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ON A SUFFICIENT AND NECESSARY CONDITION FOR A
MULTIVARIATE POLYNOMIAL TO HAVE
ALGEBRAICALLY DEPENDENT ROOTS - AN
ELEMENTARY PROOF

CSABA VINCZE AND ADRIENN VARGA

ABSTRACT. In the paper we prove that a multivariate polynomial has al-
gebraically dependent roots iff the coefficients are algebraic numbers up to
a common proportional term. A complex analytic proof can be found in [2]
with applications in the theory of linear functional equations, see also [3,
an open problem, section 4.4] and [1]. Here we present an elementary proof
involving cardinality properties and basic linear algebra.

1. INTRODUCTION

Let C be the field of complex numbers. The element (f5,...,5,) € C™
is called an algebraically dependent system over the field Q of the rational
numbers if there exists a not identically zero polynomial @ € Qlxy,..., 2]
such that Q(f1,...,0,) = 0. Otherwise we say that it is an algebraically
independent system. If m = 1 then we speak about algebraic and transcen-
dental numbers instead of algebraically dependent and independent systems.
Since Viéta’s formulas provide direct relationships between the roots and the
coefficients (up to a common proportional term) it can be easily seen that if a
univariate polynomial p(x) € C|x] has algebraic roots then the coefficients are
algebraic numbers up to a constant proportional term. The proof of the con-
verse statement is based on a symmetrization process by taking the product
as the coefficients of p(x) runs through their algebraic conjugates. The funda-
mental theorem of symmetric polynomials shows that the product polynomial
belongs to the polynomial ring Q[z] and the product vanishes at each root of
the polynomial p(x). Therefore its roots are algebraic. The symmetrization

2010 Mathematics Subject Classification. 12D10 39B22.
Key words and phrases. Algebraic dependent systems, algebraic conjugates, Vander-
monde matrix.
Cs. Vincze is supported by the University of Debrecen’s internal research project
RH/885/2013.
1



2 CSABA VINCZE AND ADRIENN VARGA

process can be generalized for the case of multivariate polynomials in a more
or less direct way, see [2]. Therefore we are going to prove that if a multi-
variate polynomial has algebraically dependent roots then the coefficients of
the polynomial are algebraic numbers up to a common proportional term. A
complex analytic proof can be found in [2] with applications in the theory of
linear functional equations, see also [3, an open problem, section 4.4] and [1].
Here we present an elementary proof involving cardinality properties and basic
linear algebra.

2. THE MAIN THEOREM

Theorem 1. Let P € Clxy,...,x,] be a not identically zero polynomial; the
solutions of equation

(1) P(xy,...,xm) =0

are algebraically dependent over the rationals if and only if the coefficients of
P are algebraic numbers over the rationals up to a common proportional term.

The criteria says that the coefficients of the polynomial have the following
special form:

Dir iy = Wiy i
for some algebraic numbers w;, ; s, A€ Cand 0 <4y < dy, ..., 0 <4, < dpy,
where
dy :=deg, P, ..., d, :=deg,, P

denotes the degree of the polynomial P € Clxy,...,z,,] with respect to the
variable x;, 7 = 1,...,m. In what follows we prove that if equation (1) has
algebraically dependent roots then the coefficients of the polynomial are alge-
braic numbers up to a common proportional term (for the converse statement
and the special case of univariate polynomials see section 1). At first the special
case of polynomials in two variables will be discussed to avoid the technical
difficulties of the multivariable setting. Since the proof contains an induc-
tive argument we note again that the statement is obvious in case of m = 1
(univariate polynomials) because Viéta’s formulas provide direct relationships
between the roots and the coefficients up to a common proportional term. To
prove the general statement we adopt the basic ideas of section 3 to the case
of multivariate polynomials in general.

3. POLYNOMIALS IN TWO VARIABLES
Suppose that all solutions of equation
(2) P(z1,22) =0

are algebraically dependent over the rationals. For any solution (wi,ws)
of equation (2) let Qu,uw, € Q[z1,22] be a nonzero polynomial such that
le,wg (wlu w2) = 0.
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3.1. The cardinality argument and the Vandermonde process. Con-
sider the set
M = {(21,2) € C* | P(21,2) # 0};

it is an open subset in C?. Since the projections are open mappings we can
choose open subsets Uy, Uy C C such that U; x Uy C M. In what follows we
restrict our investigations to the product Uy x Us. Since P(z1, 29) # 0 (21 € Uy,
29 € Uy) we have that equation P(x1, 29) = 0 has only finitely many roots wy;,
(11 < 00) for any given 2y € Us. Let us define the polynomial

(3) Q7 = [ Quuy oo
11 <00

The ~ - operator deletes the argument which means that the polynomial Qfl’”

does not depend on z; € U;. Since Qf“” € Q[r1,m9] and z, € Uy C C, a
cardinality argument shows that we can choose a non-finite subset Ny C Uy
such that

(4) I =Q0T (e M),

i.e. the same polynomial Q;"*> € Q[x1, z2] occurs for any z, € Na. By (3) the
polynomial P(z1, z;) divides Q3" (x1, ) in the polynomial ring Clz] for any
29 € N3. In a similar way we can introduce a polynomial Q§1’22 € Q[x1, x2] such
that P(z1,z9) divides Q(z1,23) in the polynomial ring C[xz,] for any z; € N,

where N, C U, is not a finite subset. Taking the product
© Qi op

we can write that

N1
(6) 1572 (21, 22) = P21, 22) Z rin (21, )21t (22 € M),
j1=0
No A
(7) 127 (21, 12) = P(21,72) Z rop (21, 22)ay’ (21 € N1).
j2=0
Therefore
Ny ' N2 '
(8) Z 7’1]‘1 (21, ZQ)Z{l = Z 7”2]'2 (21, 22)2’%2 (21 c Nl, 29 € ./\/’2)
71=0 J2=0
because of P(z1,29) # 0 (21 € N1 C Uy, 29 € Ny C Us). Since N; contains
more than finitely many elements we can choose different values 2o, ..., 21n,
to satisfy (8). In terms of a linear system of equations:
7"10%%1, 223 N T25, (210, 22)
r11(21, 22 2 . 5 .
V(Zlo,-~~,2’1N1) _ 7 = Z T2J2(31172’2) 2%2’

. Jj2=0 . (Z 2)
TN, (21, 22) 2j2 (21N, 5 22
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where N
1
1 210 - ?10
N
1 211 211
R e 11
V(Zlo,...,ZlNl) =
N1
121y - 21N,

is the usual Vandermonde matrix. By Cramer’s rule

(9) 1, (21, 22) Zﬁzmz 215 %2 222 (22 € N9, j1 =0,...,Ny),
Jj2=0
where the coefficient 715;,;,(%1, 22) is independent of the choice of z; and z,.
Using (9), equation (6) can be written as
N1 Ny
(10) 71, 29) = Plxy, 2 Z Z Projis (21, 22)27 232 (20 € Na).
J1=0j2=0
Since both sides are polynomials in the second variable for fixed z; and N, is
not finite it follows that
N1 Ny
(11) 5% (21, m) = Play, 2y Z ZTujm 81, o)l 2,
Jj1=1j2=1

21,22

€ Qx1, 2
(12) Q(z1,x9) = P(xy,x9)R(x1,22), where R(x1,z5) € Clxy, 3]

i.e. P(xy1,x5) divides the polynomial @ := Q75

3.2. The comparison of the coefficients. The next step is to compare the
coefficients of the polynomials on different sides of (12). Let d; := deg; P be
the degree of the polynomial with respect to the first variable. The coefficient
of x‘lll can be written as the polynomial

Pd]_ x? = E pdllng

12=0

of the second variable and the substitution of each root wy of P, causes a
decreasing in the degree of the right hand side of (12) with respect to z;.
Therefore the polynomial () also has to decrease its maximal degree D; with
respect to z1. This means that the polynomial Qp,(x2) (the coefficient of
2P' in the polynomial Q) vanishes at each root of Py (z3), i.e. each root is
an algebraic number. By the inductive hypothesis (the case of univariate
polynomials is well-known),

(13) Dayiy = Mgy (12 =0, ..., dy),

where A\ € C is a common proportional term and w;,’s are algebraic numbers
over the rationals. Let us choose an algebraic number ay such that Q(z1,as) €
C[z1] is not identically zero. Then the solutions of equation

P(.Tl,CLQ) =0
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are algebraic because of (12) and, using the inductive hypothesis, the coeffi-
cients of the polynomial

dy da
(14) P(l‘l,a,Q) = Z (meéa;z) :L"il

i1=0 \iz=0
can be written as
d2 d2
ig __ 12
E Pirin @5 = iy (a2) § Pdyiz Qg
i2=0 i2=0
—_————
the main coeff. of (14).

where iy = 0,...,d; and ¢;,(az) is an algebraic number depending on as;
especially ¢4, (az) = 1. According to (13)

dg d2
(15) > piinaf = dwy, (a2), wi(a2) = ¢, (a2) Y wi,al,

12=0 i12=0
where i; = 0,...,d; and w;, (az)’s are algebraic numbers depending on as.
Since the cardinality of the algebraic numbers is not finite we can choose
different values asg, ..., asy to satisfy (15). In terms of a linear system of
equations
P00 --- PNO wo(azo) ... wn(az)
ce wola el W a
(16) V(aso, .., asn) | PO PNL | _ 0(.21) . N(. 21) ’
PON --- PNN wo(azn) - .. wn(azn)
where
1 aopn ... CL%
1 as ...abl
V(ago, e ,CLQN) = 21 21

N
lagn ... ayy

is the usual Vandermonde matrix, N := max{dy, d2}; note that we allow zero

elements too, i.e. if the monomial term z¥x), is missing for some values of k

and [ in the polynomial P then pg; := 0. Since the algebraic numbers form
a field the matrix V~1(ag, ..., asy) contains algebraic numbers and we have
that

(17) Piyis = )\wiliQ,
where w;,;,’s are algebraic numbers, A € C and 0 < iy < dp,0 < iy < ds.
4. POLYNOMIALS IN MORE THAN TWO VARIABLES

In what follows we illustrate how to generalize the process in section 3 for
more than two variables. Suppose that all solutions of equation

(18) P(zy,...,x,) =0
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are algebraically dependent over the rationals. For any solution (wy, ..., wy,,)
of equation (18) let Qu,...w,, € Q[x1,...,2,] be a nonzero polynomial such
that Quy,..w, (W1, ..., wy) = 0.

4.1. The cardinality argument and the Vandermonde process. Con-
sider the set

M:={(z1,...,2m) €EC™ | P(z1,...,2m) # 0};

it is an open subset in C™. Since the projections are open mappings we can
choose open subsets Uy, ..., U,, € C such that U; x --- x U,, C M. In what
follows we restrict our investigations to the product Uy X --- x U,,.

By keeping the variables z3 € Us, .. ., z,, € U, constant we have polynomials
in two variables to repeat the steps in subsection 3.1.

Namely, for any 2o € U, let us define the polynomial

(19) e | e
11 <00
where wy;, runs through the finitely many roots of equation P(x1, 2o, ..., 2p) =

0. Since Qfl’”’“"zm € Q[z1,...,x,) and 25 € Uy C C, a cardinality argument
shows that we can choose a non-finite subset N5 C U, such that

(20) Qfl,zg,z&...,zm _ Qfl,ég,z;;,“.,zm (22 e N2)7

i.e. the same polynomial Qfl’é"”z?’""“m € Qlzy,...,zy] occurs for any zy €
Ns. The polynomial P(xq, 2, ..., zy) divides Q"% "™ (x1, 2z, ..., zp) in
the polynomial ring C[x1] for any 25 € N5. In a similar way we can introduce a
polynomial Q§1’22’z3“"z7” € Q[zy,. .., zy] such that P(2q, %9, 23, ..., 2;,) divides

;1’22’23"”Zm(z1,x2, 23,...,%y) in the polynomial ring Clz,] for any z; € N,
where N; C U; is not a finite subset. Taking the product

(21) Q%éz,zs,m,zm — Qflﬁz,z&wzm . Q§17227Z37"'7Zm

we can write that

(22) QY™ (21 29, 23, . o) =

Ny
P(xb R9y R3y v vy Z’m) Z rljl (217 Z2y 23y wzm)wjll (22 S N2>7

Jj1=0
(23) QL™ ™" (21, w2, 23, .., 2m) =
N» .
P(z1,%9,23, ., 2Zm) Z T2y (215 22, 23, -« oy 2m) T (21 € NY).
J2=0

Therefore
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Ny
(24) Zrlj1<'§laz2az37"'7Zm)2{1 =
Jj1=0

No
Z T2, (21, 22, 23, -« oy Zm) 28" (21 € N1, 22 € N?)

Jj2=0

because of P(z1,...,2y,) #0 (21 € N1 C Uy, 2z € Ny C Uy); note that z3 € Us,
.., Zm € U, are fixed. Since N; contains more than finitely many elements

we can choose different values zy, ..., 21y, to satisfy (24):

7“10(21,22,---7Zm) Ny T2j2<210722a237--~72m)

r11(21, 22, -+ -5 Zm) Z T2, (211, 22, 23, -+, Zm) | _jo
V(Zlo,...,ZlNl) = 2 Z5" .

~ J2=0 ~

iy (21,22, -+ Zm) 72js (Z1Ny 5 225 235 - - -, Zm)

By Cramer’s rule
7"1]'1 (21, 29y ey Zm) =
N.
(25) 2 31, % 72 Noyji=0,...,N
r12j1j2(zl7z27z37"'7Zm)22 (ZQ S 2, J1 =VU,..., 1)7
J2=0
where the coefficient 719, j,(%1, 22, 23, . . ., 2 is independent of the choice of 2
and zy. Using (25), equation (22) can be written as
21,82,23,..,2 _
(26) Q75 (X1, 20, 23y« ey Zm) =
Ni N
53 Ji . j2
P(xq, 22,23, 2m) E E T12j140 (215 22, 23 <« Zm )21 23
j1=0 j2=0

for any z5 € M,. Since both sides are polynomials in the second variable for
fixed z; and N3 is not finite we have the following generalization of (11).

£1,22,23,...,2 _
(27) 12 m($17$25237'--7zm> -
N1 Ng
E E 5. 3 Ji .2
P(x17 X2, 23, .-, Zm) T'12j1 52 <Zl7 %2y %3y - - ’Zm)xl Lo
J1=1j2=1
ie. forany z3 € Us, ..., 2z, € U, thereis a polynomial Q75" "™ € Q[z1, ..., Ty
which can be divided by P(x1,x2, 23, ..., 2m):
£1,22,23,...,% _
(28) Q715 (T, X2,y 23y ey Zm) =
P<x17 L2y 23y« Zm)R12(x17x27 235 7Zm>7

where Rys(x1,29,23,...,2m) € Clzy,x9]. Equation (28) corresponds to (12).
ShroEe et e Qlay, ..., Th) can be

It can be easily seen that a polynomial Q;;
choosen for any pair of different indices in a similar way:
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£1,22,23,24,.-,2 _
(29) Q13 m<x1722)x37z47"‘72m) -
P(fl?l, 22y X3y B4y v+ 7Zm)R13($17 22y L3y B4y - v - >zm>7
21,22,23,24,...,% _
(30) 23 m(21,$2,$37247...,2m) -
P(Zl, T2,T3, 24y 7Zm)R23(21, T2, T3,24y .- ,Zm> and so on.
By keeping the variables z4 € Uy, ..., 2, € U, constant we can general-
ize formula (27) for the triplet ¢ = 1, j = 2 and k£ = 3 as follows. Since
R 9
Q1A e Ql, . .., o) and 23 € Us, a cardinality argument shows that
we can choose a non-finite subset N3 C Uz such that
3 3
21,22,23,24,-,2m _ 21,22,23,24,.12m
(31) Q1> "= Qs (23 € N3),
i.e. the same polynomial Q75> *™ € Q[xy, ..., x| occurs for any 23 € Nj.
In a similar way we can introduce polynomials satisfying
£1,22,23,24,.2m __ ()21,22,23,%4,...,%
(32) Q13 "= " (22 € Ny),
21,22,23,24,--,2m __ )21,22,23,24,..,Zm
(33) (a3 " =3 (21 € M),

where N7 C U; and N, C U, are not finite subsets. Taking the product

(34) £1,22,88,24,-2m . ()E1,22,83,24,2m _ )31,52,83,24,..,2m Q7:'112277:'31Z47---7«Zm
123 = W12 13 23

it follows that

(35) QTIQE;ZQ?Z&Z%---,Zm (xla X2y R3y R4y - - - 7Zm) -
N1 N
P(x1, 2, 23, 24, - -, 2m) Z Z T12j1ga (215 22, 23, 24, 5 2m) 07 25
Jj1=0 j2=0
<Z3 S Ng),
21,22,23,24 5., 2
(36) Qrps™ ™™™ (21, 22, T3, 2, -, 2m) =
N1 Ns
P(l‘l, 22y L3y 24y - - 7Z’m) Z Z T13j1j3<21a 22, 7:’37 By eney Zm)x{1$%3
Jj1=0 j3=0
(ZQ < Nz),
(37) Quog™ ™™™ (21,22, 23, 24, -+, 2m) =
N2 N3
P(Zl, Lo, T3, 24y .- ,Zm) Z Z T23j2j3<z1a 22, 237 Zhy ooy Zm)l'?l’?f
J2=073=0

(Zl € Nl)
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and we have the system of equations

N1 No
A oA Ji J2
(38) E E 7"12‘7'1]‘2(2’1,2:2,23724,...,Zm)zl Ry =
71=0 j2=0
N1 Ng
~ ~ jl j3
g E T135155 (21, 22, 23, 24, - - -, 2m) 2] 23
Jj1=0 j3=0
(2’1 S Nl,ZQ S NQ,Zg S ./\/’3),
N1 No
A A Ji ,J2
E E 7“123‘13'2(21,22,237247---azm)z1 =
71=072=0
N2 N3
A A J2 .J3
E g 7’23;’2]'3(21,22,23734, ey Zm) % 23
72=073=0
(Zl € Nl,ZQ c NQ,Z?, € ./\/’3),
N1 N3
A ~ J1 ,J3
E E 135145 (215 22, 28, 24, - -, 2m) 210 23" =
71=043=0
No N3
S J2 .33
E E 933 (21, 22, 23, 24y - -+, 2m) 23" 23
72=0353=0

(Zl € Nl,ZQ € NQ,Zg ENg).

According to the common polynomial terms, (38) can be simplified as

No
2 : S J2 __
(39) 7’12]'1]‘2(21722,23,24,...,Zm)22 =
J2=0
N3
2 : 2 5 J3
T13j1j3(217 22,23y %4y - - - 7Zm>z3
J3=0
(20 € Noyz3 € N3, ji = 0,..., Ny),
N1
A A J1
E 7“12;'1;'2(217 Ry 23y Ry e - - 7Zm)21 =
J1=0
N3
§ 5 3 Js
T23j2j3<21, 22, %3, %24,y - - - 7Zm)’23
J3=0
(z1 €EN1,z3 € N3, jo =0,...,Ny),
Ny
2 : s 2 Ji _
T13j1j3(21a 29y R3y Ry« « - 7Zm)21 -

Jj1=0
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Na

§ 5 3 J2
7235243 (217 Ry B3y R4y v v vy Zm)ZQ

J2=0

(21 6]\/1,22 ENQ,ngO,...,N;g).

These are equations of type (8). Therefore we can also generalize equation
(9) by the same process as in subsection 3.1: for example

N3

s _ s 5 s s

(40) 7“123'13'2(21,22,23,247---,Zm)—E T12351jajs (215 225 23, 245 - - -5 Zm) 23
j3=0

(23 e./\/’gl,,jl:0,...,N1,j2:(),...,N2>,

where the coefficient 71935, 55 (21, 22, 23, 24, - . ., Zm) 1s independent of the choice
of z1, zo and z3. Using (40), equation (35) can be written as
21,22,23,24,..,% _
(41) 123 " (21, T2, 23, 24y - - s Zm) =
Ni Ny N
2 3.3 J1,.92 .73
P(xy, 29,23, ..., 2m) E E E 1931 jajis (215 225 23, 24, « -+, 2 )7 XY 23
J1=0 j2=0 j3=0

(23 € Ng)

Since both sides are polynomials in the third variable for fixed x;, x5 and N
is not finite it follows that
21,22,23,24,..,2 _
123 TVL(x17$27$3az47"-7Zm) -
N1 Ns Ns
2 53 J1,.92 .03
P(x1, 29,23, 24, - . -, Zm) E E E T193j1j2js (215 225 23, 24, 2m )X X5 T5,
Jj1=0 j2=0 j3=0

iLe. for any z4 € Uy, ...,2,, € U, there is a polynomial Q7hy>** " ¢

Q[z1,. .., 2] which can be divided by P(z1,xq, X3, 24, . . ., 2m):

(42) ?27322,33724,~~:Zm (171, Lo, T3,24, .-, Zm) -

P(.Z'l, L2y X35 24y -+ Zm)R123(x17 Lo, T3, 24y - - - 7Zm>7
where Ryo3(1, X2, T3, 24, . .., 2m) € Clxy, 29, 23]. It is a generalization of (28)
and a polynomial ijlkzzzjzkzm € Q[z1,...,xy] can be choosen for any
triplet of different indices in a similar way. Repeating the procedure up to m
different indices we can find a polynomial @ := Q7"""" € Q[z1, ..., 2] such
that
(43) Q(z1,x9, ..., Tm) = P(x1,29, ..., 2p)R(x1, 29, ..., Zp,),

where R(x1,...,2Zn) = Ri_m(T1,...,2m) € Clxy, ..., zm)].
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4.2. The comparison of the coefficients. The next step is to compare the
coefficients of the polynomials on different sides of (43). Let dy := deg; P be
the degree of the polynomial with respect to the first variable. The coefficient
of z{' can be written as the polynomial

do dm
R %9 7
Po(2, o Tm) = Y o> DiriniTF T

i2=0 im=0

of the variables s, . . ., x,,, and the substitution of each root (ws, . .., w,,) of Py,
causes a decreasing in the degree of the right hand side of (43) with respect
to x1. Therefore the polynomial @) also has to decrease its maximal degree
Dy with respect to x1. This means that the polynomial Qp, (za, ..., z,) (the
coefficient of z°* in the polynomial Q) vanishes at each root of Py, (3, ..., Tm),
i.e. each root is algebraically dependent. Since the number of the variables is
m—1 we can use the statement of the main theorem as an inductive hypothesis:

(44) Pdyis..iyy — )\wiQ...ima

where A € C is a common proportional term and w;, ; are algebraic num-
bers over the rationals. Let us choose algebraic numbers as, ..., a,, such that
Q(z1,az,...,a,) € C[x]is not identically zero. Then the solutions of equation

P(zy,a9,...,a,)=0
are algebraic because of (43) and the coefficients of the polynomial
4 [ do dm
(45) P(xy,aq,...,0,) = Z (Z . Z Divig..i @5 .- aﬁ,’f) !
i1=0 \i2=0  im=0
can be written as

d2 dm d2 dm
79 im 12 i
E E Divig.igy O« -+ Gyt = €y (A2, ..., Q) E g Ddrig...im @y * -« = Ay,

i2=0 im=0 i2=0 im=0

the main coeff. of (45).

where i; = 0,...,d; and ¢;, (as, ..., a,) is an algebraic number depending on
ag, . .., ay; especially cq, (ag, ..., a,) = 1. According to (44)
ds dm
(46) N pilizmima; Lt GWT = )\wil (CLQ, N ,(Zm),
i9=0  im=0
d2 dm
i i
wi, (ag, ... an) = ¢ (ag, ... an) g . E Wi Q2 oo AT

i9=0  im=0

where iy = 0,...,d; and w;, (ag, ..., a,)’s are algebraic numbers depending on

asg, . .., ay,. Since the cardinality of the algebraic numbers is not finite we can



12 CSABA VINCZE AND ADRIENN VARGA

choose different values ag, . . ., agy to satisfy (46). In terms of a linear system
of equations

Xoo --- Xno
V(aso, - - ., aaN) KXo - Xw =
Xon - XnN
wolago, as, ... am) ... wy(ag,as,...,ay)
\ wolaor,as, ...am) ... wy(as,as,...,ay) 7
wolaon, @z, ... ap) ... wy(asy,as,...,ay)
where
1ay ... a%
Vi(as,.. amy) = | 102

laoy ... a3y

is the usual Vandermonde matrix,

ds dm
R i3 7
X = E e E Dklig...i @3 -« Q'

i3=0  im=0
where k,l = 0,...,N and N := max{dy,...,d,}; note that we allow zero
elements too, i.e. if the monomial term x¥xbz% - ... - zim is missing for some
values of k£ and [ in the polynomial P then pg,. s, = 0. Since the algebraic
numbers form a field the matrix V"!(ay, ..., asn) contains algebraic numbers
and we have that Xj;’s must be also algebraic, i.e.

ds dm
(47) Z ce Z pilizi&_imaé?’ et CLZTT = )\wim (ag, ce ,am),

i3=0  i;n=0
where w;,;,(as, ..., a,)’s are algebraic numbers depending on ag, . .., py, i1 =
0,...,d; and iy = 0,...,ds. Equation (47) is of the same type as (46). The
process can be repeated by choosing different values ag, . . ., agy to satisfy (47)

and so on. After finitely many steps we can conclude that

Diyovivn, = ANWiy i s

where w;, ;. are algebraic numbers, A € C and 0 <4, < dy,...,0 <14, < d,,.
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