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STUDY OF KAHLER MANIFOLDS ENDOWED WITH LIFT
OF SYMMETRIC NON-METRIC CONNECTION

B. B. CHATURVEDI AND PANKAJ PANDEY

ABSTRACT. In this paper, a condition on the manifold M for being a K&hler
manifold with respect to lift of symmetric non-metric connection is ob-
tained. Further, contravariant almost analytic vector field is discussed in
such a manifold.

1. INTRODUCTION

The lift function plays an important role in the study of Differentiable man-
ifolds. In last few decades, the theory of lifts and tangent bundles is studied
by several authors. The study of tangent bundles is generalized by L. S. Das
and M. N. I. Khan [1] (2005). They [1] consider the manifold with almost 1-
contact structure and obtained almost complex structure on the tangent bun-
dle. Recently, M. Tekkoyun and S. Civelek [5] (2008) studied and extended
the concept of lifts by considering the structures on complex manifolds. In
2014, the lifts are studied with quarter-symmetric semi-metric connection on
tangent bundles by M. N. I. Khan [3]. The same author [4] also studied the
lift of semi-symmetric metric connection on a Kéhler manifold in 2015.

1.1. K&ahler manifold. Let M be an n-(even) dimensional differentiable man-
ifold. If, for a tensor field F' of type (1,1) and a Riemannian metric g, the
conditions

FA(X)+X =0, g(FX,FY)=g(X,Y), (VxF)Y =0

hold, then M is called Kahler manifold, X,Y being arbitrary vector fields.
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1.2. Symmetric non-metric connection. A linear connection V defined by
(1.1) VxY =VxY +g9(X,Y)p

is called symmetric non-metric connection, V being Riemannian connection,
p is associated vector field defined by ¢g(X, p) = w(X) [2].

1.3. Tangent Bundle. let M be a differentiable manifold and 7, M denotes
the tangent space of M at any point p € M then the collection of all tangent
spaces at point p € M is called tangent bundle of M and denote by T'(M) =
UpenTpM. Let p € T(M) then the projection 7: T(M) — M defined by
7(p) = p is called bundle projection of T'(M) over M and the set 7 (p) is
called fiber over p € M and M the base space [1, 4].

Vertical lift: For a smooth function f in M, a function f¥ = for defined
on the composition of 7: T(M) — M and f: M — R is called the vertical
lift. For p € m~1(U) with induced coordinates (z",y"), the value of fV(p) is
constant along each fiber Tp(M) and equal to f(p) i.e. f¥Y(p) = fV(z,y) =
for(p) = f(p) = £(x).

Complete lift: For a smooth function f in M, a function f¢ defined by
f¢ =i(df) on T(M) is called complete lift of the function f. If 9f is denoted
locally by %'0; f then complete lift of f is locally denoted by f¢ =i(df) = 0f.

Let X be a vector field then for a smooth function f on M, a vector field
X% e T (M) defined by XOfC = (Xf) is called complete lift of X in T'(M).
If X has component z" in M then component of complete lift X¢ in T/(M) is
given by X : (2", 0z") with respect to induced coordinates in T'(M).

For a 1-form w in M and an arbitrary vector field X, the complete lift of w

is denoted by w® and defined by w®(X%) = (w(X))C.

1.4. Induced metric and connection. Let 7: S — M be an immersion of
(n — 1)-dimensional manifold S in M. If we denote the differentiable map
dr: T(S) = T(M) of 7 by B called tangent map of 7, T'(S) and T(M) being
tangent bundles of S and M respectively, then the tangent map of B is denoted
by B: T(T(S)) — T(T(M)) [4].

Let g be Riemannian metric in M and the complete lift of g is ¢“ in T(M).
If § denotes the induced metric of ¢¢ on T'(S) then we have §(BXY, BY?) =
gC(BX ,BY), for X,Y being vector fields in S. If V denotes the Riemannian
connection on M then V¢, the complete lift of V, is also Riemannian con-
nection satisfying V. Y¢ = (VxY)“ and VEeYV = (VxY)", for the vector
fields X,Y in M.

The lift has the following properties [4],

(1.2) o"(BXY) =w"(BX)? = #(w"(XY)) )
(BXC) wO(BX)? = #(w(X9)) = #((w(X)9) =
(XY =[X,Y]° FOXY) = (F(X))", w"(X9) = (w(X))",
( “) = WX)T, g7 (X", YY) = g7 (X YY) = (9(X,Y))",
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where X w% FY ¢g“ and XV, w", FV, ¢" are the complete and vertical lifts
of X,w, F,g. #,V and C denote the operation of restriction, vertical lift and

complete lift on 7,/ (7(S)) respectively, X, Y are arbitrary vector fields in S.

2. KAHLER MANIFOLD EQUIPPED WITH LIFT OF SYMMETRIC NON-METRIC
CONNECTION

Taking complete lift of equation (1.1), we get
(2.1) (VexBY)® = (VpxBY)C + (9(BX, BY)Bp)°.
Simplifying (2.1), we have
BY®
+ ¢%(BXC® BYY)Bp" + ¢V (BX®, BY®)By°.
Replacing Y by FY, equation (2.2) gives

_C ~
(22) VixeBYY=V$ o

(23) VixeB(FY)? = Ve, B(FY)°

+¢%(BXC, B(FY))BpY + ¢V (BXC, B(FY)°)Bp°.
Also, operating F on equation (2.2), we get
(24) FO(ViyoBY®) = FO(VS, BYC)

+g%(BXY, BY)B(Fp)" + ¢V (BXY, BY®)B(Fp)°.
Subtracting (3.4) from (2.3), we have
(2.5) (VayeBFC)(BYC) = wC(B(FY)C)B(FX)Y

+¢%(BXC B(FY)°)Bp" + ¢V (BXC, B(FY)°)Bp®

— ¢%(BXC, BY)B(Fp)" — ¢"(BXY,BY®)B(Fp)°.

Thus, we can state

Theorem 2.1. Let M be a Kahler manifold equipped with lift of symmetric

non-metric connection Vo then M is a Kihler manifold with respect to ve if
and only if

(2.6) ¢“(BXC B(FY)°)Bp" + ¢V (BX®, B(FY)“)Bp®
—g%(BXC, BY)B(Fp)¥ — ¢¥(BXCY, BY“)B(Fp)© = 0.
Let 'F denotes the 2-form of Riemannian metric g defined by 'F(Y, Z)
g(FY, Z) then the complete lift of 'F' is denoted and defined by
(2.7) 'FC(BYY,BZ%) = ¢°(B(FY)®, BZ°).

Taking covariant differentiation of (2.7), we get

(2.8) (Vaxe' FO)BYC, BZC) = (VS

BXx¢

'F)(BY®,BZ°)
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9°(B(Fp)¥,BZ%)g“(BXY, BY) - ¢V (BX“, BY®)g“(B(Fp)“, BZ)
9°(BX®, Bz)g"(Bp", B(FY)“)—g"(BX“, BZ)¢"(Bp°, B(FY)“).
By taking cyclic sum over X, Y, Z of equation (2.8), we obtained
(2.9)
(Vixe FO)BYC, BZ) + (Vgye' FO) (B2, BXC)
+ (Ve FO)(BXC, BY)
= —g°(B(Fp)", BZ9)¢°(BXY, BY®) — ¢“(B(Fp)", BX“)g“(BY“, BZ°)

— g°(B(Fp)",BY?)g°(BZ°,BX) — g"(BX®, BY®)g"(B(Fp)°, BZ°)
—g"(BY®,BZ)g“(B(Fp)°, BX®) — g"(BZ°, BX)g“(B(Fp)°, BY )
—g%(BX®,BZ2)¢°(Bp", B(FY)“) — g°(BY“, BX)g“(Bp", B(F Z)°)
—g“(BZ°,BY?)g“(Bp¥, B(FX)°) — g"(BX®, BZ) ¢ (Bp°, B(FY)®)
— §V(BYC, BXO)C(BC, BFZ)°) — " (BZC, BYC)gC (B, B(FX)°).

Thus, we can state the following

Theorem 2.2. Let M be a Kahler manifold equipped with lift of symmetric
non-metric connection V° then the relation (2.9) holds.

3. CONTRAVARIANT ALMOST ANALYTIC VECTOR FIELD ON A KAHLER
MANIFOLD

We know that in an Almost Hermitian manifold, a necessary and sufficient
condition for a vector field W to be contravariant almost analytic vector field
is that

(3.1) VexW = (Vi F)X + F(VxW).
For a Kéhler manifold (4.1) reduces to
(3.2) VexW — F(VxW) = 0.

Replacing X by FX and Y by W in (2.2), we have
_C ~ ~
(3:3) Virx)eBWS = V§ e BWE
+g“(B(FX)°, BW)Bp" + ¢"(B(FX)“, BW®)Bp“©
Again, replacing Y by W and then taking F'¢ in (3.2), we get
(34) FO(Vixe BWC) = FO(VE, . BWO)
+9°(BXY, BW)B(Fp)" +¢"(BX®, BW)B(Fp)°.
Subtracting (3.4) from (3.3), we obtain
(3.5) Ve BWC — FO (Ve BWE) = VG, B
— FY(V%, e BWY) + ¢°(B(FX)Y, BWC)Bp"

BWC
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+9"(B(FX)®, BW) B — ¢°(BX®, BW)B(Fp)”
9" (BXY, BW)B(Fp)°.
Thus, we have the following

Theorem 3.1. Let M be a Kahler manifold equipped with lift of symmetric

. . =C . .
non-metric connection V- and W be a contravariant almost analytic vector
field with respect to connection V then W is contravariant almost analytic

vector field with respect to connection v i and only if
(3.6) ¢“(B(FX),BWBpY + ¢"(B(FX)°, BW)B
— ¢%(BXY, BWO)B(Fp)” — ¢V (BX® BWC)B(Fp)°.
If we denote
(3.7)  HY(BXC,BY®) = ¢°(BXC,BYC)Bp" + ¢¥(BXC, BY®)By°.
and define a tensor "H of type (0,3) by
(3.8) "HY(BXC,BY®, BZC) = ¢¢(H (BX®, BY®), BZ°),
then, equations (3.7) and (3.8) together give
HY(BXC,BY®, BZC) = ¢°(BXC, BY©)¢®(BZC, BpY)
+¢"(BX, BY9)¢°(BZ°, Bp°).
Replacing Y and Z by FY and F'Z in (3.8) respectively, we get

(3.9)

(3.10) "HY(BXC, B(FY)°, B(FZ)°)
= §(BXC, BFY)°)gC(B(FZ)°, Bp")
oV (BXC, B(FY)O)€(B(FZ)°, BF).
Subtracting (3.10) from (3.9), we find

C

(3.11) '"H (BXC,B(FY)°, B(FZ)°) —' H (BX BYC ,Bz%)
= g“(BX®, B(FY))g°(B(FZ)°, Bp")
+9"(BXY, B(FY)“)g°(B(FZ)°, Bp®)

- 99(BX“, BY“)g“(BZ°, Bp") — " (BX®, BYC)gC(BZC, Bp“).
Which shows that 'H is hybrid in last two slots if and only if right hand side
of (3.11) vanishes.

We also know that a necessary and sufficient condition to be a Kahler man-
ifold with respect to connection D defined by DxY = VxY + H(X,Y) is that
'H defined by 'H(X,Y, Z) = g(H(X,Y), Z) is hybrid in last two slots.

Hence, from above discussion we have the following
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Theorem 3.2. Let M be a Kahler manifold equipped with lift of symmetric
non-metric connection V- then a necessary and sufficient condition for M to
be a Kdhler manifold with respect to connection VC 15 that

3.12
( gC()BXC7 B(FY)?)g“(B(F2)°,Bp") — g°(BX®, BY)g®(BZ“, Bp")
+¢V(BXY, B(FY)“)¢“(B(FZ)°, Bp“)—¢"(BX® BY“)¢°(BZ%, Bp°) = 0.
Corollary 3.1. Also, replacing X by FX in (3.11), we have
(3.13) ¢%(BXC, B(FY))BpY + ¢"(BXY, B(FY)°)Bp°

—¢%(BXCY, BY\B(Fp)¥ — ¢¥(BXC, BY“)B(Fp)© = 0.
which verifies the condition of Kdhler manifold obtained in (3.6).
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