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LACUNARY SEQUENCE SPACES OF ORLICZ FUNCTION
AND INFINITE MATRIX

KULDIP RAJ AND ANU CHOUDHARY

ABSTRACT. In this paper we introduce and study sequence spaces
[‘/QEvA7 A;"aMa ||a e 7'||7p]0a [‘/GE7Aa A?vMa H7 T 'Hap]lv

[VHEvAa AevMa Hv T "Hap]oo
over n-normed spaces defined by an infinite matrix A = (a;z) and a se-
quence of Orlicz functions. We make an effort to study some algebraic and
topological properties of these sequence spaces. Some inclusion relations
between these sequence spaces are also studied in the paper.

1. INTRODUCTION AND PRELIMINARIES

The notion of difference sequence spaces was introduced by Kizmaz [7], who
studied the difference sequence spaces l(A), c(A) and ¢y(A). The notion
was further generalized by Et and Colak [1] by introducing the spaces I, (A°),
c(A°) and ¢o(A°). Let w be the space of all complex or real sequences z = ()
and let e, f be non-negative integers, then for Z = [, ¢, ¢y we have sequence
spaces

Z(AS) ={z = (z) € w: (Afxy) € Z},

where A;i:v = (A;[L‘k) = (A;‘lxk — A?‘lxkﬂ) and A‘}xk =z for all £ € N,
which is equivalent to the following binomial representation

e - v €

f«rk = Z(—l) (U> Lkt fo-
v=0

Taking f = 1, we get the spaces which were studied by Et and Colak [1].

Taking e = f = 1, we get the spaces which were introduced and studied by

Kizmaz [7]. For more details about sequence spaces see [11], [12], [13] and

references therein.

2020 Mathematics Subject Classification. 40A05, 40C05, 46A45.
Key words and phrases. paranorm space, difference sequence space, Musielak Orlicz
function.
9
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Let X be a linear metric space. A function p : X — R is called paranorm,
if
p(z) >0, for all z € X,
p(—z) = p(x), for all x € X,
p(z+y) < p(x)+py), for all z,y € X,
if (\,) is a sequence of scalars with A\, = A asn — oo and (z,) is a
sequence of vectors with p(x,—z) — 0 as n — oo, then p(\,x,—Az) —
0 asn — oo.

(1)
(2)
(3)
(4)

A paranorm p for which p(x) = 0 implies 2 = 0 is called a total paranorm and
the pair (X, p) is called a total paranormed space. It is well known that the
metric of any linear metric space is given by some total paranorm (see [10],
Theorem 10.4.2, P-183).

An Orlicz function M is a function, which is continuous, non decreasing and
convex with M (0) =0, M(z) > 0 for > 0 and M(z) — o0 as © — 0.
Lindenstrauss and Tzafriri [8] used the idea of Orlicz function to define the
following sequence space. Let w be the space of all real or complex sequences
x = (x}), then

lM:{wa:ZM(’x—pkl) < 00, for some p > 0}
k=1

which is called an Orlicz sequence space. The space [, is a Banach space with

the norm .
||z|| = inf {p >0: ZM(M) < 1}.
P
k=1

A sequence M = (M) of Orlicz functions is called a Musielak-Orlicz function.
A Musielak-Orlicz function M = (M) is said to satisfy As-condition if there
exist constants a, K > 0 and a sequence ¢ = (c)72; € 1 (the positive cone
of I') such that the inequality

holds for all k¥ € N and u € R*, whenever My (u) < a.

By [, ¢, and ¢y we denote the classes of all bounded, convergent and null
sequence spaces, respectively.
The concept of 2-normed spaces was initially developed by Géhler [3] in the
mid of 1960’s, while that of n-normed spaces one can see in Misiak [9]. Since
then, many others have studied this concept and obtained various results, see
Gunawan [4], [5] and Gunawan and Mashadi [6]. Let n € N and X be a linear
space over the field of real numbers R of dimension d, where d > n > 2. A

real valued function ||-,--- ,-|| on X" satisfying the following four conditions:
(1) ||x1, 9, -+ , x| = 0if and only if 1, xs, - - - , x,, are linearly dependent
in X,
(2) ||z1,@q, - , x| is invariant under permutation,

(3) ||axy, z2, -+ x| = |a] ||z1, 22, , x| for any a € R, and
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(4) ||l’+l’/,]}2,"' anH S ||I,.CL’2,"‘ anH + ||SL’/,$2,"' 7xn||

is called an n-norm on X and the pair (X, ||-,---,||) is called an n-normed
space over the field R.
For example, we may take X = R"™ being equipped with the n-norm

||x1, z2, -+, zy||p = the volume of the n-dimensional parallelopiped spanned
by the vectors x1,xs, -, x, which may be given explicitly by the formula
Hxla PR 7xn”E = ’ det(xij”?
where x; = (21, Tio, -+, Tin) € R™ for each i = 1,2,--- ,n. Let (X,|-,---,-|)
be an n-normed space of dimension d > n > 2 and {ay, as,- - ,a,} be linearly
independent set in X. Then the following function ||+, - , ||, on X" defined
by
HQ?l,I‘Q, T wrnleoo = maX{Hxhz% 5, T, az” t= 17 27 e 7n}

defines an (n — 1)-norm on X with respect to {aj,as, -+ ,a,}.

A sequence (z) in an n-normed space (X, ||-,- - ,]|) is said to converge to

some L € X if

lim ||xp — L, 21, , 2p1]| =0 for every z1,--- 2,1 € X.
k—o0

A sequence (zy) in a n-normed space (X, ||-,--- ,||) is said to be Cauchy if
lim ||zg —xp, 21, , 2n-1|| =0 for every z,---, 2,1 € X.

).

If every Cauchy sequence in X converges to some L € X, then X is said to be
complete with respect to the n-norm. Any complete n-normed space is said to
be an n-Banach space.

Throughout the paper E will represent a seminormed space, seminormed by
q. We define w(FE) to be the vector space of all E-valued sequences.

A sequence of positive integers 6 = (k) is called lacunary if kg = 0, 0 <
k. < k.41 and h, = k, — k.1 — 00, as r — 0o. The intervals determined by
0 are denoted by I, = (k,_1, k] and the ratio kfil will be denoted by g,. The
space of lacunary strongly convergent sequences Ny is defined by Freedman et
al. [2] as follows:

1
Ny = {x = (xg) : h?lh_ Z |z — le] =0, for some l}.

" kel,

There is a strong connection between Ny and the space s of strongly Cesaro
summable sequences which is defined by

s = {x = (xg) : li;n%i |z, — le] =0, for some l}.

k=0

Let M = (My) be a Musielak-Orlicz function, 6 be a lacunary sequence,
p = (px) be a bounded sequence of strictly positive real numbers and A = (aj)
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be a non-negative matrix. In the present paper we define the following sequence

spaces:
[‘/G'EvA A67M H H p] =
fk) Pk
{xew Tlggloh Zaﬂk Mk(H f ,-~-,Zn—1) }:0,
kel
uniformly in j},
[%EvA A(;HM ” H p

xk_ Pk
{xéw rlggoh Zajk{Mk(H 21, Znel ) } =0,

uniformly in j for some L},

and
[‘/OE’A7A?7M7 Ha 7||7p]oo
1 ASx P
xew(E):supsup—Zajk M, M,zl,---,zn_l <00 y.
i v e P
kel,
For My(x) ==z
[‘/HE7A7 A?J ”7 T 7'”7])]0 =

1 Pk
{x € w(E): rlggoh_r]; @ jk [(HC](Aﬁk%Zh E ,Zn—1H> ] =0,

uniformly in j},

[‘/HE7A7 A;a ||7 o 7'||7p]1 =
1 Pk

{Q? S UJ(E> . rligloh_ Za]k |:(HQ(A;.T]€ — L)’Zh e 72”1H> :| = O,
" kel,

uniformly in j for some L},

and
[‘/GE7A7A;:‘7” ” p]

Pk
{x e w(k): Supsup I Zajk[(Hq ASxy), 21, - 7Zn—1||>

kel

<o},

For pr. = 1, we get
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V", A DG M [l (o =
A $k>
{xew rlirgoh—Za]k{Mk<‘ ; 15 y Zn—1 )] =0,
uniformly in j },
V7 A A Ml =
AeIk— )
{xew Tlirgoh—Za]k[Mk<‘ p JZ1, 0 Znel )]:0,

uniformly in j for some L},

and

[%EaA’Aj‘7M || 'H]OO:

ASx
{wa(E) supsuph Za]k{Mk(Hq( ;)c k>,Zl,'-- s Zn_1

keln

)| <)

For My(z) =z and p, = 1, we get

[‘/QEv A7 A?) ||a ) ||]0 -
1
{:L‘ € w(F): lim > Zajk {Hq(A;xk),zl, e ,zan} = 0, uniformly in j},
r—00
" kel
[VeEv A, A;‘» H’ T ”]1 =
.1 .
{x cw(k): li)m 7 Z ajk {Hq(Afmk — L), 2, ,anH} =0,
e e,
uniformly in j for some L}
and
[‘/GEvAJ Aea ||7 e 7||]oo —
1 (&
{x € w(E): SupSl:p . Z aj {”q(Aka), 21, ,zn_lH} < oo}

kel

For f =1, we find
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[‘/GE7A7 A67-/\/17 ||a e 7'||’p]0 -
) 1 Aex Pk
{$Ew(E):}g&h—rzdjk{]\/[k('y’zh...’Zn1 ) :| :O,
kel'r
uniformly in j},
[‘/GE7A7 A67'/\/17 ||7 e 7'||7p]1 -
1 Aexy, — L Pr
{rewm) i g S o[£ o )] =0
kel'r
uniformly in j for some L},
and
[V9E7A7 AevM? Ha T 7'H7p]00 -
1 Ae Pk
{$€w(E)3SUPSUPh—Z%k{M1§<‘M,zl,---,zn_l ) <oo}.
i e,

For A = I, where I is the Identity matrix we have
[Vv@aA?uM H HpO
{x cw(F): im — [ (
r—o0 h

-

uniformly in j },

-

uniformly in j for some L},

' azl7"'7zn—1

V7 Af M- lLpl =

{rewtm: i 3 |7

S IS P2 T |

and

[‘/G’EaAjﬁM || || p]

{xew(  upsup - Z[ (

kel

$Tk)

) ]~}

y 21y Zn—1
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In this paper, we will denote any one of the notations 0,1 or co by X. The
following inequality will be used throughout the paper. If 0 < p, < suppr =
H, D = max(1,28-1) then

(1) |ag + b [Pt < D{|ag|"* + |bg|"*}

for all k and ag, b, € C. Also |a|P* < max(1, |a|?) for all a € C.

The main purpose of this paper is to introduce and study some classes
of Lacunary sequences over n-normed spaces defined by a non-negative matrix
and a sequence of Orlicz functions. We shall study some topological properties,
algebraic properties and inclusion relations of these sequence spaces.

2. MAIN RESULTS

Theorem 1. Let M = (M) be a Musielak-Orlicz function, p = (px) be a
bounded sequence of positive real numbers. Then the sequence spaces
VE A A M|+, plx are linear spaces over the complex field C.

Proof. Let @ = (z,) and y = () € [Vi¥, A, A% M. ||-,--- ||, plo and ., 8 € C.
Then there exist positive numbers p; and p, such that
Pr
)]

1 k)
rlggoh_T Z Ak {Mk<H—7217 Tty Rn—1

kel,
and
. y/c Pr
e ()]
€

Define p3 = max(2|a|p1, 2|5|p2). Since |-, --- , || is an n-norm on X and (M})
is a non decreasing and convex function, by using inequality (1), we have

limr_mhi Sy [ Mk< ’q(A?(aazk + Bur)) )pk}

" kel, P3

1 azxy))
Srlggo - Z g [Mk(H—, 21,0y Zn-1

" kel
H o )]

yRLy "ty An—1

121y "y An—1

7 RLy "y An—1

Q(A 7))
P1

q(A%(yr))
P2

)
)

i 1
kel
D li L L M,
D Jim 5o > | M
elr

yRLy Ty An—1
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g(A%(z P
SDhm—Za]k[Mk< ( k)) J 21yt s Bl ) }
r—oo h p1
kel
1 Ae Pr
+ D lim _Zajk[Mk< ‘w,zl,-~ s Zn-1 ) } =0.
r—oo h, P2
kel,
This proves that [V;Z, A, AG, M, ||+ |l plo is a linear space. Similarly we
can prove that [V;", A, AS, M, [|-,--- ||, ply and [ViF, A, A M, |-+ -, Plso
are linear spaces. O

Theorem 2. Let M = (My) be a Musielak-Orlicz function and p = (pk) be a
bounded sequence of positive real numbers. Then [V, A, AG, M, ||-,--- ,-|l,plo C

[‘/QE7A7 A?7M7 H? 7'H7p]1 - [%E’A’A(}’.A/L H7 7H7p]00

Proof. The first inclusion is obvious. For the second inclusion, let
x e [V, A A M, ||, |, pli. Then by definition we have

q(ASzxy) Pr
_Zajk|:Mk(H f k 3Ry "ty An—1 > :|

kel

Ael’k L—|—L)
h Za]k|: (H ! 121y Ty An—1

kel

SD Zajk[Mk(H 321y Bl

" kel
q Pk
+D Z jk[Mk(HTJM'“ y Zn—1 ) }
Now there exists a positive number B such that ¢(L) < B. Hence, we have

" kel,
1 ) Pk
h Za]k Mk; —7Z17"' y Zn—1

kel

D Ae[Ek—L)
< ™ Z @k [Mk(Hf—th R |

" kel,

+D[BH]hl S s {Mk(l)H].

)
)

)

" kel
Since = € [V},E,A,A;i,/\/l, II,- - .-, p]1, we have
YIS [‘/0E7A7A(}7M7 Ha te 7'H?p]oo- Thereforea [‘/GEaAa A?aMa H: Tty 'va]l -
V7, A A M, |-, -]l ploo. This completes the proof. O

Theorem 3. Let M = (My) be a Musielak-Orlicz function, p = (pk) be a
bounded sequence of positive real numbers. Then [V®, A, AG, M, |-~ ||, plo
1S a paranormed space with
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AZL‘k)

£ ()% : 1 M, /
o) =i 0 5, 3 e 572
where 0 < pr, < suppy, = H < 00 and N = max(1, H).

Proof. i) Clearly g(z) > 0 for z = (z) € [V}", A, A5, M, ||,--- ,-|I, plo. Since
M (0) =0, we get g(0) = 0.

i) g(~) = g(x).

i) Let © = (zz) and y = (y) € [Vi7, A, A%, M, |-, .||, plo, there exists
positive numbers p; and py such that

q(ASxy) Pk

. frk

rlggloh—zagk[ (‘ P 7211"'72:77.—1) }Sl

kel
and

Aeyk> Pk

: f

TILH;J]’L_Z ]k|: <‘ s 7217'”7zn—1) ]Sl

Let p = p1 + p2. Then by using Minkowski’s inequality, we have

)

lim

l‘k+yk))
17, Zajk|:Mk(H y Ryt An—1

T—)OOh_
kel,
I AG(zr + yk)) Pr
= lim Cee L Zp
oo h ajk 01 T D2 y %1, y Zn—1
Ael‘k Pk
it Ty (H )]
Hoohke] prtpn
1 Pk
B e e
e " kel p1+p2
Ael’k) Pk
< lim — air | M, ! 21,0y Zne
< () o (|55 0 )]
P2 1 (A?k) )pk}
lim — a;r | M, S 21y P <1
(p1+pz>rﬁwhrz Jk{ k(’ pr :
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Thus,
9@ +y) =
: T 1 (A (rE + yr)) PR W
mf{(ﬂ)&c 1}5{}0 <h_rzajk{Mk(' ! P 21,0 s Zn—l <1
kel,
. PE . 1 Q(Ael'k) Pk %
ot i< (5 32 [F55 )] 0
kel,
1
: [T 1 q(A%yr) P W
+1Hf{<p2>NITILI&(h—TI;Cij{Mk<‘ PR 1yttt s Zno1 <15p.

Therefore, g(z +y) < g(z) + g(y).
Finally, we prove that the scalar multiplication is continuous. Let A be any
complex number. By definition

. Pr . 1 q<Ae)\.fL'k) Pk %
g()\aj)zlnf{(p)l\I; Tlir&h_rzajk{Mk<‘fT’zl’ y An—1 <1
kel,
it L (0% ¢ i LSy, [ (|14 pk%<1
=1 (‘ | ) Tinéolo hrkezlajk k + y 21yt An—1 = )

where ¢ = £ > 0. Since |A]P* < max(1, [A[*"P#*), we have

g(Az) < max(1, [APP*)

. |
x inf {(t) N :Tll}rgo . Z ajp {Mk(

" kel,

P~
y 21y Zn—1 ) :| Sl}

So, the fact that the scalar multiplication is continuous follows from the above
inequality. This completes the proof of the theorem. O

Theorem 4. Let M = (M) be a Musielak-Orlicz function, p = (px) be
a bounded sequence of positive real numbers and f > 1 then the inclusion
VE, A, Affl,/\/l, [ llx € V5, A A M-+ lllx s strict. In gen-

eral

’ q(A‘}xk)

[VHE’A>A3”7M> H’ >'mX - [V0E>Av A;’Mv H? v'H]X

foralli=1,2,...,e — 1 and the inclusion is strict.

Proof. Let x € [V, A, A?_I,M, I, ||]oo- Then we have

B L= )

kel P

yZLy "y An—1 < Q.

By definition, we have
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q(Ajwy)

1
h E ajk|: (H yRLy "ty An—1
ol p

(R

" kel, P

AV $k+1)
+-— Zajk[Mk(H fp y 21y Zn—1

)
< o0.

Thus [‘/OEv A, A;_lvM’ ||7 T H]OO - [%Ev A, A;>M’ ||7 T H]OO

Proceeding in this manner, we have

[V@E,A, A M, H? B H]OO - [VGEvAa A%, M, H? B H]oo

foralli=1,2,---,e—1.

The sequence = = (1) € [Vi¥, A, A% M, ||-,--- ,-[|]s but does not belong
to [VOE,A,A?_I,M, |-,--+ ,||Joc for E=C, M(x) =z and p = 1.

Similarly, we can prove for the case [V;F, A, AG, M ||+ [[]o and
V7, A A M, |-, -+, -|ll1 in view of the above proof. O

Corollary 1. Let M = (My) be a sequence of Orlicz functions and p = (py)
be a bounded sequence of positive real numbers. Then

[‘/QE7A7 Ae_laMa H7 7'”7]7]1 C [‘/GEaA7Aj€‘7M7 Ha >'Hap]0-

Theorem 5. Let 0 < p < ty < oo for each k, M = (M) be a sequence of
Orlicz function, p = (px) be a bounded sequence of positive real numbers and e
be a positive integer. Then we have

[‘/OEaAvA??Ma ”7 7”7t]oo - [‘/GEvAaAj%M) ||a 7||7p]oo
Proof. Let z = (1) € [V", A, A%, M, |-,--- ,-||, t]oc. Then we have

sqpsuphizajk {quw )tk] < 0.

7o T ke, P
)] <e (0<

y 21y "y An—1

yRLy "ty An—1

1
This implies that — | M,
1S 1mplies a Slip h kez]a]k|: k(
e < 1), for sufficiently large k. Hence, we have

1 :Ck) Pk
Suph_zajk[Mk(H—fazla"' y “n—1 ) :|

T kel
1 q(A%xy,)
< Suph— Zajk {Mk< ’—f721:"' s Zn—1

tg
) ] < oo.
T ke,

This implies that = = (z3) € [V}, A, A5, M, ||+ -], ploo

’ q(A%wy)
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Thus [‘/GEJAv A67M7 H7 U 7H7t]oo C [‘/GE7A7A€7M7 ||7 T 7||7p]oo This
completes the proof. O
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