... = m+1,...,n and a,b,... = 1,...,m.
There is an atlas on M adapted to this foliation with local adapted charts
(U, (z*, z*)) such that the leaves are locally defined by z* = const., for all
a=1,...,m.

The local coordinates on the tangent manifold TM? are (2%, z*, y*, y*). Gen-
erally, for two local charts (U, (z%)) and (U, (¥)), whose domains overlap, on
TMC, in UNU we have
0,

(4.1) v =5y

Now, the above relations give the following changing coordinates rules on T'M?°:
=72, 20 = 7¥(2", 2"),

., 0, o7, o

- v a u

According to [20], [15] the foliation F on M determine a 2m-codimensional
foliation F* on TMP?, called the natural lift of F to TM°, whose leaves are
locally defined by z* = const. and y* = const.

Taking into account decomposition (1.4), the local base {%, 5%” %, %}
adapted to vertical foliation satisfies the following relations in U N U:
o dx® o ox* o ) ox* §
P O T F T I P
0 dx® 0 ox* 0 0 dx* 0
o7 ooy ooyt O 00 oyt
Returning now to the foliation F*, the tangent bundle TF* to leaves, the

structural bundle of this foliation, is locally spanned by {6%“, %} and it is a
subbundle of T(T'M?).

Definition 4.1 ([16]). We say that the foliation F on M is compatible with
the Finsler structure F' on M if, in every local chart around a point (z,y) €
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TM°, the matrix (Guy)(n—m)x(n—m) is nondegenerate and the functions G* are
satisfying the relation

0G*
4.2 Gy = =
(4.2 = G
Proposition 4.1 ([16]). If the foliation F on M is compatible with the Finsler
structure F' on M, then the vector fields on TM° locally given by

J 4] 0 0

(4.3) o = g0 laow Co = o taa_yu7

0, Va=1,...m,u=m+1,...,n.

aiu }, {%}, with respect to Sasaki-Finsler metric G from

(1.5), where {t*} are solutions of the system ga, — t%guy = 0.

are orthogonal to {

As a consequence of the above proposition, for every vector field X €
X (TMP°) we have the following decomposition:

X = Xiéii + Yiaayi
L )
= X%, + (X" + X“tﬁj)% +Ye, + (Y + Y“tg)aiyu.
The basis
(4.4 {eo 5o o |

is adapted to foliation F* and to vertical foliation Fy,, too.
The relation (4.2) guarantees that the tangent bundle of the lifted foliation
F* admits the decomposition:

(4.5) TF* = HF @ VF,

where HF* = span{(s%u = &% —Gzagv} and VF* = span{%}, see [20],
[15].

Also, if we consider T+F* the orthogonal complement of TF* in T(TM?°)
with respect to metric G from (1.5), then by Proposition 4.1 we have the
orthogonal decomposition

(4.6) T+F* = H*"F o VIF,

where H+F* = span{&,} and VL F* = span{(,}. Finally, we obtain the
following orthogonal decomposition:

(4.7) T(TM°)=H'*"F* eV " F* o HF & VF"
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4.2. A canonical CR—foliation on (T'M° G, J, F*). Let us suppose that
the Finsler space (M, F') is endowed with a foliation F compatible with the
Finsler structure F. Then, we have

Proposition 4.2. The distribution D = V*F* @ HF* & VF* on TM° is
integrable and its foliation Fp is a CR—foliation on (TM°,G,J).

Proof. It X, Y € I' (HF* ® VF*) then we have [X,Y] € ' (HF* & VF*), since
TF* = HF*@® VF*is integrable. Also, by direct calculus we have

5 5tY N\ 9
|:<a7 w] - (53:” - {aGu) ayv < F(D)a

0 oty 0
=2 (o
|:CCL7 ayu] ayu ayv E ( )7

0
[Cas Go) = (Coty — Caly) oy € ['(D)

which say that D is integrable.
Now, taking into account the behaviour of the almost complex structure J
0 g respectively we easily deduce that

on - and 3,
(4.8) JITF)=JHF eoVF)=VF eoHF =TF"
Also by (4.3) we have J((,) = &, which say that

(4.9) J(V*F*) = H'"F* =D

Thus, the relations (4.8) and (4.9) say that the foliation Fp given by the
integrable distribution D is a CR-foliation on the almost Kéahler manifold

(TM° G, J) with the maximal complex (holomorphic) subbundle given by
TF* and the totally real subbundle given by V+F*. U

Definition 4.2. The foliation Fp given by the distribution D = VL F* @
HF*®VF*on (TM°, G, J) is called the canonical CR-foliation on the tangent
manifold of a Finsler space (M, F') endowed with a compatible foliation F.

Similarly to the previous section, we have
Proposition 4.3. The distribution V-F* is integrable.
Proposition 4.4. The distribution T F* is minimal.

Consequently, we have
(4.10) Gt — Caty = 0.

Definition 4.3. The foliation given by the integrable distribution V+F* is
called the canonical subfoliation of the canonical CR-foliation Fp on the tan-
gent manifold of a Finsler space (M, F') endowed with a compatible foliation

F. We denote this foliation by V+F*.
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Let us consider now {dz?, 0%, éy®,n"} the cobasis dual to basis (4.4), where
0" = dz" + tidz® , n" = oy + tLoy”.
Theorem 4.1. The differential form
p=0"A AN AYTEA A"

is closed and it defines a basic cohomology class (with respect to the foliation
VJ_]:*)

(4.11) c(VEF*) =[] € HP' ™ (VEFY)

where H (F) denotes the basic cohomology of a foliation F.

Definition 4.4. The cohomology class ¢ (VL]-" *) is called the canonical class
of the subfoliation V*F*.

Remark 4.1. The form p which defines the canonical class ¢ (VL]: *) can be
expressed in the form

(-1

(4.12) = (Qp)" "

n—m)!
where (2 is the fundamental form given in (1.7).

Remark 4.2. The form p can be considered as a closed leafwise (foliated) form
with respect to the foliation Fp, and so

c(V*F*) = e(Fp) € H™ > (Fp).

Since the maximal complex subbundle T'F* is integrable, then according to
[8] we obtain

Proposition 4.5. If the distribution VX F* is minimal then the canonical class
¢ (VEF*) is nontrivial in H*~*™ (Fp) and

(4.13) H*(Fp)#0,Vk=1,...,n—m.

Corollary 4.1. If the foliated cohomology spaces H** (Fp) = 0 for some k <
n —m then VL F* is not minimal.

Theorem 4.2. Let V*F* be the canonical subfoliation of the CR-foliation Fp
on the almost Kdihler manifold (TM°, G, J). Then the Godbillon-Vey class
GV (VL]:*) vanishes.

Proof. Since every almost Kéahler manifold is in particular an almost locally
conformal Kéhler manifold with vanishing Lee form, the result follows by [10],
[14]. O



[1]

ON THE COHOMOLOGY OF SOME CR-FOLIATIONS 59

REFERENCES

D. Bao, S.-S. Chern, and Z. Shen. An introduction to Riemann-Finsler geometry, volume
200 of Graduate Texts in Mathematics. Springer-Verlag, New York, 2000.

A. Bejancu. CR submanifolds of a Kaehler manifold. 1. Proc. Amer. Math. Soc.,
69(1):135-142, 1978.

A. Bejancu and H. R. Farran. On the vertical bundle of a pseudo-Finsler manifold. Int.
J. Math. Math. Sci., 22(3):637-642, 1999.

A. Bejancu and H. R. Farran. Finsler geometry and natural foliations on the tangent
bundle. Rep. Math. Phys., 58(1):131-146, 2006.

A. Bejancu and H. R. Farran. Foliations and geometric structures, volume 580 of Math-
ematics and Its Applications (Springer). Springer, Dordrecht, 2006.

I. Bucataru and R. Miron. Finsler-Lagrange geometry. Editura Academiei Romaéne,
Bucharest, 2007. Applications to dynamical systems.

I. Bucataru and Z. Muzsnay. Projective and Finsler metrizability: parameterization-
rigidity of the geodesics. Internat. J. Math., 23(9):1250099, 15, 2012.

B.-y. Chen. Cohomology of CR-submanifolds. Ann. Fac. Sci. Toulouse Math. (5),
3(2):167-172, 1981.

B.-y. Chen. CR-submanifolds of a Kaehler manifold. 1. J. Differential Geom., 16(2):305—
322, 1981.

B.-Y. Chen and P. Piccinni. The canonical foliations of a locally conformal Kahler
manifold. Ann. Mat. Pura Appl. (4), 141:289-305, 1985.

M. Crampin, T. Mestdag, and D. J. Saunders. The multiplier approach to the projective
Finsler metrizability problem. Differential Geom. Appl., 30(6):604-621, 2012.

C. Ida. Vertical tangential invariants on some foliated Lagrange spaces. Int. J. Geom.
Methods Mod. Phys., 10(4):1320002, 11, 2013.

C. Ida and A. Manea. A vertical Liouville subfoliation on the cotangent bundle of
a Cartan space and some related structures. Int. J. Geom. Methods Mod. Phys.,
11(6):1450063, 21, 2014.

T. W. Kim and H. K. Pak. A subfoliation of a CR-foliation on a locally conformal
almost Kéahler manifold. J. Korean Math. Soc., 41(5):865-874, 2004.

A. Laleh, M. M. Rezaii, and F. Ahangari. Identification of Riemannian foliations on the
tangent bundle via SODE structure. Bull. Iranian Math. Soc., 38(3):669-688, 2012.
A. Manea. Cohomology of foliated Finsler manifolds. Bull. Transilv. Univ. Brasov Ser.
111, 4(53)(2):23-30, 2011.

R. Miron and M. Anastasiei. The geometry of Lagrange spaces: theory and applications,
volume 59 of Fundamental Theories of Physics. Kluwer Academic Publishers Group,
Dordrecht, 1994.

E. Peyghan, A. Tayebi, and C. Zhong. Foliations on the tangent bundle of Finsler
manifolds. Sci. China Math., 55(3):647-662, 2012.

G. Pitig. On some submanifolds of a locally product manifold. Kodai Math. J., 9(3):327—
333, 1986.

M. Popescu and P. Popescu. Projectable non-linear connections and foliations. In Sum-
mer School on Differential Geometry (Coimbra, 1999), pages 159-165. Univ. Coimbra,
Coimbra, 1999.

Received November 25, 20135.



60 CRISTIAN IDA AND PAUL POPESCU

DEPARTMENT OF MATHEMATICS AND COMPUTER SCIENCE,
UNIVERSITY TRANSILVANIA OF BRASOV,

Brasov 500091, STR. IULIU MANIU 50, ROMANIA

E-mail address: cristian.ida@unitbv.ro

DEPARTMENT OF APPLIED MATHEMATICS,

UNIVERSITY OF CRAIOVA,

CRAIOVA, 200585, STR. AL. CuzA, No. 13, ROMANIA
E-mail address: paul_p_popescu@yahoo.com



