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A SHARP GENERAL L, INEQUALITY OF OSTROWSKI
TYPE

ZHENG LIU

ABSTRACT. A sharp general L, inequality of Ostrowski type is established,
which provides a generalization of some previous results and gives some
other interesting results as special cases.

1. INTRODUCTION

In [1] and [2], we may find the following interesting sharp trapezoid type
inequality and midpoint type inequality:

Theorem 1. Let f: [a,b] — R be such that [’ is absolutely continuous on
[a,b] and f" € Lsla,b]. Then we have sharp inequality
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where o(-) is defined by
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Theorem 2. Under the assumptions of Theorem 1, we have sharp inequality

atb (b—a)?
2

f@)dt — (b —a)f(

(b—a)s .
< W a(f").

In [5], the author provided a Sharp L, inequality of Ostrowski type as follows:

Theorem 3. Let the assumptions of Theorem 1 hold. Then for any 0 € [0, 1]
and x € [a,b] we have sharp inequality
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The inequality (4) not only provide a generalization of inequalities (1) and
(3), but also give some other interesting sharp inequalities as special cases.
Moreover, it has been shown that the corrected Simpson rule (see [8],[11] and
[10]) gives better result than Simpson rule and, in particular, the corrected
averaged midpoint-trapezoid quadrature rule is optimal.

In this work, we will derive a new sharp general inequality of Ostrowski type
for functions whose (n — 1)th derivatives are absolutely continuous and whose
nth derivatives belong to Lo(a,b). This will not only provide a generalization
of the inequality (4), but also give some other interesting sharp inequalities as
special cases.
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2. THE RESULTS

In [6], we may find the identity

5) -1y / Kot 0)f (1) di
= —[0£(a) + 21— 0)f(x) + O£ (b)]
—z{ s,ztz;
(- “)“‘”'“(Z,; a)* + (b — )" } (a)

where K, (t,z,0) is the kernel given by

—a)™ —a)(t—a n—1 .
(6) K, (t,z,0) = - "!) - 2()1?—1)!) , ift €fa,a],
AT - —b)™ b—a)(t—b)n—1 .
¢ n!) + ! 227(;71))! , ift € (x,b].

By elementary calculus, it is not difficult to get

b (@ = @)+ (=1 (b - 2y
/aKn(t,x,e)dt: o
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For brevity, in what follows, we will use the notations
n-l {(_1) (z a)k-i—l +(b— >k+1
(k+1)!
k k k
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(SE )2n+1 + (b )2n+1
(2n + 1)(n!)?
B0- a0 + b= |, Bl afle— "+ (b= 2)"]
2(nl)? 420 —D(n -1

(11) I,(x,0) ==

and

fo D) = f7V(a)
b—a '

Theorem 4. Let f: [a,b] — R be such that f™=Y is absolutely continuous on
[a,b] and f™ € Lyla,b]. Then for any 0 € [0,1] and = € [a,b] we have

‘ {/f £)dt — (b— a) {(1—9)]0() ef();f( )} Gn(g;,e)}
Hg(m,e)]

b—a

(12) D, =

- Dan(x,Q)’ < []n(x,ﬁ) - o(fm).

The inequality (13) is sharp.
Proof. From (5),(7)-(10), (12 we get

ol ot freos]

{/ F#)dt— (b— a) [(1—9>f< POk I0) >;f< )] an,x)}
—D,H,(
By using the Cauchy Schwarz-Bunyakowski inequality, we have

[ (ta,0) — b_a/K 5 H)d] [f(”)(t)—bia/a;(”)(s)ds] dt‘
<

‘ K(-,z,0)— b—a/K (s,z,0)ds f(”)—bi&/abf(”)(s)ds
From (7),(8),(10),(11) we also have
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Consequently, the inequality (13) follows from (14)-(17).

It is clear that the inequality (13) is sharp, since in its proof only Cauchy-
Schwarz-Bunyakowski inequality is used, and so the equality condition follows
from the well-known inequality. 0

Remark 1. If we take n = 1 in Theorem 4, then we have
Gl(xv 9) = 07
b
Hi(e.0) = (=00 - ) (+ - 57 )

_ 2 2
hwd) = 2 w00 - a) (- 250
12 2
and
o¥(z,0) a+0\? 1-360+ 36 )
I(2,6) = —F2= = 91— 0)(b—a) (2= = ) +———(b—a)"

Thus we can derived a sharp Ly inequality of Ostrowski type as

L0 LIO) 1 (o= “52) 1) - st

- a|0-0s6) 4o

- / ’ f(t)dt‘

< [0(1 —0)(b—a) <m -

a+b\> 130+ 362 .| ° ,
92 ) +T(b_a>] U(f):

which has been first proved in Theorem 1 of [4].

Remark 2. If we take n = 2 in Theorem 4, then we have

Galo6) = (1-0)0 - ) (57 = ) f'o),
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and

hiog)~ B0 _6a-0), (x_ a+b)

b—a 4 2

302 — 50 + 2 . a+b\> 156> — 156 + 4
Sy U (x_ 2 ) T om0 Y

Thus we can derived a sharp Ly inequality of Ostrowski type as

/mf )t — b—m[u—evu»+a“>;f<q
HL=00-a0) (o= “57) o)

_llgﬁ<x_a;ﬁ) +1;f%b—@][fw»—fmﬂ

< [9(14_9)@_@ <x—a;b)4+392_220+2(b—a)3 (x_““’)Q
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which is just the inequality (4).

Corollary 1. Let the assumptions of Theorem 4 hold. Then for any 6 € [0, 1],
we get a sharp inequality

. ' {/ J(t)dt = (b —a) {(1—0)f( )4l 0) );f(b)}
3 G0 I~ (k4 DO —af gy
k=1 2041 (k 4 1)!
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2 (n 4 1)!

< (fﬁ?;, (b;“)n+é o(fm),

where c(n, ) = [2(n+1)2[(2n71)7(4n271)0+(2n+i7)l7212912]7[1+(71)”}(4n271)[17(n+1)9]2]

Proof. We set © = n (4) and observe that
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"2 77 22(2n + 1)(n!)2 227 (n!)2 220(2n — 1)[(n — D!]2
~ (2n—1)—(4n* - 1)0 + (2n + 1)n*¢? (b— a)>+
B 227 (4n? — 1)(n!)? ’
and
HX(“2. 0 2
I, a‘l'b’@ _ (5 ): *(n,0) (b— a)>+!,
2 b—a 22n+1](n + 1)1]2
then the inequality (18) follows. O

If n is an odd integer, then for any 6 € [0, 1] we have

(19) /‘ﬂde—ﬁgﬁ{www+2a—eﬁ( ) +orw)]
— EL )l = (k+ D)0 (b—a)
2 %1k + 1) )
(b —2na72;"”+2\/(2n— 0= (4n1;21_)01+ EIER N oy

which also has been proved in Theorem 8 of [3] as well as Theorem 7 of [7],
simultaneously.
If n is an even integer, then for any 6 € [0, 1] we have

ol

anw%+%1—@f(a;b>+9ﬂw}
— 1= (k+1)0](b — a)**+!
Z; 2k+1(k; 1)

[ = (o )b — )
(n+1)27

f® ()

D,

(b— )n-i—%

PV

X\/Qn?’ —n?— (4n* —5n2 + 1)0 + (2n® + n* — 4n3 — 2n? 4 2n + 1)6?
4n? —1 '

which also has been proved in Theorem 9 of [3] as well as Theorem 8 of [7],
simultaneously.
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Remark 3. If we take # = 0 in (19) and (20) then we get sharp midpoint type
inequalities

b a+b [nTil} (b_a)2k+1 ) a+b
(21) /C; f(l’)dl’ — (b — Cl)f (T) + kz:; mf( k) (T)
M o (f)
T 2npl/2n+ 1
for an odd n and
’ atb) & (b a  fatd
@) | [ s o-ar(50) + > ™ (12
b—a)”
N (i + 1)?271 FD ) -

F 0 (a)]

—q)"t3
nlb—a) o(f0)
2n(n+1)lv2n+1

for an even n.

In particular, for n = 1 in (21), we have

(b—a)? ,
27z Vou:

/abf(x)dx—(b—a)f (a;bﬂ <

and for n = 2 in (22), we have

(b_a)2 / / (b_a)g
Sl 1) - 1) <

o(f”).

27V (/")

Remark 4. 1If we take § = 1 in (19) and (20) then we get sharp trapezoid type
inequalities

2
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for an odd n and

(23]

b (b—a) k(b —a)®*+t o [a+b
(24) /a [f(a) + f ; mf( k) <T>
n(b B a)n n—1 n—1
m[f( '(b) = f D (a)]
(b—a)™*2 [2n5 —3nt — 203 + 2n2 4 2n N
= 2”(n—|—1)!\/ an? — 1 o(f)
for an even n.
In particular, for n = 1 in (23), we have
b—a (b—a)? -
s = "5 @+ 0] < 2T,
and for n = 2 in (24), we have
a (b — a>2 / / (b — a) 17
@+ 101+ 50 - i) < S Vet

Remark 5. If we take 6 = % then we get sharp Simpson type inequalities

/bf(x)dx—b_Ta[f() rar (450) + 10

e
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+Z 2/<;+1'2%1 / >

(25)

<

— n+§ 3 2 —
(b—a) \/2n 11n2 4 18n — 6 ()

1
3 onpl 4n? — 1

for an odd n and

(26)

: [f( )+ 4f (‘”b> +f<b>]
(251

S (220)
' —
p 3(2k +1)!2 2
(n—2)(b—a)" (n—1) -1
n=1)(p) _ f(n-1)
1(b—a)"t2 \/2n5 — 11nt 4 1403 + 4n% + 2n — 2
—327(n+1)! 4n? — 1
for an even n, which have been first proved in Theorem 5 and Theorem 6 of
[9] in a more direct way.
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In particular, for n = 1,3 in (25) and n = 2 in (26), we have

[ rae =20 @+ ar (SF) 4501 < G- ol

where C; =1, 0y =

1 C — 1
12307 73 T 48V105°

o

Remark 6. If we take 0 = % then we have sharp averaged midpoint-trapezoid

inequalities
s +2r (S5 + o)
(5]

2k — 1)(b—a)?+' 0 (a+b
-2 (2k + 1)122k+1 ! )(___)

(27)

2
k=1

(b—a)"tz [2n3 —Tn2 + 8n — 2 -
- 2ntip) 4n? — 1 o(F)

for an odd n and

(28)

L2 (S50 + o)
[”21]

—Z 2]{-1 b—a)2k+1f(2k) a+b
(2% + 1)l22k+1

2
+%;B$;g[ﬂnwm_ﬂnww]

N 5 _ 74 3 2 _
(b—a)"*z \/Qn Tt +4n3 +4n? +2n — 1 (fm)
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for an even n.
In particular, for n = 1 in (27), we have

[ s =0 1@ 2 () 4 s00] | < O o

and for n = 2, in (28), we have

[r@+or (50) +50] + & ;;)2 (6) ~ £a)



A SHARP GENERAL L, INEQUALITY 7

_ 7 .
Remark 7. If we take 6 = & then we have sharp corrected Simpson type

inequalities
530 {7]“( )+ 16/ (”b) +7f(b)]

(29)

[nl

B Z 1 — 14]{ b )2k+1f(2k) (l+b
— 15(2k + 1)122k 2

_ g)t3 3 _ 2 _
(b—a)"*s [98n® — 371n® + 4500 — 120 /- o
nl2n 225(4n? — 1)
for an odd n and
b
(30) x—— [7f( )+ 16f (%) +7f(b)1
[254]
_ Z 1 — 14k b — a)2k+1 f(zk,)(a + b)
15(2k 4 1)122k 2
(7” —8)(b—a)" (n—1) -1
1) (p) — fn1)
n+3% 5 _ 4 3 2 —
Loyt \/98n 37In' + 254n° 4 20202 + 98n =56 [

27 (n +1)! 225(4n? — 1)

for an even n.
In particular, for n = 1 in (29), we have

o [rr e (“50) crrw]| < RS o,
and for n = 2, in (30), we have
f Ydr — —— [7f( )+ 16f <GT+b> +7f(b)1
+ O - @] < L o
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