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ON A HYPERBOLIC KAEHLERIAN SPACE
B. B. CHATURVEDI AND B. K. GUPTA

ABSTRACT. The object of the present paper is to study some curvature
properties in a hyperbolic Kaehlerian manifold equipped with quarter-symmetric
metric connection.

1. INTRODUCTION

Hyperbolic Kaehlerian manifold has been studied by different differential
geometer through different approaches. Nevena Pusi¢ [5] studied hyperbolic
Kaehlerian space equipped with quarter-symmetric metric connection. In 1985,
G. Ganchev and A. Borisov [3] discussed the isotropic sections and curvature
properties of hyperbolic Kaehlerian manifolds. Nevena Pusié¢ [6] discussed HB-
parallel hyperbolic Kaehlerian spaces. In 2013, Arif Salimov and S. Turanli [1]
has been discussed some curvature properties of anti-Kaehler-codazzi manifold.
Recently, hyperbolic Kaehlerian manifold equipped with a quarter-symmetric
metric connection has been studied by B.B. Chaturvedi and B.K. Gupta [2]
in 2015. In the consequences of these studies, in this paper we have studied
some curvature properties of a hyperbolic Kaehlerian manifold equipped with
a quarter-symmetric metric connection.

If F!* satisfies the relation

i ph _ sh
(1.1) Fj F =05,
(1.2) Fij=~Fji, (Fj= g F),
and

ho_
(1.3) F =0,

then the manifold is called hyperbolic Kaehlerian (space) manifold.
Where F!* is a tensor field of type (1,1) and th] is a covariant derivative of

Fl" with respect to Riemannian connection.
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In 1975 S. Global [7] defined

Definition 1.1. A linear connection V on a n-dimensional Riemannian man-
ifold (M™, g) is said to be a quarter-symmetric connection if the torsion tensor
T, defined by

(1.4) T(X,)Y)=VxY -Vy X —[X,Y],
of the connection V, satisfies
(1.5) T(X,Y) =n(X)pY —n(Y)oX,

where 7 is a 1-form and ¢ is a tensor field of type (1,1) .

A quarter-symmetric connection V is said to be a quarter-symmetric metric
connection if the covariant derivative of metric g vanishes otherwise it is called
a quarter-symmetric non-metric connection.

Yano and Imai [4] considered a quarter-symmetric metric connection V and
Riemannian connection D with coefficients T'?; and {/*} respectively. Accord-
ing to them if the torsion tensor T' of the connection V on (M™,g), (n > 2),

satisfies
(1.6) U= DAL — o AL

then the relation between the coefficients of quarter-symmetric metric connec-
tion V and Riemannian connection D is given by

(1.7) Fé‘k:: jik}_pkU;_'_pjvlj_pi‘/jk?
where

1 1
(1.8) Ui‘zﬁ(Aij_Aji% Vij :§(Aij+Aji)v

where Vg = 0 and p; are the components of 1-form . Also A; denotes the
components of a tensor of type (1,1). U;; and V;; are covariant skew symmetric
and symmetric tensors respectively.

Equation (1.8) implies

(19) Aij:Uij—l-V;j.

Nevena Pusi¢ [6] found a relation between T'?; and {*} by putting V;; = ¢;;
and U;; = F;; in (1.7), given by

(1.10) Ul =} —on F + 0 04 — 0’ gy

where w" = w,g'" , w" is a contravariant components of generating vector wy,.

Also, Nevena Pusié¢ [6] found a relation between curvature tensor with re-
spect to a quarter-symmetric metric connection V and a Riemannian connec-
tion D given by

Rijxn =Rijin — GinPrj + Jik Pnj — 9jk Phi + Gnj DPri

(1.11)
+pion Fir +0i ok Fjn — pj o Finn — pi on Fiiie,
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where

1 S
(1.12) Pik = VD — Pj Dk +pkqj+§psp 9jk-

Taking covariant derivative of F* with respect to quarter-symmetric metric
connection V and Riemannian connection D, we have

(1.13) Vi =0, F'+ Fr T, — F'TT,
and
(1~14) DkFih :akFih+FiT {rhk}_F:L {sz}

Subtracting (1.14) from (1.13), we have

(1.15) Vi Fih — Dy Fih - Fir(rﬁk - {rhk}) - Ff(rgk —{ik})-

Using (1.10) in (1.15), we have

(1.16) Vi F)' =Dy, F]' = F{ (—=piF) +p.6p —p"gr i) = P (=i F] +pidy,—p gir)-
Using (1.1) and (1.2) in (1.16), we have

(1.17) Vi Fl' = Dy F!.

Again taking covariant derivative of (1.13) with respect to quarter-symmetric
metric connection, we get

ViVi B =0,0, F|' = 0, F'T}), — 0, F)'T,

(1.18) + O FT!, + (0, F] + F/'T}, ; — Fy )Tk,
+ FV T — (0, F + F'Th = FRTTOT, — FMV,LYL

Interchanging j and & in equation (1.18), we get
ViV Fih =0k0; Fih — 0 Fihfsz —0; Frhrgk

(1.19) +0; KT+ Ok F + F"T, — Fn T OTE,
+ Firvkrﬁj — (O E! + F"T, = FRLT i — FkaF;j-

Subtracting (1.18) from (1.19), we get
ViV, ! = V,;V, F} :F;m(F:nkF?j - ernjrﬁk + Vkrﬁmj — Vi)

(1.20) i
— FMIT T — T T 4+ V0T, — VI,

Equation (1.20) implies

(1.21) VijF’ih—vjkaih:RijEm_EZjiF:l'
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2. TWIN ANTI-HERMITIAN METRIC
A skew symmetric tensor w defined by
(2.1) wY,Z) =g(FY,Z),
is said to be a killing-yano tensor if
(2.2) (Dxw)(Y, Z) + (Dyw)(X, Z) = 0.
The twin anti-Hermitian metric G defined by
(2.3) G(Y,Z)=g(FY,Z),
where G(Y, Z) = G(Z,Y).

Since G is symmetric but 2-form w is not symmetric so the killing-yano equa-
tion (2.2) has no immediate meaning. Therefore, we can change the killing-
yano equation by Codazzi equation

(2.4 (Dx G)(Y, Z) — (Dy G)(X, Z) =0
Equation (2.4) equivalent to
(2.5) (Dx F)Y — (Dy F)X =0.

3. CURVATURE PROPERTIES

We know that for Riemannian connection D

(3.1) DyD; F}' — D;Dy, F}' = Ry, Fi" — Ry j; '
Now subtracting (1.21) from (3.1), we get
(3.2)
(DyD; F' =V V; F") — (D;Dy F' = V;V F]') =R}, F" — R, F!

— Ezjmﬂm + Ry, F.
After contracting (3.2) by h and k and using (1.3) and (1.17), we get
(3-3) (DhDj Fih - thj Fih) = Sijim - Zngfl - gijim +§2jiF:l'
Equation (3.3) can be written as
(3.4) (DpD; F' =V N, F) = S F/* =R jir g F)' =S F"+ Ry jir g™ F.
Using ¢"' F" = G in (3.4), we get
(35) (DuD; F' = ViV F') = Sjum " = Rpjir G*' = Sy F" + Ry G*'
In 2013, Arif Salimov and S. Turanli [6] defined
(3.6) Hj; = Rp;u G".
Now we are taking

(37) Hji :Ehj”Ghl,
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using (3.6) and (3.7) in (3.5), we have
(3.8) (DnD; F)' =NV, F]') = Sjm F" — Hjy — Sjm F" + Hj;,

where S, and gjm are Ricci tensors with respect to Riemannian connection
and quarter-symmetric metric connection respectively and G"*! is twin anti-
Hermitian metric.

We know that the curvature tensor of type (0,4) with respect to Riemannian
connection D satisfies the following relations

(3.9) (1) Rpujyu=0 and (it) Rujun=0.

Now, equation (3.6) can be written as

1
(3.10) Hj‘zé(thil+leih) G
Interchanging i and j in (3.10), we get

1
(3.11) Hijzé(Rhijl+Rlijh> G'".
Subtracting (3.11) from (3.10), we have

1

(3.12) H;j; — H;j = §<thil + Rijin — Rniji — Riijn) G = 0.
Equation (3.12) implies that
If we take

(i) pniF' =pin F,
(3.14) (it) pj Fni =pi Fjn
(#49) pi gnj = p; Ghj»

then from (1.11) and (3.7) we can say that Ry, ;;; will be symmetric in first
and last indices.
Therefore we can write

1 — —

(3.15) Hjiza(thil‘f’leih) G'".
Interchanging i and j in (3.15), we get

— 1 — —
(3.16) Hijza(—thz‘jl‘f’Rlz‘jh)Glh-
Subtracting (3.16) from (3.15), we get

— — 1 — — — —

(3.17) H;; —H;; = é(thz‘l + Rijin — Rpiji— Riijn) G =0,

equation (3.17) implies that

(3.18) Hji=H;;.

Thus we conclude
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Theorem 3.1. In a hyperbolic Kaehlerian manifold equipped with a quarter-
symmetric metric connection H; ; is symmetric with respect to quarter-symmetric
metric connection V if equation (3.14) holds.

Now equation (3.8) can be written as
(3.19)
Dy(D; F}' = D; F) =V (V; ' =V ') = (Sjm F" — Hj;)
— (Sim F" = Hij )+ (Sim FJ" — Hij) — (Sjm F" — Hj),
using (1.17) and (2.5) in equation (3.19), we have
(3.20) Sim E" = Sim F" = Sjm " — Sim F".
Thus we conclude

Theorem 3.2. In a hyperbolic Kaehlerian manifold equipped with a quarter-
symmetric metric connection if the Ricci tensor is pure with respect to Rie-
mannian connection then it is also pure with respect quarter-symmetric metric
connection if the equation (3.14) holds.

In 2013, Arif Salimov and S. Turanli [6] defined
(3.21) St =—H;j, F| = —Ry,;, G'""F],

where 57, is *Ricci tensor with respect to Riemannian connection.
Now we are taking

(322) gji == _ﬁjr F;-r - _Ehjrl Gth;-T,

where §ji is *Ricci tensor with respect to quarter-symmetric metric connec-
tion.

With the help of equation (1.1), equation (3.21) and (3.22) can be written
as

(3.23) Sy F/ =—Hj;; and 5%, F =—Hj;,

using equation (3.23) in (3.8), we have

(324) (DnD; F)' = VN, F)) = (S;, F + 85, F]) = (Sjm F" + 55, F"),
from (3.24), if

(3.25) D,D; Fl' =V,V,; F",

then, we have

(3.26) Sj0 Fl = Sym B = S5, ) = S, FT",

which implies S;, F/ = S, F/, if only if S}, F/" = S%, FY.
Thus we conclude:
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Theorem 3.3. In a hyperbolic Kaehlerian manifold equipped with a quarter-
symmetric metric connection the Ricci tensor with respect to Riemannian con-
nection will be equal to Ricci tensor with respect to quarter-symmetric metrc
connection if only if * Ricci tensor with respect to Riemannian connection be
equal to * Ricci tensor with respect to quarter symmetric metric connection if

equations (3.14) and (3.25) hold.

4. CONCLUSIONS

In this paper we have found that in a hyperbolic Kaehlerian manifold the
Ricci tensor is pure with respect to quarter-symmetric metric connection if
only if it is pure with respect to Riemannian connection with some conditions.
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