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ABSTRACT. In this paper we present some results on convergence and
summability of one- and multi-dimensional trigonometric and Walsh-Fourier
series. The Fejér and Cesaro summability methods are investigated. We
will prove that the maximal operator of the summability means is bounded
from the corresponding classical or martingale Hardy space H, to L, for
some p > pg. For p = 1 we obtain a weak type inequality by interpola-
tion, which ensures the almost everywhere convergence of the summability
means.

1. INTRODUCTION

In this survey paper we will consider summation methods for one- and multi-
dimensional trigonometric and Walsh-Fourier series. Two types of summability
methods will be investigated, the Fejér and Cesaro or (C,a) methods. The
Fejér summation is a special case of the Cesaro method, (C, 1) is exactly the
Fejér method. In the multi-dimensional case two types of convergence and
maximal operators will be considered, the restricted (convergence over the
diagonal or over a cone or over a cone-like set), and the unrestricted (conver-
gence over N? in Pringsheim’s sense). We introduce three types of classical
and martingale Hardy spaces H), and prove that the maximal operators of the
summability means are bounded from the corresponding H, to L, whenever
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p > po for some pg < 1. For p = 1 we obtain a weak type inequality by inter-
polation, which implies the almost everywhere convergence of the summability
means to the original function. The almost everywhere convergence and the
weak type inequality are proved usually with the help of a Calderon-Zygmund
type decomposition lemma. However, this lemma does not work in higher di-
mensions. Our method, that can be applied in higher dimension, too, can be
regarded as a new method to prove the almost everywhere convergence and
weak type inequalities. In this survey paper we summarize the results appeared
in this topic in the last 10-20 years. This paper was the base of my talk given
at the Conference on Dyadic Analysis and Related Fields with Applications,
June 2014, in Nyiregyhaza (Hungary).

I would like to thank the referee for reading the paper carefully and for his
useful comments and suggestions.

2. TRIGONOMETRIC AND WALSH SYSTEM

We consider either the torus X = T or the unit interval X = [0, 1), both with
the Lebesgue measure \. We brieﬂy write L,(X) instead of the real L,(X,\)
space equipped with the norm (or quasmorm)

17l = (/UV¢Q (0<p< o),

where A is the Lebesgue measure. We use the notation || for the Lebesgue
measure of the set /. The weak L,(X) space L, «(X) (0 < p < 00) consists of
all measurable functions f for which

1 llpoe = sup pA(LS| > p)7 < oo.
p>0

Note that L, « is a quasi-normed space. It is easy to see that
Ly(X) C Lpoo(X) and | [lpoo <[+ Il

for each 0 < p < o0.
The Rademacher functions are defined by

7‘(35) - {17 lf.]? S [27 i)v
2

and
ro(x) :=r(2") (x€[0,1),n € N).
The product system generated by the Rademacher functions is the one-dimen-

sional Walsh system:

Wy, = Hrk”’“ (n € N),
k=0
where

n:anZk, (0 <n<2)
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(see Figure (1)). In what follows let ¢, (x) denote the trigonometric system

W1 =To W2 = W3 = rifg

I T - -

Wy =1 W5 = Il Wp = rary

FIGURE 1. Walsh system.

e*™ % (n € Z) defined on T or the Walsh system ¢,(x) := w,(z) (n € N)
defined on the unit interval. For the Walsh system let ¢, = 0 if n € Z \ N.

In this paper the constants C, depend only on p and may denote different
constants in different contexts.

3. PARTIAL SUMS OF ONE-DIMENSIONAL FOURIER SERIES

For an integrable function f € L1(X) (X =T or X = [0, 1)) its kth trigono-
metric or Walsh-Fourier coefficient is defined by

Fk) ::/Xf@czx (k € 7).

The definition of the Fourier coefficients can be extended easily to distributions
in case of the trigonometric system and to martingales in case of the Walsh
system (see Weisz [77, 82]).
For f € L1(X) the nth partial sum s, f of the Fourier series of f is introduced
by
suf(2) = 3 FR)on@) = [ fo—wDawdu (neN)
|k|<n

where

Dy(u) =) ¢n(u)

lk|<n
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is the nth trigonometric or Walsh-Dirichlet kernel (see Figure 2). In case of
the Walsh system we use dyadic addition instead of addition.

101

T o : 2 5 o = w8 ws  ss o8 78 1
(a) The trigonometric Dirichlet kernel (b) The Walsh-Dirichlet kernel

FIGURE 2. The Dirichlet kernels D,, with n = 5.

It is a basic question as to whether the function f can be reconstructed from
the partial sums of its Fourier series. It can be found in most books about
Fourier series (e.g., Zygmund [85], Bary [1], Torchinsky [62], Grafakos [28],
Schipp, Wade, Simon and P4l [50]), that the partial sums converge to f in the
L,norm if 1 < p < oo.

Theorem 1. If f € L,(T) for some 1 < p < oo, then
Isnfll, < Collfll, (neN)

and
lim s,f = f in the L,-norm.
n—oo

This theorem is due to Riesz [44] for trigonometric series and to Paley [43]
for Walsh-Fourier series.

One of the deepest results in harmonic analysis is Carleson’s result, i.e., the
partial sums s, f of the Fourier series converge almost everywhere to f € L,(X)
(1 < p < 00). This result is due to Carleson [8] for trigonometric Fourier series
and for one-dimensional functions f € Ly(T). Later Hunt [30] extended this
result to all f € L,(T) spaces, 1 < p < oo. Billard [4], Sj6lin [58] and Schipp
[47, 51] generalized both results for Walsh-Fourier series.

Theorem 2. If f € L,(X) for some 1 < p < oo, then

< Gyl £,

p

sup | s, f]|
neN
and

lim s, f=f a.e.
n—oo
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The inequalities of Theorems 1 and 2 do not hold if p = 1 or p = oo, and
the almost everywhere convergence does not hold if p = 1. du Bois Reymond
proved the existence of a continuous function f € C(T) and a point o € T
such that the partial sums s, f(zq) diverge as n — co. Kolmogorov gave an
integrable function f € L;(T), whose Fourier series diverges almost everywhere
or even everywhere (see Kolgomorov [32, 33], Zygmund [85] or Grafakos [28]).
The analogous results for Walsh-Fourier series can be found in Schipp [45] and
Simon [53].

4. HARDY SPACES H,(X)

To prove almost everywhere convergence of the summability means intro-
duced in the next section, we will need the concept of Hardy spaces and their
atomic decomposition. First we consider the classical Hardy spaces for the
trigonometric system and then the dyadic Hardy spaces for the Walsh system.

4.1. The H,(T) classical Hardy spaces. A distribution f is in the classical
Hardy space H,(T) (0 < p < o0) if

1/, = < 00,
P

sup | f * P
0<t

where

o0

1 —
Rg(l’) — Z T|k|€27mk:r _ r

1412 — 2rcos2mx

2
(r=e’zem)

k=—o00

is the periodic Poisson kernel. Since P, € L;(T), the convolution in the defini-
tion of the norms are well defined.

4.2. The H,[0,1) dyadic Hardy spaces. By a dyadic interval we mean one
of the form [k27", (k+1)27") for some k,n € N, 0 < k < 2". Givenn € N and
x € [0,1) let I,(z) be the dyadic interval of length 27" which contains z. The
o-algebra generated by the dyadic intervals {I,,(x) : x € [0,1)} will be denoted
by F,. (n € N). Tt is easy to show that for a martingale f = (f,,n € N) we
have son f = f,.

We investigate the class of martingales f = (f.,n € N) with respect to
(Fn,neN). For 0 < p < oo the dyadic Hardy space H,[0,1) consists of all
martingales for which

< Q.
p

4.3. Atomic decomposition of H,(X). The results of this subsection hold

for both the classical and the dyadic Hardy spaces. It is known (see e.g. Stein [59]
or Weisz [77]) that

1, =

sup | fnl
neN

Hy(X) ~ Ly(X) (1 <p < o0)
and Hq(X) C L;(X), where ~ denotes the equivalence of spaces and norms.
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The atomic decomposition provides a useful characterization of Hardy spaces.
A function a € Lo (T) is a classical p-atom if there exists an interval I C T
such that

(1) supp a C I,

(2) llallo < |77,

(3) [;a(x)a"dx =0 for all k € N with k& < [1/p— 1],
where [-] denotes the integer part. While a function a € L[0,1) is called a
dyadic p-atom if there exists a dyadic interval I C [0,1) such that (i), (ii) and
(iii) with & = 0 hold.

The Hardy space H,(X) has an atomic decomposition. In other words,
every function (more exactly, distribution resp. martingale) from the Hardy
space can be decomposed into the sum of atoms. A first version of the atomic
decomposition was introduced by Coifman and Weiss [10] in the classical case

and by Herz [29] in the martingale case. The proof of the next theorem can
be found in Latter [34], Lu [36], Wilson [83, 84], Stein [59] and Weisz [66, 77].

Theorem 3. A distribution (resp. martingale) f is in Hy(X) (0 < p < 1) if
and only if there exist a sequence (a*, k € N) of classical (resp. dyadic) p-atoms
and a sequence (ug, k € N) of real numbers such that

o o
Z |pr|” < oo and Zukak =/
k=0 k=0

in the sense of distributions (resp. martingales). Moreover,

0 1/p
11l 5, ~ inf <Z |Mk|”> :
k=0

The “only if” part of the theorem holds also for 0 < p < co. The following
result gives a sufficient condition for an operator to be bounded from H,(X)
to L,(X) (see Weisz [77, 81] and, for py = 1, Schipp, Wade, Simon and P4l [50]
and Moricz, Schipp and Wade [40]). For I C T let I" be the interval having
the same center as the interval I and length 27|I|. If I C [0,1) is a dyadic
interval then let I" be a dyadic interval, for which I C I" and |I"| = 2"|]|
(r e N).

Theorem 4. For each n € N, let V,,: L1(X) — Li(X) be a bounded linear
operator and let

Vif :==sup |an|

neN
Suppose that

[ Wwararsac,
X\I7

for all classical (resp. dyadic) po-atoms a and for some fized r € N and 0 <
po < 1, where the interval I is the support of the atom. If V, is bounded from
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L, (X) to L,,(X) for some 1 < p; < oo, then

(1) Vefllp < Coll flla,  (f € Hp(X))

for all po < p < py. Moreover, if pg < 1, then the operator V, is of weak type
(1,1), i.e., if f € L1(X) then

(2) sup p A([V.f| > p) < C[f]]1.

p>0

Now we give a typical proof of this theorem. If, instead of Vi, the linear or
sublinear operator V satisfies the condition

/ Va™dr < C,,
X\ 7

with py < 1, then we can easily show that ||[Va|,, < C for all pp-atoms a. We
take an atomic decomposition of f:

f = Z ,ukakv
k=0

where each a* is a py-atom and

o0 l/pO
(zw) < ol
k=0

Next
(3) VA< |l [Va¥]
k=0
and
3l <ka\m [Va* || < Coo 111, -

The problem is that this proof is falls because the inequality (3) does not
necessarily hold. Indeed, Bownik [6] have given an operator V for which (3)
does not hold. Moreover, though the L, -norms of Va are uniformly bounded,
V' is not bounded from H,,(R) to L,,(R). The correct proof of Theorem 4 can
be found in Weisz [81].

Note that (2) can be obtained from (1) by interpolation. For the basic
definitions and theorems on interpolation theory see Bergh and Lofstrom [3]
and Bennett and Sharpley [2] or Weisz [66, 77]. The interpolation of martingale
Hardy spaces was worked out in [66]. Theorem 4 can be regarded also as an
alternative tool to the Calderon-Zygmund decomposition lemma for proving
weak type (1, 1) inequalities. In many cases this theorem can be applied better
and more simply than the Calderon-Zygmund decomposition lemma.
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5. SUMMABILITY OF ONE-DIMENSIONAL FOURIER SERIES

Though Theorems 1 and 2 are not true for p = 1 and p = oo, with the help of
some summability methods they can be generalized for these endpoint cases.
Obviously, summability means have better convergence properties than the
original Fourier series. Summability is intensively studied in the literature.
We refer at this time only to the books Stein and Weiss [61], Butzer and
Nessel [7], Trigub and Belinsky [63], Grafakos [28] and Weisz [77, 82] and the
references therein.

The best known summability method is the Fejér method. In 1904 Fejér [14]
investigated the arithmetic means of the partial sums, the so called Fejér means
and proved that if the left and right limits f(z — 0) and f(xz + 0) exist at a
point z, then the Fejér means converge to (f(x —0) + f(x 4 0))/2. One year
later Lebesgue [35] extended this theorem and obtained that every integrable
function is Fejér summable at each Lebesgue point, thus almost everywhere.
Some years later M. Riesz [44] proved that the Cesaro means of a function
f € Li(T) converge almost everywhere to f (see also Zygmund [85, Vol. I,
p.94]).

In this paper we consider the Fejér and Cesaro (or (C,«)) means defined
by

onf(z Zskf Z( Z') /f:v—u (u) du

l7]<n

and

onf(@) = ZA sef(a

1

ol /fx—uKO‘ w) du,

Ljl<n

where

o (E+a) (a+1)(a+2)...(a+k)
Ak‘_( k ) k!

and the Fejér and Cesaro kernels are given by

4l 1
Ko(u) =) ( =) 6w =~ ) Di(u)
li|<n k=0
and
1 n—1
K3 (u) = Z Ap i |J|¢j e Aﬁiika(U)
n 1 |j|<n TL 1 kJ:O

(see Figure 3). It is known (Zygmund [85]) that A} ~ k% (k € N). The Cesaro
means are generalizations of the Fejér means, if a = 1, then we get back the
Fejér means. We will suppose always that 0 < a < 1. The case @ > 1 can
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(a) The trigonometric Fejér kernel (b) The Walsh-Fejér kernel

F1GURE 3. The Fejér kernels K,, with n = 5.

be led back to a = 1. The next result extends Theorem 1 to the summability
means (see Zygmund [85] and Paley [43]).

Theorem 5. If0 < a <1 and 1 <p < oo, then
lon fll, < Gllfll,  (f € Lp(X),n €N).
Moreover, for all f € L,(X) (1 <p < 0),
lim oy f = f in the L,-norm.
n—oo
The maximal operator of the Cesaro means are defined by

ol f=sup|o, f].
neN

Applying Theorem 4, we have extended the previous result to the L,(X)
spaces (0 < p < 1) and to the maximal operator in [67, 76, 77]. The first
inequality of Theorem 6 was proved by Fujii [18] in the Walsh case for p = 1
(see also Schipp and Simon [49]).

Theorem 6. If0 <a<1and1l/(a+1) <p < oo, then
o Fll, < Goll flla,  (f € Hy(X))
and for [ € Hija+1)(X),
Hafle/(aJrl),oo = ililg pA (o f > P)QH < C|‘f’|H1/<a+1>-
The critical index is p = 1/(a+1), if p is smaller than or equal to this critical

index, then ¢¢ is not bounded anymore (see Stein, Taibleson and Weiss [60],
Simon and Weisz [57], Simon [55] and Gat and Goginava [23]).

Theorem 7. The operator c2 (0 < a < 1) is not bounded from H,(X) to
LX) if0<p<1/(a+1).
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We get the next weak type (1, 1) inequality from Theorem 6 by interpolation
(Weisz [67, 76, 77|, Zygmund [85] for the trigonometric system, for a = p =1
Méricz [39], for & = 1 and for the Walsh system Schipp [46] and Simon [54]).

Corollary 1. If 0 < a <1 and f € Li(X) then

sup pA(oy f > p) < C| f|s-
p>0

This weak type (1, 1) inequality and the density argument of Marcinkiewicz
and Zygmund [37] imply the well known theorem of Fejér [14] and Lebesgue [35]
with @ = 1. Riesz [44] proved it for other a’s and Fine [15], Schipp [46] and
Weisz [76] for the Walsh system.

Corollary 2. If0 < a <1 and f € Li(X) then
lim oy f=f a.e.
n—o0
With the help of the conjugate functions we ([77]) proved also
Theorem 8. If0 <a<1and1/(a+1) <p < oo then
o Flla, < Coll fllm,  (f € Hp(X))-
Corollary 3. If0<a <1, 1/(a+1) <p<oo and f € H,(X) then

lim oy f = f in the Hy-norm.
n—oo

6. PARTIAL SUMS OF MULTI-DIMENSIONAL FOURIER SERIES

Let us fix d > 1, d € N. For aset Y # 0 let Y? be its Cartesian product
Y x -+ x Y taken with itself d-times. The L,(X?) spaces are defined in the
usual way. The d-dimensional trigonometric and Walsh system is introduced
as a Kronecker product by

Or(x) = O, (1) - - - Dy (2a),

where k = (ky,..., k) € N© 2 = (2q,...,24) € X¢. The multi-dimensional
Fourier coefficients of an integrable function f are defined by

Flk) == y ford\ (ke N

The definition of the Fourier coefficients can be again extended to distributions
resp. to martingales (see Weisz [77, 82]).

For f € Li(X?) the nth rectangular partial sum s, f of the Fourier series of
f is introduced by

sf@)i= Y0 o Y fRon) = [ fle—wDawdu (neN)

|k1]<n1 |kal<ng

where
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is the nth multi-dimensional trigonometric or Walsh-Dirichlet kernel (see Fig-
ure 4). By iterating the one-dimensional result, we get easily the next theorem.
Theorem 9. If f € L,(X%) for some 1 < p < oo, then

Isnfll, < Cpllfll, (€N

and

lim s,f = f in the L,-norm.
n—oo

(a) The trigonometric Dirichlet kernel (b) The Walsh-Dirichlet kernel

F1GURE 4. The Dirichlet kernels D,, with ny =5, ny, = 4.

Other types of partial sums are considered e.g. in Weisz [77, 82]. The ana-
logue of the Carleson’s theorem is not true, i.e., s, f is not convergent (Feffer-
man [11, 12]). However, investigating the partial sums over the diagonal, only,
Carleson’s theorem holds also for higher dimensions and for the trigonomet-
ric system (see Fefferman [11] and Grafakos [28]), and it holds for the Walsh
system if p = 2 (see Mricz [38] or Schipp, Wade, Simon and Pal [50]).

Theorem 10. If f € L,(X?) for some 1 < p < oo, then for the trigonometric
Fourier series

< Gy [l £1l,

p

sup [sn,...nf|
neN
and
lim s, .f=f aec
n—oo
The same result holds for the Walsh-Fourier series if p = 2.
It is an open question, whether this theorem holds for the Walsh system and

for p # 2 (cf. Schipp, Wade, Simon and Pal [50]).

7. MULTI-DIMENSIONAL HARDY SPACES

In this section we introduce three types of multi-dimensional classical Hardy
spaces for the trigonometric system and three types of multi-dimensional dyadic
Hardy spaces for the Walsh system.
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7.1. Multi-dimensional classical Hardy spaces. A distribution f is in the
classical Hardy space H,)(T?), in the product Hardy space H,(T?) and in the

hybrid Hardy space H!(T?) (0 < p < oo) if

flls = [lsup £ * (Broo @ R < oo,
>0 »
[fllg, =1 sup  [f* (P @ @B <oo
t>0,k=1,....d p
and
||f‘H1: sup ‘f*(Ph®"'®]Dti—1®Pti+1®"'®Ptd)‘ < 00,
P tp>0,k=1,...,d;k#i »
respectively, where P; the one-dimensional Poisson kernel and i =1,...,d.

7.2. Multi-dimensional dyadic Hardy spaces. By a dyadic rectangle we
mean a Cartesian product of d dyadic intervals. Forn € N and x = (x4, ..., 74)
€ [0, )4 let I,,(z) := I,, (w1) x- - - x I, ,(z4) be a dyadic rectangle. The o-algebra
generated by the dyadic rectangles {I,(z) : z € [0,1)¢} will be denoted again
by F, (n € N9).

For 0 < p < oo the martingale Hardy space HpD 0,1)%, the product Hardy
space H,[0,1)? and the hybrid Hardy space H;;[O, 1)4 consist of all d-parameter
dyadic martingales f = (f,,n € N%) with respect to (F,,n € N%), for which

1Fllg 2= (500 1ol | < o0,
neN p
“fHHp ‘= || Sup |fn1 ----- nd| < 00,
neNd »
and
||f| H;, = sup }En1 o Eni,1Eni+1 te Endfl < 00,
n, €N, k#L p

respectively, where £, denotes the conditional expectation operator relative
to Fn, (i =1,...,d). We can show again that for a martingale f = (f,,,n € N9)
we have sonm__ona f = fin.

7.3. Atomic decomposition of H(X?). It is known again (see e.g. Stein [59]
or Weisz [77, 82]) that
H,(X) ~ Hy(X) ~ Hy(X) ~ Ly(X?) (1 <p < o00).
and '
Hi(XY D Llog L) (XY (i=1,...,d),
i.e.,

£l < €+ C1fQog™ [F)*],  (f € Llog L)* (X))

where log" u = L{us1y logu.
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To obtain some convergence results of the summability means over the di-
agonal or over a cone we consider the Hardy space H) (X4). Now the situation

is similar to the one-dimensional case. A function a € L. (T?) is a multi-
dimensional classical p-atom if there exists a cube I C T¢ such that

(1) supp a C I,

(2) llallss < |1]7472,

(3) [, a(z)a® daz = 0 for all multi-indices k = (ki, ..., kq) for which k[, <

[d(1/p—1)].
A function a € Ly[0,1)? is called a multi-dimensional dyadic p-atom if there
exists a dyadic cube I C [0,1)¢ such that (i), (ii) and (iii) with & = 0 hold.
The atomic decomposition holds for the multi-dimensional Hardy spaces,

too (see Latter [34], Lu [36], Wilson [83, 84|, Stein [59] and Weisz [66, 77]).
Theorem 11. A distribution (resp. martingale) f is in HJ(X?) (0 <p < 1)
if and only if there exist a sequence (a*, k € N) of multi-dimensional classical
(resp. dyadic) p-atoms and a sequence (ju., k € N) of real numbers such that

Z lu|” < oo and Zukak =f
k=0 k=0

in the sense of distributions (resp. martingales). Moreover,

s 1/p
11|z, ~ inf (Z |#k|p> :
k=0

For a cube
I=ILx---xI;CcX? let I"=1"x---x1I.
For the proof of the next theorem see Weisz [77, 81].

Theorem 12. For eachn € N?, let V,,: Li(X?) — L1(X9) be a bounded linear
operator and let

L@f:::sup]V%fL

neNd
Suppose that

/ [Veal™ dX < Gy,
X\

for all classical (resp. dyadic) py-atoms a and for some fixred r € N and 0 <
po < 1, where the cube I is the support of the atom. If V, is bounded from
Ly, (X9) to L, (X%) for some 1 < p; < oo, then

IViflly < Gollflla,  (f € Hy(X))
for all po < p < p1. Moreover, if py < 1, then

Spligpk(!%fl >p) < ClIflh (f € Lu(X7)).
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7.4. Atomic decomposition of H,(X%). In the investigation of the conver-
gence in the Prighheim’s sense (i.e., over all n) we use the Hardy spaces H,(X?).
The atomic decomposition for H,(X?) is much more complicated. One reason
of this is that the support of an atom is not a rectangle but an open set.
Moreover, here we have to choose the atoms from Ly(X?) instead of L, (X9).
This atomic decomposition was proved by Chang and Fefferman [9, 13] and
Weisz [72, 77]. For an open set F' C (X?) denote by M (F) the maximal dyadic
subrectangles of F'.
A function a € Ly(X?) is a classical Hy-atom if
(a) supp a C F for some open set F' C X4,
(b) llall, < [F|*/22,
(c¢) a can be further decomposed into the sum of “elementary particles”
ar € Ly(X%), a = > Rem(F) @R 1D Ly(X9), satisfying
(a) supp ag C R C F,
(b) fori=1,....d, k< |2/p—3/2] and R € M(F), we have

/ ag(x)xf dv; =0,
X

(c) for every disjoint partition P, (I =1,2,...) of M(F),

o\ 1/2
2|2 o

< ‘F’1/2—1/p‘
l ReP,;

2

We get the definition of dyadic Hy-atoms if k =0 in (b).
The analogue of Theorem 11 holds in this case, too, however, the proof is
much more complicated (see Chang and Fefferman [9, 13] and Weisz [72, 77]).

Theorem 13. A distribution (resp. martingale) f is in H,(X%) (0 < p < 1)
if and only if there exist a sequence (a*, k € N) of classical (resp. dyadic)
H,-atoms and a sequence (pu,, k € N) of real numbers such that

Z |’ < oo and Zuka’“ =/
k=0 k=0

in the sense of distributions (resp. martingales). Moreover,

0o 1/p
117, ~ inf (Z !uk\p> :
k=0

The corresponding result to Theorem 12 for the H,(X?) space are much
more complicated again. Since the definition of the Hy-atom is very complex,
to obtain a usable condition about the boundedness of the operators, we have
to introduce simpler atoms.

First suppose that d = 2. A function a is a simple H,-atom if

(1) supp a C R for some rectangle R C T?,
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(2) llall, < | RV,

(3) [ra(x)zldr; =0 foralli=1,2 and k < |2/p —3/2].
A function a is called a simple dyadic Hy-atom if there exists a dyadic rectangle
R C [0,1)? such that (i), (ii) and (iii) with k& = 0 hold.

Note that there are not enough simple H,-atoms, more exactly, H,(X?)
cannot be decomposed into simple H,-atoms, a counterexample can be found
in Weisz [66]. However, the following result says that for an operator V' to
be bounded from H,(X%) to L,(X?) (0 < p < 1) it is enough to check V. on
simple H,-atoms and the boundedness of V, on Ly(X?).

Theorem 14. For eachn € N2, let V,,: Li(X?) — L1(X?) be a bounded linear
operator and

V.f = sup [Vof|.

neN?
Let d =2 and 0 < py < 1. Suppose that there exists n > 0 such that for every
simple H,,-atom a and for every r > 1

/ Vial dX < €, 27,
XQ\RT

where R is the support of a. If V, is bounded from Lo(X?) to Lo(X?), then

IViflly < Collfllm,  (f € Hy(X?))
for all po < p < 2. Moreover, if pg < 1, then

sup p A(Vif| > p) < Clifllg - (f € Hj(X?),i=1,2).
p

Theorem 14 for two-dimensional classical Hardy spaces is due to Feffer-
man [13] and for martingale Hardy spaces to Weisz [70]. Journé [31] veri-
fied that the preceding result do not hold for dimensions greater than 2. So
there are fundamental differences between the theory in the two-parameter
and three- or more-parameter cases. Now we present the analogous theorem
for higher dimensions.

If d > 3, a function a € Ly(T?) is called a simple H,-atom if there exist
intervals I; C T,i=1,...,j for some 1 < j <d — 1, such that

(1) supp @ C I x -+ x I; x A for some measurable set A C T4,
1/2—1

(2) llally < (|12] - - || A 2747,

(3) [ra(x)atde; = [yadh=0foralli=1,...,5and k < [2/p—3/2].
If j = d— 1, we may suppose that A = [; is also an interval. Of course
if a € Ly(T?) satisfies these conditions for another subset of {1,...,d} than
{1,...,7}, then it is also called a simple H,-atom. If the intervals are dyadic
and k = 0, then we get the definition of simple dyadic H,-atoms.

Note that H,(X?) cannot be decomposed into simple p-atoms. The following
result is due to the author [72, 77]. Let H¢ denote the complement of the set
H.
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Theorem 15. For each n € N, let V,,: Li(X?) — Ly (X%) be a bounded linear
operator and

Vif = sup [V, fl.
neNd
Letd > 3 and 0 < py < 1. Suppose that there exist ny,...,ns > 0 such that for
every simple Hy -atom a and for everyry...,rqg>1

/ /|va|p0 d\ < €, 27T 7T
(I h)ex--x (I, "9

where Iy x -+ x I; x A is the support of a. If j =d—1 and A = I is an
interval, then we also assume that

/ / |V*a]p° d)\ < Cpozfﬁlrl . QT Md-1Td—1
(I{‘l)CXu-x(Ird*l e J(I)°

a-1)

If V. is bounded from Lo(X%) to Ly(X%), then

||V*f||p < Opr”Hp (f S Hp(Xd))
for all po < p < 2. Moreover, if pg < 1, then

sup p A([V.f] > p) < (f € HI(XY),i=1,....d).
P

In some sense the space H!(X¢) plays the role of the one-dimensional L;(X)
space.

8. SUMMABILITY OF MULTI-DIMENSIONAL FOURIER SERIES

The multi-dimensional Fejér and Cesaro means of a distribution resp. mar-
tingale f are defined by

T IS STED S 31 [ (S KO

7’ kl 0 k?d 0 |k1\<n1 |kd‘<ndl 1

= [ flz—u)K,(u)du

Xd
and

ni—1 ng—1

onf :—H o D D AT

n;—1 k=0 kq=0
— &2 Iy
e S (T e
i=1 nzfl |k1\<n1 \kd‘<nd =1

f(z —u) K7 (u) du,

Xd
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where the Fejér and Cesaro kernels (see Figure 5) are given by
d

K,(u) :== HKnj(uj) and K¢ (u):= Hng(u])

j=1

(a) The trigonometric Fejér kernel (b) The Walsh-Fejér kernel

F1GURE 5. The Fejér kernels K,, with ny =5 and ny = 4.

Theorem 16. If0<a; <1 (j=1,...,d) and 1 <p < oo, then
lon fll, < Collflly (f € Lp(XF),n € NY).
Moreover, for all f € L,(X%) (1 <p < o0),
lim oy, f = f in the L,-norm.
n—oo
This theorem can be found e.g. in Zygmund [85] and Weisz [77]. Here the
convergence is understood in Pringsheim’s sense, i.e., n — oo means that
min(ng,...,ng) — 00.
9. RESTRICTED CONVERGENCE OF SUMMABILITY MEANS
For a given 7 > 1 we define a cone (see Figure 6) by
N?:={neN: 77t <n;/n; <T,0,7=1,...,d}.

In this section we investigate the convergence of the summability means over
this cone, the multi-dimensional Hardy space H(X%) and the restricted maa-
imal operator defined by
oaf = sup |oy f].
neNd

For the Walsh system let

1 1
Do .—max{a1+1,...,ad+1}
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FIGURE 6. The cone for d = 2.

and for the trigonometric system

d 1 1
= Imax .
Po d+1 a,+177 Tag+1

Theorem 17. If0 < a; <1 (j=1,...,d) and py < p < oo, then
o8 fll, < Coll fllus  (f € H, (X))

This theorem is due to the author [71, 75, 77, 78, 82] (for Walsh-Kaczmarz
system see Simon [55]). For the Fejér means (i.e., oy =1, j = 1,...,d) there
are counterexamples for the boundedness of o3 if p < py = 1/2 (Goginava and
Nagy [25, 27]).

Theorem 18. For the Walsh system the operator of (a; =1,5=1,...,d) is
not bounded from H(X?) to L,(X?) if 0 < p < 1/2.

By interpolation we obtain ([71, 75])
Corollary 4. If0 < «a; <1 (j=1,...,d) and f € L1(X?) then
sup pA(og f > p) < O f]|1-
p>0

The usual density argument and Corollary 4 imply the generalization of the
Marcinkiewicz-Zygmund result.

Corollary 5. If0<a; <1 (j=1,...,d) and f € L1(X%), then

lim o,f=/f ae
n—oo,n€N?

Note that this corollary is due to the author [71, 68, 75, 78]. For Fejér means
of two-dimensional Walsh-Fourier series it can also be found in Gat [19] (see
also Moricz, Schipp and Wade [40], Simon [56] for Walsh-Kaczmarz system
and Blahota and Gat [5] for a general orthonormal system).

The following results are known ([71, 75]) for the norm convergence of o, f.
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Theorem 19. If0 < a; <1 (j=1,...,d), po <p < oo and n € N¢, then
log fllue < Collfllug  (f € H, (X))

Corollary 6. If0 < «a; <1 (j=1,...,d), po <p < o0 and f € HpD(Xd),
then
lim oy f=f in the H-norm.
n—oo,n€N?

10. CONVERGENCE OF SUMMABILITY MEANS OVER A CONE-LIKE SET

Here we extend the results of the preceding section. First we introduce the
cone-like sets, which are generalizations of the cones investigated before. Sup-
pose that for all j =2,...,d, 7;: Ry — Ry are strictly increasing continuous
functions such that lim; . v; = oo and lim;_,;o7; = 0. Moreover, suppose
that there exist c;1,c¢j2,§ > 1 such that

¢ (x) < 75(€x) < ejoys(x) (2> 0).
For a fixed 7 > 1 we define the cone-like set (see Figure 7) by

FIGURE 7. Cone-like set for d = 2.

N i={neN":77y(n) <n; <7y(m),j =2,....d}.

To investigate the convergence of the summability means over these cone-
like sets, we have to introduce another maximal operator and other Hardy
spaces. Now we introduce the mazimal operator

o2f == sup |o%f].
neNd |

The Hardy spaces H)(T%) and H}[0,1)? are given with the norms

1l =

sup | (P, ® Py @+ © Py
>

p
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and

1Al =

< 00,
p

sup ’52"1 ,,,,, 2”df‘
n1€N

respectively, where
M < (2M) < 2mTL (j=2,...,d).

For the Walsh system let p; = 0. For the trigonometric system we can
define a number p; < 1 depending only on the functions ; (see Weisz [79]).
The results of the preceding section can be generalized as follows (see Weisz [79,
80, 82|, for two-dimensional Walsh-Kaczmarz-Fejér means Nagy [41]).

Theorem 20. If0 < a; <1 (j=1,...,d) andpoVp1 < p < oo, then
losfll, < Collfluy (€ Hy(x))
Corollary 7. If0 < a; <1 (j=1,...,d) and f € Ly(X%), then
iggpk(a‘if > p) < Clflh

Corollary 8. If0<a; <1 (j=1,...,d) and f € L1(X%), then

lim onf=f ae
n—o00,n€NG

In the two-dimensional case, Corollaries 7 and 8 were proved by Gat and
Nagy [22, 24] for Fejér summability, for a general orthonormal system by
Nagy [42]. For two-dimensional Fejér means the border point p is essential
[41].

11. UNRESTRICTED CONVERGENCE OF SUMMABILITY MEANS

In this section we deal with the Hardy spaces H,(X?) and the non-restricted
maximal operator introduced by

ol f = sup oy f|.
neNd

Now we investigate the convergence of oj f in Pringsheim’s sense, that is,
min(ny,...,nq) — 0o. The next result is due to the author ([69, 74, 70, 73, 72|)
(for Walsh-Kaczmarz systems see Simon [55]). Let

1 1
pg.—max{a1+1,...,ad+1}.

Theorem 21. [f0<a; <1 (j=1,...,d) and ps < p < 00, then
o2 fllp < Coll fllm,  (f € Hy(X)).

The following unboundedness result was proved by Goginava [25, 26].

Theorem 22. For the Walsh system the operator o (o; = 1,7 =1,...,d) is

not bounded from H,(X?) to L,(X?) if 0 < p < py.
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By interpolation we get here almost everywhere convergence for functions
from the spaces H!(X¢) instead of L;(X%).

Corollary 9. If0 < a; <1 and f € H{(XY) (i,j =1,...,d) then
sup pA(al f > p) < C||fl g;-

p>0
Recall that H{(X?) > L(log L) }(X%) for alli = 1,...,d.
Corollary 10. If0 < a; <1 and f € Hi(X?) (i,j =1,...,d) then
limoyf=f a.e.
n—oo

For the L(log L)[0, 1)* space and Walsh system see also Mdricz, Schipp and
Wade [40]. Gé&t [20, 21] proved for the Fejér means that this corollary does not
hold for all integrable functions.

Theorem 23. The almost everywhere convergence is not true for all f €

Li(X9),
Theorem 24. [f0<a; <1 (j=1,...,d) and ps < p < 00, then
o flm, < Coll fllm,  (f € Hy(X7),n € NY).

Corollary 11. If0 < a; <1 (j = 1,...,d), po < p < 00 and [ € H,(X%)
then

lim o, f = f n the H,-norm.

n—oo
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