ON THE ENESTROM-KAKEYA THEOREM

N. A. RATHER anD S. GULZAR

ABSTRACT. In this paper, we obtain some refinements of a well-known result of Enestrom-Kakeya
concerning the bounds for the moduli of the zeros of polynomials with complex coefficients which
among other things are also improved upon some known results in this direction.

1. INTRODUCTION
If P(z) = Z?ZO a;z? is a polynomial of degree n with real coefficients satisfying
anzan—lz"’2a12a0>07

then according to a well-known result of Enestrom-Kakeya (see [9, 10]) all the zeros of P(z) lie in
|z| < 1.
We may apply this result to P(tz) to obtain the following, more general result.

Theorem A. If P(z) = Z?:o a;jz? is a polynomial of degree n with real coefficients satisfying

t"an > t" a1 > >tag > ap >0
Go back

for some t > 0, then all the zeros of P(z) lie in |z| < t.
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In literature [1, 2, 3, 4, 5, 6, 7, 8, 9, 10] there exit several extensions of Enestrom-Kakeya
theorem. A. Aziz and Q. G. Mohammad [3] used Schwarz’s Lemma and proved among other things
the following generalization of Theorem A.

Theorem B. Let P(z) = E?:o ajz? be a polynomial of degree n with real and positive coeffi-
cients. If t; > to > 0 can be found such that

titoa, + (t1 — ta)ar—1 — ap—2 >0 for r=1,2,....n+1, (a_1 =ans1 =0),
then all the zeros of P(z) lie in |z| < t;.

For the polynomials with complex coefficients, A. Aziz and Q. G. Mohammad [4] also proved
the following generalization of Theorem A.

Theorem C. Let P(z) = Z;L:O ajzj be a polynomial of degree n with complex coefficients such
that for k =0,1,2,...,n and for somet > 0,

t*an| <" Hap—1| < -+ <tFlag > Hagoa] > - > tlar| > Jaol,
then P(2) has all its zeros in the circle
2t*|ay | = Ja; — la;]]
(1) |Z|§t{——1 +2) ———.
t"|an| jgo |an |77 1
Rather et. al. [11] extended Theorem B to the polynomials with complex coefficients by proving

the following result which is also generalization of Theorem C.

Theorem D. Let P(z) = Z?:o ajz? be a polynomial of degree n with complex coefficients. If
ty > to > 0 can be found such that

t1t2|ar| - (tl = t2)|a,«_1| = |CIJT_QI >0 for r=1,2,...,k+1,



and
t1t2|aT| aF (tl = t2)|a,~_1| = |a7~_2| <0 for r=k+ 2,....,n+1,
0<k<n,a_j =ant1 =0, then all the zeros of P(z) lie in

2 2t 2 & |aj — laj

7" |an| lan] = 77771

The following generalization of Theorem A is due to A. Aziz and Q. G. Mohammad [4].

Theorem E. Let P(z) = Z;L:O ajzl be a polynomial of degree n with complex coefficients. Let
Rea; = o andIma; = B; for j =0,1,2,...,n. If for somet >0, and 0 < k < n,

0<t"an <t" ta,_1 < <trap >t oy > > tag > a9 >0,
then P(z) has all its zeros in the circle

2tk ay, 2 & 6]
3 <t -1 — I,
®) se{ 1)+ 25 AL

Jj=0

Rather et. al [11] also obtained the following generalization of Theorem E.

Theorem F. Let P(z) = Z;L:O ajzl be a polynomial of degree n with complex coefficients. Let
Rea; = o andImaj; = B; for j =0,1,2,...,n. Ift1 >ty > 0 can be found such that
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tltgar+(t1 —t2)ar_1 — a9 >0 for =1,2,...,k+1,

Close and
tltgar+(t1—t2)ar_1—ar_2SO for r=k+2,...,n+1,

Quit




Go back

Full Screen

Close

Quit

0<k<n,a_j1=ap1 =0, a, >0, then all the zeros of P(z) lie in

n

2ak) t2ak+1 2 |ﬁ]|
(4) 2| < 1{ + o >

n—k n—j—1°
oy ot

1

In this paper, we first present the following result which among the other things provides an
interesting refinement of Theorem D for 0 < k < n — 1.

Theorem 1.1. Let P(z) = E?:o a;jzd be a polynomial of degree n > 2 with complex coefficients.
Ift1 £ 0, t1 > ta > 0 can be found such that

t1t2|ar| + (tl - t2)|ar—1| - |a'r—2| >0 for r= 1525 .. -ak + ]-)
and

t1t2|ar| + (tl _t2)|a'r—1| - |ar—2| <0 for r= k+27-- N+ ]-7

0<k<n-—1,a_1 =ant1 =0, then all the zeros of P(z) lie in

an—1 talar+1| + |ax| Zn |la, — |a,||
ZaF —(tl—tg) SQ(f +2 —_—
an " a,| =t Yay,|
Gp—1|+ |Gn—1 — |an-1|| +t1|an — |a
(5) _ <t2+| 1| + [an—1 ||an|1|| 1]an — | n||>
n

Remark 1.2. In general, Theorem 1.1 gives much better result than Theorem D for 0 < k < n—1.
To see this, we show that the circle defined by (5) is contained in the circle defined by (2). Let



z = w be any point belonging to the circle defined by (5), then
talagy1| + |ak|> |ay — |ay ||
<2 —XF———
( £ Tan) Z = al

. tz + |an—1| + |a'n—1 - |an—1|| +t1|an - |an|| i
|an|

Gp—1

‘U)"F - (tl —tz)

n

This implies

Qp—1 An—1

= (tl —tz) aF (tl —tz) =

n an

= (t1 — t2)

o] = \w+

Gp—1 an—1

S‘uﬂr

+‘(t1—t2)—

n an

tolak+1] + |ak|) Z |a,, = |ay |
<9 ="
( t?_k_1|an| 1 1|an|

~ <t2+ lan—1| + |an_1 — |an_1|| + t1]an — |an||)

|ax|
||an|(t1 - t2) - |an—1|| + |an - |a'n||(t1 - t2) + |an—1 - |an—1||
|an| [

t an—1| +t1|a, — |a
:2<W) Z lay —Jaull _(,  lanal + tafon = o
i |an] i |an|

|an|

lan—1] — |an|(t1 — t2) n |an - |an|| t1 —t2)

|an| |an|

+




2 & =
< ot (t2|ak+1|+|ak|)+_zlau |av|| h

7 an| [ B
2|ag| + 2ta|ag41] 2 & |aw —aul|
=t1{ ] aS |Z—t”_”_1 :
1 n nl =0 1

This shows that the point z = w belongs to the circle defined by (2). Hence the circle defined by
(5) is contained in the circle defined by (2).

The following corollary follows immediately by taking ¢ = 0 in Theorem 1.1.

Corollary 1.3. Let P(z) = Z?:o a;jz3 be a polynomial of degree n with complex coefficients. If
t > 0 can be found such that

t*an| <" Hap_1| < - <tFFagpa] < Flag,
t¥lag] > t* Hag_1| > - > tlas| > Jaol,
0 <k <n-—1, then all the zeros of P(z) lie in

Qg ay Ay
< 2R 4 2 (1
’ — tn—k‘—lla | |a | Vz:o n—v—1

Ap—1

Z 4

Qn

_ |an—1| + |an—1 - |an—1|| +t|an - |an||
[ .

For polynomial P(2) = Y77 a;2’ with real and positive coefficients, we obtain the following
result.

Corollary 1.4. Let P(z) = Z;LO a;jz be a polynomial of degree m with real and positive
coefficients. If t; > to > 0 can be found such that

tltga,r-l-(tl —tg)ar_l —ap_2 >0 for r=1,2,...,k+1,



and
t1t2ar+(t1—t2)ar_1—ar_2§0 for r=k+2,...,n+1,
0<k<n-—1,a_1 =ant1 =0, then all the zeros of P(z) lie in

t B
S2<2:k+jak)— ty+ 22l ).
tl (07% Gnp
Next we present the following result which considerably improves upon the bound of the Theo-
rem F for 0 <k <n-—1.

Gp—1

Z 4

= (t1 — t2)

n

Theorem 1.5. Let P(z) = Z?:o a;jz? be a polynomial of degree n with complex coefficients.
Let Rea; = oy and Imaj; = B for j =0,1,2,...,n. Ift; #0, t1 > t2 > 0 can be found such that

titoa, + (tl = tQ)ar_]_ —a,_9>0 for r=1,2,...,k+1,
and
titoc, + (t1 —ta)ar—1 — @p_o <0 for r=k+2,...,n+1,
0<k<n-—1,a_1 =ant1 =0, o, >0, then all the zeros of P(z) lie in

Qo1 — (t1 — t2)on

2+
Gnp
(6) n
otz +ar) = 2 > 1Bl talBnl+ ants + an
|a,|t7 k1 |an| &= 771 |an|

Remark 1.6. In general Theorem 1.5 also gives much better result than Theorem F for 0 < k <
n — 1. We show that the circle defined by (6) is contained in the circle defined by (4). Let z = w



be any point belonging to the circle defined by (6), then

an—1 — (t1 —t2)ay,
An,

‘uH—

<2

(0gyrta + o) |6y t1]8n| + anta + ap—1
= |an|t'i7,—k—l |an| Z - .

tn v—1 |an|

This implies
an-1 — (b1 —ta)an  an—1 — (L —l2)ay

|lw| = ‘w +
Ay, Gnp,
< ‘w n an—1 — (t1 — t2)ay n an_1 — (t1 — t2)a,
(7% QA

9 (agy1te + o) Z 1Bu]  talBnl + anta + an—1
|an|

|an|t711—k—1 tn v—1 |an|

Qi = (67 = tz)an

+
|an |
1 Qprits + »
= 1 Jplakntatay) sl k) +2Z nlﬁy =+ —tiap, — 1]l
|an| £ £
1) (agsite +ag) 18y
Sa_n{z tnkl +22tnul tlan

20 + 2toak 41 } 2 B
D el ke 2 T GV :
' { 7 Fa an VZ:% T

n



Hence the point z = w belongs to the circle defined by (4) and therefore, the circle defined by (12)
is contained in the circle defined (4).

The following result also follows from Theorem 1.5 by taking to = 0.

Corollary 1.7. Let P(z) = Z?ZO a;z? be a polynomial of degree n with complex coefficients.
Let Rea; = o andImaj; = B for j =0,1,2,...,n. Ift > 0 can be found such that

tan <t lapoy < <oy < tFag, tfap > T lago > - > tar > ao

0<k<n-—1,a_1 =ant1 =0, a, >0, then all the zeros of P(z) lie in

20 2 1|55 o
< nfk—l + _Z nlﬁl:|—1 — =
|ant |an| =t |an|

Op—1 — tan

2+

an,
2. PROOF OF THEOREMS

Proof of Theorem 1.1. Consider the polynomial
F(z) = (t1 — 2)(ta + 2) P(2)

= —ap2"t?+ (an(t1 — t2) — an—1)2n+1

n
+ 3 (avtits + ay_1(ts — t2) — ay_2)2"
Go back v=2
+ (a1t1tz + ao(ts — t2))z + aotita

= — @, 2" + (an(ty — t3) — @n_1)2™""
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Let |z| > t1, then

n
Ap—1 a,tito + a _1(t1—t2)—a _9 1
P 2 lonlll"™ | s+ 22 = (1 - ) - 3 | ata el = s
™ " ! "
n
Ap—1 1 |a tito + a _1(t1—t2)—a _2|
> fonlll"*H s 222 — (6 )| - L5 [eite b deante) el
n nl ,—0 1
Now,
= laytita + ay—1(t1 — t2) — ay—2]

Z tn—u+1
v=0 1

" ||au|t1t2 + |ap—1|(t1 — t2) — |au—2||
= Z tn—u+1

v=0 1

- |CL,, - |au||t1t2 + |au—1 - |au—1||(t1 - t2) + |au—2 - |au—2||
+ Z tn—l/+1
v=0 1

k+1 n
. |ay [t1ta + |ap—1|(t1 — t2) — |ay—2] |ay—2| — |ap—1|(t1 — t2) — |ay [t1t2
a Z vl + Z v+

v=0 1 v=k+2 1

~ t1|a'u—1 - |au—1|’ + |au—2 - |au—2”
v=1 1

t i -
o (et el o3 1o I ) el s ol + e = ]
v=0



Using this in (7), we obtain for |z| > t1,

n

Ay
|F(2)] > lan2"| |2+ =2 = (t1 — t2)
n
t2|ak+1|+|ak|> la, — |a, ||
-2 —F—
( 7 an| Zt” an|
Ap—1| + (-1 — |Qpn_1|| + t1|apn — |@
+t2+|n1| |n1 |n1” 1|n |n|| >0,
|an|
if
G, t2|ak+1|+|ak|) lay — |au |
Z A —(t1 —ta)| > 2 ——————
(1 2) ( t?_k_1|an| Ztn v— 1|an|

<t2+ lan—1] + |an—1 — lan-1]| + t1]an — |an||> '

|an|

Therefore, it follows that all the zeros of F(z) whose modulus is greater than ¢; lie in the circle

Un—1 tolag+1| + |ak|) lay — Jav||
Z A —(t1 —t2)| < 2 (—
‘ - ( 1 2) t{”_k_1|an| Z tn v— 1|an|
@ - <t2+ |an_1|+|an_1—|an_1||+t1|an—|an||
|an| ‘

We now show that all those zeros of F(z) whose modulus is less than or equal to ¢; also satisfy

(8)-



Let |z| < t1,

G
4 dnol —(t1 —t2)| <t + | — ! — (t1 — t2)
mn n
|lan|(ts — t2) = |an_1]|
<t + ]
" |an - |an||(t1 - t2) + ’an—l - |an—l||
[
|an—1| — |an|(t1 — t2)
=t + |an|
i |a'n - |an||(t1 - t2) + |an—1 - |an—1||
[
9) _ (o |an_1|) n |an—1 = |a'n—1||
- ? |an| |an |
Ay — |an||
+ (t —tz)“T
Ay a _1—|an_1||
=2(t2+| " 1')4—2‘ " ™
|a7l| mn
|an - |an|| lan 1]
+ (61 — t2)—|an| = <t2 4F —|an|

Ian—l - |an—1||

|an|




Now, by hypothesis,

zn: lay [tite + |ay—1|(t1 — t2) — |ay—2]

tn—u—i—l = 0.
v=k+2 1
This gives
_ 2t 2
(10) 2(t2+ “"1)_ downl +2ar] oy g
i) |an|t
Using (10) in (9) for 0 < k < n — 1, we obtain
Ap—
’Z—i‘ nol —(tl—tQ)
t Ap—1 — |Qp— _ -1 — — Ap — |Gp
32( 2|:l_c;cri|1+|ak|)+2| 1| 1||—(t2+ |an—1|+|an—1 — |an 1||>+(t1—t2)| Jan|
] |an] |ax| |an| |an|
_ —i = ||@p— t =
32(—t2|ilil_|1+ |ak|) Z |:Vu 1|a”|| (t2+ [an—1] + |an—1 — |an-1]| + t1]an |a”||).
0" an| 0" an] |an|

Thus, we have shown that if |z| < ¢;, then for 0 < k <n —1,

talaky1| + |ak|) |a,, lay||
<2 ——M E
( t{‘_k_1|an| T 1|an|

. (tg + |a'n—1| + |a'n—1 - |an—1|| +t1|a/n - |an||)
|an|

Gp—1

—(t1 —t2)

n




Hence all the zeros of F(z) lie in the circle defined by (8). But all the zeros of P(z) are also the
zeros of F(z), therefore, we conclude that all the zeros of P(z) lie in the circle defined by (8). This
proves the Theorem 1.1. O

Proof of Theorem 1.5. Consider the polynomial,

F(z) =(t1 — 2)(t2 + 2) P(2)

n
= anz"+2 aF (an(tl = tz) = an_1)2n+1 aF Z(al,tltz =F 0,,,_1(t1 = tz) = a,,_z)ZV

v=2

+ (a1tatz + ao(ts — t2))2z + aotit2

n
— 2"+ (an(ty —t2) — an_1)2" + Z(a,,tltg +a,_1(t1 — ta) — ayp—2)z"

v=0
where (a_o = a_1 = 0).
Let |z| > ty, then
n
|F(2)] > 2" | |anz + an—1 — (t1 — t2)an| — Z;) lavtits + ay—1(t1 — t2) — a2 |z|”+”+1
y=

(A1) > 2" | Janz + an-1 = (t = t2)an| = 181 = (t1 — t2)|Ba]

- 1
- Z lavtits + ay—1(t1 — t2) — au—2|tn_—,,+1 .
1

v=0



Now by hypothesis,

n

> lavtits + ay_1(ts — t2) — ay_olt{

v=0
n n
<) lawtita + a1t —t2) — ooty + > |Butita + Bu1(ts — t2) — Bualt}
v=0 v=0
k+1 n
< Z laptits + ay—1(ty — ta) — ap_o|ty + Z |aptits + ay—1(t1 — ta) — ap—o|t]
v=0 v=k+2
n
+ > (1Bultats + [Boa|(ts — ta) + |Bo—2l) 2]
- = s,
= 2(apy1ts + o)t T2 — (apty + oy P 4471 <|ﬂn|t2 +2)° t”—% — |[3n_1|> :
v=0 "1

Using this in (11), we obtain

|F'(2)] > |2|"+1{ lanz + an—1 — (t1 — t2)am| — |Bu—1]| — (t1 — t2)|Bnl
k+1

n—1
t v
— 2(ogy1t2 + Oék;)lt_n + (ant2 + an_1) — |Bulta — 2 Z tn'éjl_l = |/8n—1|}
1 v=0 "1

={mm+amrwu—@ma—mm|

o+l <« 18
—2(ogy1t2 + ak)? + (antz + ap—1) — 2 Z n—v—1 } >0
1

v=0




if

an—1 — (t1 —t2)ay,

2+
e
1 =18 (agrita + o)  (antz +on_1)
> — <t Ba| + 2 b+ 2 I
jan] { ! ;) T lan |ty [
—9 (ak+1t2 + ak) + i 2”: |/8V| . t1|6n| + apta + 01
|a |71 |an| . vt |an|

Hence all the zeros of F(z) whose modulus is greater than #; lie in the circle

an_1 — (t1 — t2)a,

z+
ap
12
&) cql@ntatar) 2 z": 1Bu]  ta]Bal + ants + an1
L S 1 e |anl '

We now show that all those zeros of F(z) whose modulus is less than or equal to ¢; also satisfy
(12). Let |z| < t1, then we have

lanz + an_1 — (t1 — t2)an| < |anlts + lon—1 — (t1 — t2)awm|
(13) < trlom| + t1]Bnl + an_1 — (t1 — t2)an
= t1]Bn| + 2(t2atn, + an_1) — (t2an, + @n_1)




Again, by hypothesis, we have

zn: aytits + ay_1(t1 —t2) — o

tn—u-{-l S 0
1

)

(14) v=k+2

2t 2

< — S 0Sksn-l
1

Using (14) in (13) for 0 < k < n — 1, we obtain

|anz + an_1 — (t1 — t2)an|

2toak41 + 20

S t1|18n| + - (t2an + an—l)

t’il—k—l
-1
2toap11 + 20 3 B
S t1|18n| = % - (t2an aF an—l) T 2 Z tn|_,l:|_1
1 v=0 "1

apy1to + ag = Bu
ol tan) o> L (il + anta + ann).
1 1

v=0
This shows that all the zeros of F(z) whose modulus is less than or equal to ¢; also satisfy the
inequality (12). Thus we conclude that all the zeros of F(z) and hence that of P(z) lie in the circle
defined by (12). This completes the proof of Theorem 1.5. O
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