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ON THE GROWTH OF SOLUTIONS OF SOME
NON-HOMOGENEOUS LINEAR DIFFERENTIAL
EQUATIONS

BENHARRAT BELAIDI AND HABIB HABIB

ABSTRACT. In this paper, we investigate the growth of solutions to the
non-homogeneous linear differential equation
f(k) + Akflebk’lzf(k_l) 4ot Aleblzf/ + Aoebozf — Feaz7

where A;(z) #0 (j =0,1,...,k — 1), F(z) # 0 are entire functions and
a#0,b; #0(j=0,1,...,k — 1) are complex numbers.

1. INTRODUCTION AND STATEMENT OF RESULTS

Throughout this paper, we assume that the reader is familiar with the fun-
damental results and the standard notations of the Nevanlinna’s value distri-
bution theory [7, 9, 14]. In addition, we will use A (f) and X (f) to denote
respectively the exponents of convergence of the zero-sequence and distinct ze-
ros of a meromorphic function f, p(f) to denote the order of growth of f. In
order to estimate the growth of infinite order solutions, we recall the definition
of the hyper-order.

Definition 1.1 ([14]). Let f be a meromorphic function. Then the hyper-
order py (f) of f(z) is defined by

) loglog T (r,
r—+400 Og r

where T'(r, f) is the Nevanlinna characteristic function of f. If f is an entire
function, then the hyper-order p, (f) of f(z) is defined by

loglog T log log log M
P2 (f) = lim Supw — lim sup og log log (7‘, f)

r—400 IOg r r—400 1Og r

where M (r, f) = max|;|=r | f(2)].

)
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Definition 1.2. [14] Let f be a meromorphic function. Then the hyper-
exponent of convergence of the sequence of zeros of f(z) is defined by

log log N <T, %)
Ao (f) = limsup
400 log r

9

where N (r, %) is the integrated counting function of zeros of f(z)in {z : |z| < r}.

Similarly, the hyper-exponent of convergence of the sequence of distinct zeros
of f(z) is defined by

_ loglog N (7‘, %)
A2 (f) = limsup
r—-+oo 10g r

Y

where N (7“, %) is the integrated counting function of distinct zeros of f(z) in

{z:]z] <r}.

The complex oscillatory problems of the non-homogeneous linear differen-
tial equations are a very important aspect of the complex oscillation theory of
differential equations, which has a large number of potential applications. For
growth estimates of solutions of a non-homogeneous linear differential equa-
tion, in general there exist exceptional solutions that are not easy to discuss,
see [9, Chapter §].

In [11] Wang and Laine investigated the growth of solutions of some second
order nonhomogeneous linear differential equation and obtained.

Theorem A ([11)). Let A;(2) # 0 (j = 0,1) and F(z) be entire functions
with max{p (A;) (j=0,1),p(F)} <1, and let a, b be complex constants that
satisfy ab # 0 and a # b. Then every nontrivial solution f of the differential
equation

f”—}-Al(z)e“Zf’—l—Ao (Z) ebzf — F,
is of infinite order.

Remark 1.1. The result of Theorem A was also obtained by the author and El
Farissi in [2] by another proof.

Later in [12] Wang and Laine extend the result of Theorem A to higher
order non-homogeneous linear differential as follows.

Theorem B ([12]). Suppose that A;(z) = hj(2)efi® (5 = 0,1,...,k — 1)
where P;(z) = a;,2" + -+ - + ajo are polynomials with degree n > 1, h;(z) # 0
(j =0,1,...,k—1) are entire functions of order less than n, and that H(z) # 0
is an entire function of order less thann. Ifa;, (j =0,1,...,k—1) are distinct
complex numbers, then every solution f of the differential equation

4 Ak_l(z)f(k_l) + o+ A1(2)f + Ao(2)f = H(2)

is of infinite order.
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Recently, the authors investigated the growth of some nonhomogeneous
higher order linear differential equations and obtained the following result.
Theorem C ([3]). Let k > 2 be an integer, I; C N (j = 0,1,...,k — 1)
be finite sets such that I; N L, =0 (j # m) and I = ]?L:J;[j. Suppose that
B = Y Al (= 0,1,... .k — 1), where A;(z) # 6_(2 € I) are entire

i€l;

functions with max{p (4;),i € [} <n, P(z2) =amz"+ - +anz+ap (i €1)
are polynomials with degree n > 1 and that F(z) # 0 is an entire function with
p(F) <mn. If ay, (i € I) are distinct complex numbers, then every solution f
of the differential equation

f(k)+Bk_1f(k_1)+"'+Blf(l)+"'+Blf/+BOf:F
satisfies p (f) = +o0.
The main purpose of this paper is to investigate the order and the hyper-
order of growth to some higher order linear differential equations. In fact we

will prove the following results.
Suppose that

1=1{0,1,2,... k—1},
L={iel:¢;>1}#10,
L={iecl:0<c<1}#0,
Iy={iel:c;<0}#0,
L={icl:c;=1}#0,
where [y U, U3 U Iy =1 and ¢; (i € I) are real numbers.
Theorem 1.1. Let Aj(z) # 0 (j € 1), F(z) # 0 be entire functions with
max{p(4;)(jel),p(F)} <1,a#0 and b, #0 (i € I) be complex numbers
such that b; = c;a (i € 1). Suppose that there is one s € Iy such that cs > ¢;
for all j € I \ {s}, suppose that there is one | € I3 such that ¢; < ¢; for all

g € I3\ {l}, and suppose that cy # 1 and ¢y # ¢; for all j € I\ {0}. Then
every solution f of the differential equation

(11) f(k) + Ak_lebk_lzf(k—l) N Aleblzf/ + A()ebozf — Fe%
has infinite order and the hyper-order satisfies ps (f) < 1.

Theorem 1.2. Under the hypotheses of Theorem 1.1, suppose further that
©(z) # 0 is an entire function with finite order. Then every solution f of
(1.1) satisfies

A=A =Af-0)=A(f-p)=p(f) =
and

() =X(f)=X(f-v)=X(f-v)=p(f) <L
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2. AUXILIARY LEMMAS

Lemma 2.1 ([13]). Suppose that fi(z), fo(2), ..., fu(2) (n > 2) are meromor-
phic functions and g1(z),92(2),...,gn(2) are entire functions satisfying the
following conditions:

() 325 (:) e = fupn

]7

(1)) If 1 < j <n+1and 1l <k < n, then the order of f; is less than the
order ofegk(z). Ifn>21<j<n+1andl1 < h <k <n, then the
order of f; is less than the order of e9»~%.

Then fj(2) =0 (j=1,2,...,n+1).

Lemma 2.2 ([4]). Suppose that P(z) = (o +if) 2" +--- (a, B are real num-
bers, |a| + |B] # 0) is a polynomial with degree n > 1, that A(z) # 0 is an
entire function with p(A) < n. Set g(z) = A(z)eP®), z = re?, §(P,0) =
acosnb — Bsinnb. Then for any given € > 0, there is a set By C [0,27) that

has linear measure zero, such that for any 0 € [0,2m)\ (E1 U E»), there is
R >0, such that for |z| =r > R, we have

(i) If 6 (P,6) > 0, then
exp{(1—¢)8(P,0)r"} < |g (re”)| <exp{(1+¢)d(P,0)r"}.
(i1) If 6 (P,0) < 0, then
exp{(1+¢e)8§(P,0)r"} <|g(re”)| < exp{(1—¢)d(P,0)r"},
where By = {0 € [0,27) : § (P,0) = 0} is a finite set.
Lemma 2.3 ([6]). Let f be a transcendental meromorphic function of finite

order p. Let € > 0 be a constant, k and j be integers satisfying k > j > 0.
Then the following two statements hold:

(i) There exists a set E3 C (1,400) which has finite logarithmic measure,
such that for all z satisfying |z| ¢ E3 U [0, 1], we have

fP()
7O(z)
(i1) There ezists a set Ey C [0,2m) which has linear measure zero, such that

if 0 € [0,2m) \ Ey, then there is a constant R = R (6) > 0 such that (2.1)
holds for all z satisfying arg z = 0 and |z| > R.

(2.1) < |Z|(k—j)(p—1+6) '

Lemma 2.4 ([12]). Let f(z) be an entire function and suppose that
_log" [ (2)]
B 2"

is unbounded on some ray argz = 6 with constant p > 0. Then there exists
an infinite sequence of points z, = rpe® (n=1,2,...), where r, — 400, such

G(2)
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that G (z,) — oo and
9 (2,)
F®) (z,)
as n — +00.
Lemma 2.5 ([12]). Let f(z) be an entire function with p(f) = p < +oo.
Suppose that there exists a set E5 C [0,2m) which has linear measure zero,
such that log™ ‘f (rew)} < Mr? for any ray argz = 6 € [0,27) \ E5, where M

is a positive constant depending on 0, while o is a positive constant independent
of 0. Then p(f) <o.

Lemma 2.6 ([1, 5]). Let Ao, Ay, ..., Ax_1, F # 0 be finite order meromorphic
functions.

S T (1+o(1)rF4 j=01,....,k—1

(i) If f is a meromorphic solution of the equation
(2.2) fO+ A fS D+ A f + Af = F
with p (f) = +oo, then f satisfies
A =x(f)=p(f) = +o0.

(i1) If f is a meromorphic solution of equation (2.2) with p(f) = +oo and
p2 (f) = p, then

MO =X =p(f) =+00, X (f) =X (f) = p2(f) = p.

By using Wiman—Valiron theory [8], we easily obtain the following result
which we omit the proof.

Lemma 2.7. Let By(2),...,Br_1(2), H(2) be entire functions of finite order.
If f is a solution of the equation

FO 4 Bia(2) &0 4+ Bi(2)f + Bo(2) f = H,
then P2 (f) < max {p (BO) yees P (kal) P (H>}

3. PROOF OF THEOREM 1.1

Since b; = c;a (i € I), then by (1.1) we get
(3.1) e = f® 4 Z Ajelei—Daz @) 4 Z Agelei—Daz )

i€l i€ly
+ ZAie(Cfl)azf(i) + ZAif(i) —F
i€ls i€l
First we prove that every solution f of (1.1) satisfies p(f) > 1. We assume
that p (f) < 1. It is clear that f # 0. We can rewrite (3.1) in the form

(3.2) FWem® 13y "Bielm® 4 Agfelomlo = -y "4 fO),

el i€y
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where I' C I'\ (I, U {0}) such that (¢; — 1)a (i € I') are distinct numbers and
B; (i € I") are entire functions with order less than 1. We can see that —a,
(co—1)a, (¢; — 1) a (i € T') are distinct numbers. Obviously, p (f*)) <1 and
p(A;if¥) <1 (i € I). Then by (3.2) and the Lemma 2.1, we have Ay f = 0.
This is a contradiction. Hence, p(f) > 1. Therefore f is a transcendental
solution of equation (1.1).

Now we prove that p(f) = +o00. Suppose that p(f) = p < +oo. Set
a=max{p(4;)(j=0,1,...,k—1),p(F)}. Then a < 1. For any given ¢
(0<2e<1— a) and for sufficiently large r, we have

(3.3) [F(2)] < exp {r**},

(3.4) |Ai(2)| < exp {r**e}, i€ L.

By Lemma 2.2, there exists a set E C [0, 27) of linear measure zero, such that
whenever 6 € [0,27) \ E, then 0 (az,0) # 0. By Lemma 2.3, there exists a set
E4 C [0,27) which has linear measure zero, such that if § € [0,27) \ Ejy, then
there is a constant R = R () > 1 such that for all z satisfying argz = 6 and
|z| > R, we have

O (z)
fO(z)
For any fixed 0 € [0,27) \ (E' U Ey), set
ds =0 ((cs —1)az,0), =90 ((c;—1)az,0),
0 =max{d((¢; —1)az,0):ie I\ {s}}

(3.5) <|z]*,0<i<j<k

and
03 =max{d((¢; —1)az,0):ie€ I3\ {l}}.

Then 6, # 0, &; # 0, 61 # 0 and 63 # 0. We now discuss two cases separately.

Case 1. 6 (—az, 9) > 0. We know that § ((¢; — 1) az,0) = (1 — ¢;) § (—az,0),
hence:

If 1 € I, then § ((¢; — 1) az,0) < 0.

If i€l then0<6((¢; —1)az,0) <d(—az,0).

Ifi € I3\ {l}, then 0 < § (—az,0) < ((¢; —1)az,8) < d3 <.

By Lemma 2.2, for any given € with 0 < 2¢ < min {%, 1-— Oz}, we obtain

(3.6) !Ale(q_l)az’ >exp{(1—e¢)dr},

(3.7) le™®| <exp{(1+¢)d(—az0)r},

(3.8) |Aie(ci’1)a2‘ <exp{(l—¢)d((¢; —1)az,0)r} <1, i € I,

(3.9) |Aie(cl_1)az‘ <exp{(1+¢)d((c;—1)az,0)r}
<exp{(l+¢)d(—az?b) }, i €Iy,

(3.10) |4, elei™ 1)‘“‘ <exp{(l+¢)d((¢c; —1)az0)r}
<exp{(1+¢)dsr}, ie I3\ {l}
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for sufficiently large r. We now prove that log* | f®(z2)|/ |2|°*¢ is bounded on
the ray arg z = . We assume that log™ |f O ’ /12|“"¢ is unbounded on the
ray arg z = 6. Then by Lemma 2.4, there is a sequence of points z,, = r,e?,
such that r,, — +o00, and that

log™ ’f(l) (zm)|

(3.11) rare — +00,
19 (2, I
(3.12) f(l)((zm;‘ < = (1+o())r, (=0,1,...,1—1),

for m is large enough. From (3.3) and (3.11), we get

Zm,
3.13 —| =0
( ) ‘f-(l) (Zm) Y
for m is large enough. From (3.1), we obtain
(4)
(cg—1)az —az f Cz_l Jaz f
1€y
) (¢i—1)az f(l)
#3 e [F e S et | 2
i€l iel\{1}
X141 |7 \f(l
i€y
Substituting (3.4)—(3.10), (3.12) and (3.13) into (3.14), we have
(3.15) exp {(1 — 5) 5lrm} < }Al <Cl—1>‘“m\
(%)
—azm clfl)azm f (Zm>
< fereon [ TGl 3 [Frem)
i€l
i)
(cz Dazm f (Zm)
+Z ‘A Zm) ‘ f(l »
1€y
(%)
) (ci—1)azm f (Zm)
+ Z ‘A’ (zm)e ‘ f(l) (Zm)
ieI3\{l}
F (2m)
3 el o |+ [
1€y f( f( ) (Z

< Morp exp {(1 + €) 83} exp {rte},

where My > 0 and M; > 0 are some constants. By 0 < & < & 13 and (3.15),
we can get

2
- {—“’ %) m} < Moyt esp {1
l
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which is a contradiction because a4 & < 1. Therefore, log* | f!(z)] / |2|%%¢ is
bounded and we have

|f(l)(z)‘ < M exp {7“”6}
on the ray arg z = . By the same reasoning as in the proof of [10, Lemma
3.1], we immediately conclude that

FE < 5 (o) [FO)] < 1 (140 (1) Mrexp {4}

< Mexp {,r,a+28}

on the ray argz = 6.

Case 2. 0 (—az,0) < 0. Weknow that 6 ((¢; — 1) az,0) = (1 — ¢;) 6 (—az,6),
hence:

If i € I; \ {s}, then 0 < 0 ((¢; — 1) az,0) < &; < 0s.

If i € I, U I3, then 0 ((¢; — 1) az,0) < 0.

By Lemma 2.2, for any given € with 0 < 2¢ < min { = Ny - a} we obtain

(3.16) |A, eles—ba | = exp{(1 —¢)d.r},

(3.17) e <exp{(1—¢)é(—az0)r} <1,

(3.18) ‘Aie(ci’l)“ﬂ <exp{(1+¢)d((¢; —1)az0)r}
<exp{(1+¢)or}, iel;\{s},

(3.19) ‘Aie(cfl)“ﬂ <exp{(l—¢)d((¢; —1)az,0)r} <1, i€ L UI;

for sufficiently large 7. We now prove that log™ | f*)(2)| / |2|°*¢ is bounded on
the ray argz = 6. We assume that log™ |f ) (z ‘ /12|°* is unbounded on the

ray arg z = 0. Then by Lemma 2.4, there is a sequence of points z,, = r,e?,
such that r,, — +o00, and that

log™ | £ (zm)|

(3.20) e — 400,
f(j) (2m) s=3 (5 — S —
(3.21) FT o) | S G (I+o(1)r:7, (j=0,1,..., 1),

for m is large enough. From (3.3) and (3.20) we get

(3.22) -0,

’f(s) (2m)
for m is large enough. From (3.1) we obtain
(3.23) |A el

f(k)
@

f(i)
f©

—az ‘

+ Z ‘Aecl—laz

icli\{s}

<|e

_‘_Z‘Aecl—laz

ISP
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+Z ‘Aie(ci—l)az + Z

icls icly ‘ f
Substituting (3.4), (3.5), (3.16)7(3.19), (3.21) and (3.22) into (3.23), we have
(3:24)  exp{(1—e)dyrm} < | A, (zn) el 0|

8)

+; | Ai () e Daon | ﬁi_zg
+; | A () €= Dom| ﬁi—((z:))
+3 4 ol [Fernl | o)

€1y
< Morp® exp{(1+¢€) dirm}exp {rite},

where My > 0 and M3 > 0 are some constants. By 0 < € < 53 61 and (3.24),
we get

s

5y — 61)°
exp{—( 5 ) rm} < Myrs exp {rﬁf’f},

which is a contradiction because o + ¢ < 1. Therefore, log™ | f*)(z)|/ |2|%%F is
bounded and we have

[f9(z)| < Mexp {ro*}
on the ray arg z = 6. This implies, as in Case 1, that
(3.25) |f(2)] < Mexp {r*t*}.

Therefore, for any given 6 € [0,27) \ (E'U Ey), we have got (3.25) on the ray
arg z = 0, provided that r is large enough. Then by Lemma 2.5, we have
p(f) < a+ 2¢ < 1, which is a contradiction. Hence every transcendental
solution f of (1.1) must be of infinite order. Since

max {p (4;¢%*) (j=0,....k—1), p(Fe¥”)} =1,
then by Lemma 2.7 we have p, (f) < 1.

4. PROOF OF THEOREM 1.2

Suppose that f is a solution of equation (1.1). Then, by Theorem 1.1 we
have p (f) = +oo and p2 (f) < 1. Set g(z) = f(2) — ¢(z). Then g(z) is an
entire function with p(g) = p (f) = 400 and pa (g9) = p2 (f) < 1. Substituting
f =g+ pinto (1.1) , we have

(41) g(k)_i_Akilebk,lzg(kfl)_i_.'__’_A b1z /+A e D,
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where
D= Fet _ [So(k) F Ay qetr1E kD) +"'+A1€blz§0/+A0€b0Z@} _
We prove that D # 0. In fact, if D = 0, then
o0 4 A g1z LA M Ao = Fett.

Hence p (¢) = 400, which is a contradiction. Therefore D # 0. We know that
the functions A;e%* (j =0,1,...,k—1), D are of finite order. By Lemma 2.6
and (4.1) we have

AMf=@)=A(f—@)=p(f—¢)=p(f) =00,
(o) =X(f—@)=p(f—e)=p(f) <L

Then, by f is infinite order solution of equation (1.1) and Lemma 2.6 we obtain
AN =2N =2 —0)=A(f-p)=p(f) =00
X (f)=X(f)=X(f-v)=X(f-p)=p(f) <L

which completes the proof.
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