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MULTIPLY WARPED PRODUCT ON QUASI-EINSTEIN
MANIFOLD WITH A SEMI-SYMMETRIC NON-METRIC
CONNECTION

SAMPA PAHAN, BUDDHADEV PAL, AND ARINDAM BHATTACHARY YA

ABSTRACT. In this paper, we have studied warped products and multi-

ply warped product on quasi-Einstein manifold with semi-symmetric non-

metric connection. Then we have applied our results to generalized Robertson-Walker
space times with a semi-symmetric non-metric connection.

1. INTRODUCTION

Let (M",g), (n > 2) be a Riemannian manifold and Us = {zx € M : S # Lg
at x}, then the manifold (M™, g) is said to be quasi-Einstein manifold [4, 6] if
on Ug C M, we have

(1.1) S—ag=PAR A,

where A is a 1-form on Ug and « and 3 some functions on Ug. It is clear that the
1-form A as well as the function § are nonzero at every point on Ug.The scalars
«, [ are known as the associated scalars of the manifold. Also, the 1-form A is
called the associated 1-form of the manifold defined by ¢(X, p) = A(X) for any
vector field X, p being a unit vector field, called the generator of the manifold.
Such an n-dimensional quasi-Einstein manifold is denoted by (QFE),.

Let (B,gg) and (F,gr) be two Riemannian manifolds and f > 0 is a
differential function on B. Consider the product manifold B x F with its
projections m: B X F' — B and o: B x ' — F. The warped product
B x; F'is the manifold B x F' with the Riemannian structure such that
| X% = [|[7*(X)|]?+ f2(7(p))||o*(X)]||?, for any vector field X on M. Thus we
have gy = g + f2gr holds on M. Here B is called the base of M and F the
fiber. The function f is called the warping function of the warped product [9].
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The concept of warped products was first introduced by Bishop and O’Neil [3]
to construct examples of Riemannian manifold with negative curvature.

Now, we can generalize warped products to multiply warped products. A
multiply warped product is the product manifold M = Bx;, Fy Xp, Fo .. . Xy, Fy
with the metric g = gp @ bigr, ® bigr, ® bigr, ... ® b2,gr,, where each i €
{1,2,...,m}, bj: B — (0,00) is smooth and (F}, gr,) is a pseudo-Riemannian
manifold. In particular, when B = (c,d), the metric gg = —dt? is negative
and (F}, gr,) is a Riemannian manifold. We call M as the multiply generalized
Robertson-Walker space-time.

A multiply twisted product (M, g) is a product manifold of the form M =
B xy, Fy X4, Fy ... Xy, Fy, with the metric g = g @ b%gp1 &b bggp2 &> b§QF3 )
b2 gr, , where each i € {1,2,...,m}, b;: B x F; — (0,00) is smooth.

In 1924, Friedmann and Schouten was introduced the notion of a semi-
symmetric linear connection on a differential manifold [5]. The idea of metric
connection with torsion on Riemannian manifold has given by Hayden (1932)
in [7]. In 1970, Yano [15] was introduced a systematic study of semi-symmetric
metric connection on Riemannian manifold. Later K. S. Amur and S. S. Pu-
jar [1], C. S. Bagewadi [2], Sharafuddin and Hussian (1976) [11], S. Sular,
C. Ozgiir [12], M. Tripathi [13] have also studied semi-symmetric metric con-
nection on Riemannian manifold. In [10], S. Sular and C. Ozgiir has studied
warped product on semi-symmetric non-metric connection. Y. Wang has con-
sidered multiply warped product with a semi-symmetric non-metric connec-
tion, then applied the results to generalized Robertson-Walker space-time in
[14].

In this paper, we have considered quasi-Einstein warped product manifolds
endowed with semi-symmetric metric non-connection. First we have obtained
the necessary and sufficient conditions of quasi-Einstein warped product man-
ifold with semi-symmetric non-metric connection. Next we have established
that under certain conditions Robertson-Walker space times would be con-
verted to quasi-Einstein manifold with the above connection. Later we have
shown that (7—1)-dimensional base is isometric to a (7n—1)-dimensional sphere
of a particular radius with respect to semi-symmetric non-metric connection.
In the last section we have studied special multiply warped product with semi
symmetric non-metric connection.

2. PRELIMINARIES

Let (M", g) be a Riemannian manifold with the Levi-civita connection V.
A linear connection V on (M™,g) is said to be semi-symmetric if its torsion
tensor 7' can be written as

T(X,Y)=VxY - VyX — [X,Y],
satisfies the condition

T(X,Y) = n(Y)X — n(X)Y,



MULTIPLY WARPED PRODUCT ON QUASI-EINSTEIN MANIFOLD 105

where 7 is an 1— form on M"™ with the associated vector field P defined by
7(X) = g(X, P), for all vector fields X € x(M™).
A connection V is called semi-symmetric non-metric connection if Vg # 0.
The relation between semi-symmetric non-metric connection V and the Levi-
Civita connection V of M™ and it is given by [14]

(2.1) VxY =VxY +7(Y)X,
where g(X, P) = n(X). i

Further, a relation between the curvature tensors R and R of type (1,3) of
the connections V and V respectively is given by [14],

(2.2) R(X,Y)Z=R(X,Y)Z+g(Z,VxP)Y —g(Z,VyP)X
+7(2)m(Y)X —n(X)Y],
for any vector field X,Y, Z on M™.

3. GENERALIZED ROBERTSON-WALKER SPACE-TIMES WITH A
SEMI-SYMMETRIC NON-METRIC CONNECTION

In this section we have considered quasi-Einstein warped product manifolds
with respect to semi-symmetric non-metric connection. Now, we have proved
the following theorem.

Theorem 3.1. Let (M, g) be a warped product I xy F where I is an open
interval in R, dimI =1 and dim F'=n—1, (n > 3). Then (M, g) is a quasi-
FEinstein manifold with respect to semi-symmetric non-metric connection iff
F' is quasi-Finstein manifold for P € x(B) with respect to the Levi-Civita
connection or the warping function f is a constant on I for P € x(F).

Proof. Assume that P € x(B) and let g; be the metric on I. Taking f = e?
and by using the proposition use of [10] we get

20 0, n-1_, ne o 0
(3.1) S(aya)—— 1 2¢" + () 4]91(§>a),
-0

Ai-1, ¢ a-3
Tq/+q_

2 4

(3.3)  S(V,W) =85V, W)+e

for any vector field V, W on F.
Since, M is a quasi-Einstein manifold with respect to the semi-symmetric
non-metric connection, we have

S0y = agl o )+ (o).

(¢)?]gr(V, W),

and

SV, W) = ag(V,W) + gn(V)n(W),
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Then the last equations reduce to

(3.4 S0y = ag(0 Sk pn( (),
and
(3.5) S(V,W) = aelgr(V,W) + Bn(V)n(W).

Decomposing the vector field U uniquely into its components Uy and Ug on [
and F respectlvely, then we have U =U; + Ug. Since diml = 1, we can take

U = Uat which gives U = ’Uat + Up, where v is a function on M Then we
can write
0 0

(3. W) =o(U, 5) = v
Using the equations (3.6), the equations (3.4), (3.5) reduce to

~ 0 0 5
(37) S(ava) Ol+ﬁU )
and
(38) S(V.W) = aegr(V,W) + Bn(V)n(W).
Comparing the right hand sides of (3.1) and (3.7) we get,

n—1
(3.9) o+ B = —T=[2q" + () — 4]
Similarly comparing the right hand sides of (3.3) and (3.8) we obtain
F q 3 (ﬁ - 1) / qll

(3.10) ST(V,W) =e [OHFT(Q) — 54~ lgr(V,W)+Bn(V)n(W),

which gives that F' is a quasi-Einstein manifold with respect to the Levi-Civita
connection for P € x(B).
Now taking P € x(F) and by use of [10] we get,

o, _ q 0 0
(3.11) S(aa V)=(n— 1)577(‘/)91(&, a)
and
(3.12) S, ) = (= mLa Vol 0.

for any vector field V' € x(F).
Since M is a quasi-Finstein manifold, we have

(3.13) S%,m:é( 0= agVi o)+ Bn(Vin(2))

Now g(V,2)=0as 2 € x(B) and V € x(F).
Hence from the last equation we get

(3.14)
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Therefore we have

0 q o 0
(3.15) V() = (=) Ea(V)gn(, o),
0 . q o 0
(3.16) nVins) = =LV ).
Comparing from (3.15), (3.16) we get
q =0.
Hence, ¢ is constant. Therefore f is constant. O

Now, we consider the warped product M = B x; [ with dimB = n — 1,
dim/ = 1 (n > 3). Under this assumption we have obtained the following
theorem.

Theorem 3.2. Let (M, g) be a warped product B x; I, where diml = 1 and
dimB=n—1 (n > 3).

i) If (M, g) is a quasi-FEinstein manifold with scalars o, 5 respect to the
semi-symmetric non-metric connection, P € x(B) is parallel on B with
respect to the Levi-Civita connection on B and f is a constant on B,
then o = 0.

ii) If (M, g) is a quasi-Einstein manifold with respect to the semi-symmetric
non-metric connection for P € x(F), then f is a constant on B.

iii) If f is a constant on B and B is a quasi-Einstein manifold with re-
spect to the Levi-Clivita connection for P € x(F), then M is an quasi-
FEinstein manifold with respect to the semi-symmetric non-metric con-
nection.

Proof. Assume that (M, g) is a quasi-Einstein manifold with respect to the
semi-symmetric non-metric connection. Then we write

(3.17) S(X,Y) = ag(X,Y) + Bn(X)n(Y).

Decomposing the vector field U uniquely into its components Ug and U; on B
and [, respectively, then we have

(3.18) U=Ug+U.

Since dim I = 1, we can take U; = Ua which gives U = Uat + Upg, where v is a
function on M. From (3.17), (3.18) and from the proposition of [10], we have,

HI(X,Y)

f
—g(Y,VxP) +7m(X)n(Y).

(3.19) SB(Xa Y) = agp(X,Y)+ Bgs(X,U)gp(Y,Up) —

By contraction over X and Y and we get

3:20) = aln—1)+ fgn(Un,Un) - 5+ (P dez,
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Also from (3.17) we have

(3.21) M = an + Bgp(Ugp, Up),
So, by the use of (3.21) in (3.20) we get
A n—1
(3.22) e Tf +7(P) =) g(e;, V.,P)
i=1
Also from the proposition of [10] we get
A — P
B g 7(P)+ Y g(e;, Ve, P) + (0 — 1)—f.
f — f
Therefore, from above two relation we get
A n—1 A n—1 p
oz—l—Tf —W(P)—l-z g(e;, Ve, P) = —QTf —7T(P)+Z g(ei, Ve, P)+(n— 1)Tf
i=1 i=1

Since P € x(B) is parallel and f is a constant on B, then we get a = 0.
ii) Let P € x(F). By the use of the proposition of [10] we get,

S(X, V)= (- 1)7T<V)X7f
and ¥
S(V,X)=(1— n)ﬂ(V)Tf,

for any vector field X € x(B) and V' € x(F). Since F' = I, then taking V = P
we have

(3.23) S(X,P) = (i — 1)W(P)X7f,
and
(3.24) S(P,X)=(1- ﬁ)ﬂ(P)XTf.

Since M is a quasi-Einstein manifold, we have

S(X, P) = 5(P,X) = ag(P, X) + pn(P)n(X).

Again we have g(P, X) =0 for X € x(B) and P € x(F).

Hence, we have X f = 0. This implies that f is constant.

iii) Assume that B is a quasi-Einstein manifold with respect to Levi-Civita
connection. Then we have

(3.25) SP(X,Y) = ag(X,Y) + Bn(X)n(Y),
for any vector field X,Y tangent to B.

SM(X,Y)=5B(X,Y) +w,
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for any vector field P € x(F). Since f is a constant, then HY(X,Y) = 0 for
all X,Y € x(B).
The above equation reduces to

(3.26) SM(X,Y)=SB(X,Y).

By the use of (3.25) in (3.26) we get

(3.27) SM(XY) = ag(X,Y) + Bn(X)n(Y).

which shows that M is a quasi-Einstein manifold with respect to the semi-
symmetric non-metric connection. U

Next, we consider generalized Robertson-Walker space time with a semi-
symmetric non-metric connection. Now we prove the following theorem.

Theorem 3.3. Let (M, g) be a warped product I x; F' with the metric tensor
—dt* + f(t)%gp, P = &,dimF = I. Then (M,g) is a quasi-Finstein man-
ifold with respect to semi-symmetric non-metric connection ¥V with constant
associated scalars o and B, if and only if the following conditions are satisfied.

i) (F, gr) is quasi-Einstein manifold with scalar ap, Br.

i) 1(1— &) =a—v?,

i) ap+ (L= 0f* —af + f'f+1f'f =0 and § = Br.
Proof. By the proposition of [10] we have

-0 0 f//
~, 0 -, 0
S(a,v) =5V, a) =0,
SV, W) = STV, W)+ ge(V.W){ff = U= 1) f" +1ff'}.
Then by the quasi-Einstein condition, we get the theorem 3.3. 0

From the theorem 3.3. Putting dimF = 1 we get the following corollary.

Corollary 3.1. Let (M, g) be a warped product I X ¢ F' with the metric tensor
—dt* + f(t)’gr, P = 2, dimF = 1. Then (M, g) is a quasi-Einstein manifold
with respect to semi-symmetric non-metric connection if and only if

[+ (a=v*8—1)f =0,
By the corollary 3.1. and elementary methods for ordinary differential equa-

tions we get

Theorem 3.4. Let (M, g) be a warped product I X F' with the metric tensor
—dt* + f(t)%gr, P = %, dimF = 1. Then (M, g) is a quasi-Einstein manifold
with respect to semi-symmetric non-metric connection if and only if

i) when o — 2B < 1, f(t) = cre V1@Vt L o= (V1-lamv2A))t

ii) when a — V2B =1, f(t) = c1 + cot,
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iii) when a — v?B > 1, we have that f(t) = cicos((y/a —v2f3 —1)t)
+egsin((/a — 028 — 1)t).

Next the following theorem shows when base of quasi-Einstein warped prod-
uct manifold is isometric to a sphere of a particular radius.

Theorem 3.5. Let (M, g) be a warped product B x; I connected with (n —
1)—dimensional Riemannian manifold B where n > 3 and one-dimensional
Riemannian manifold I. If (M, g) is a quasi-Einstein manifold with constant
associated scalars o and B, U € x (M) with respect to semi-symmetric non-
metric connection, P € x(B) and the Hessian of f is proportional to metric
tensor gg, then (B, is a (n — 1)—dimensional sphere of radius p = —2=—.

9B (B, 9g5) ( ) D f P V1o
Proof. Let M be a warped product manifold. Then from the proposition of
[10] we have

HI(X,Y)
f

for any vector field XY on B. Since M is a quasi-Einstein manifold with
respect to semi-symmetric non-metric connection, we have

(3.29) SM(X,Y) = ag(X,Y) + Bn(X)n(Y).

Decomposing the vector field U uniquely into its components Ug and Uy on B
and I, respectively, then we have

(3.30) U=Ug+U,.

Since dim I = 1, we can take U; = v% which gives U = U% + Up, where v is
a function on M. Putting the value of (3.29), (3.30) in (3.28) we get

(3.28) SM(X,Y)=SB(X,Y)+ +g(VxPY) —n(X)n(Y)],

(3.31) SB(Xa Y) = agp(X,Y) + Bgs(X,Us)gs(Y,Us)

H/ (XY
— {%) +9(VxPY)—m(X)n(Y)
By contraction over X and Y we get,
A n—1
(3.32) P =i —a — Tf +7(P) =Y glei, Ve, P).
i=1
Again from the proposition of [10] we get
M Pf Af
3.33 —=mn-1)— - —.
(333) R UEDE e

From the last two equations we get

(3.34) (PB4 a)f = ala — DPf — (i + DAS + fr(P) — i fgles, Ve, P).



MULTIPLY WARPED PRODUCT ON QUASI-EINSTEIN MANIFOLD 111

Hence we get

(FPta)f . @a+DAf  fa(P) = fg(ei, Ve P)
n(n—1) P ﬁ(ﬁ—1)+ﬁ(ﬁ—1) : nn—1)

=1

-1

(3.35)

Since, the Hessian of f is proportional to metric tensor gg, then we have

(3.36) HY(X,Y) =

n (n+ DAf  fa(P fg ewveP

— |—-P — o X,Y).

n—1 I+ n(n—1) n—l Z 95(X,Y)
Hence from the equations (3.35), (3.36) we get

P+«

(3.37) HY(X,Y) + e - f9B(X,Y) =0.
So, B is isometric to the (n—1)—dimensional sphere of radius ~B+ [8]. Thus
the theorem is proved. 0

4. SPECIAL MuLTIPLY WARPED PRODUCT MANIFOLDS WITH
SEMI-SYMMETRIC NON-METRIC CONNECTION

Let M = B x3, Fy ><b2 E5 . .. %y, F,, be a multiply warped product with the
metric tensor —dt? @ b3gp, @ -+ @ b2, gp, and I is an open interval in R and
b, € C(I).

Now, we prove the following theorem for multiply generalized Robertson-
Walker space time.

Theorem 4.1. Let M = I Xy, Fy Xp, Fy .. . Xy, Fyy be a multiply warped product

with the metric tensor —dt* ® b2gp, @ - B b2,gr,, and P = 2. Then (M, g) is

a quasi-Einstein manifold with respect to semi-symmetric non-metric connec-
tion V with constant associated scalars o and B, if and only if the following
conditions are satisfied.

i) (F}, gr,) is quasi-Einstein manifold with scalar ap,, Br,, i € {1,2,...,m},
m b,/
0 3o - ) =

iii) ab? — v, + b;bl + (l—l)b’2+bb’2ljb, bQleb, =0 and = Bp,.

j#

Proof. By the proposition of [14] we have

(4.1) g(%,%):—Zl(l—Z—:)
(42) S0 vy=5m 2=
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(43) S(V,W) =

SE(V, W) + g, (V, W) {=bb! — (I; — )b — b;b, Zl— + b sz b
i b;
Since, M is a quasi-Einstein manifold. So,

S(X,Y) = ag(X,Y) + Bn(X)n(Y).

How o 0 o 0 o. .0

S 50) = a9(5p 50) + Ol n(50)
Decomposing the vector field U uniquely into its components U; and Ug on [
and F, respectlvely, then we have U =U; + Ug. Since diml = 1, we can take
Uy = Uat which gives U = Uat + Up, where v is a function on M Then we
can write

0 0

(44) M) = o(U, ) = v.

Hence, we get

Em: —oz—v%’.

Again, S(V,W) = ag(V, W) Bn(V)n ( )-

From by the proposition of [14] and the equation (4.3) we get (F}, gr,) is
quasi-Einstein manifold.

Also, after some calculation we can show that

ab? — ap, + bb! + (I — 1O + bib Zz]b, bQZl]b/ =
j#
and ﬂ = 6}71 O
Next, we have obtained the following theorem with some condition of fibre
and warping function with semi-symmetric non-metric connection.

Theorem 4.2. Let M = I Xy, Iy X4, Fo... Xy, F be a multiply warped
product with the metric tensor —dt* ® bigp @® -+ ® b2,gr, with P € x(F,)
and gr,(P,P) =1 and n > 3. Then (M, g) is a quasi-Finstein manifold with
respect to semi-symmetric non-metric connection V with constant associated
scalars o and B, if and only if the following conditions are satisfied.

i) (Fi,gr,) (i # r) is quasi-Einstein manifold with scalar ap,,Bg, i €

{1,2,...,m}.
m b

ii) leb—’ = —a+v°8.
i=1 '

i) ap — bb! — (I — b’2—bb/2z——ab2_0andﬁ=ﬁﬂ..
j#i ¢
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iv)
SEV.W) = gr (VW) [bib] + (I — 1B + ab? + bib), > z] ]
g#
gW,VyP)+g(V,VwP)

(= 1) (V)m () - X

B

for VW e I(TF,),r =1i.

Proof. By the proposition of [14] and gg. (P, P) = 1, we have that b, is constant.
So, we have

-0 0 Y
S(=—, =)= [+ =— 2.
G o) ; A R
By variables separation, we have

. b b’b’
— aF; 2 (]
S(V,W) = SV, W) + bigr (V. W)= = (i g b,
+(n—=Dlg(W, VVP) —m(V)m(W)].
When i # r, then 7(V) = Vy P =V P =0.
b//

S(V,W) = SE(V, W) + b2gr,(V, W)l=3- = —1

b’b’
]bb

J#i
= ablgr(V,W) + Bn(V)n(W).
By variables separation, we have (F},gg) (i # r) is quasi-Einstein manifold
with scalar ag, g, i € {1,2,...,m}.
When i = r, we get
b
SEVW) = gr (VLW + (1 = 1O + ab? +bib; Y 1] =
i#i d

(7~ 1)[x(V)r(W) - :

. O
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