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ON UNIQUENESS FOR A SYSTEM OF HEAT EQUATIONS
COUPLED IN THE BOUNDARY CONDITIONS

M. KORDOS

ABSTRACT. We consider the system

ur = Au, v = Av, z e RY, t>0,
ou v
——— =P, —— =l =0, t>0,
ox1 v ox1 “ e
u(z,0) = uo(x), v(z,0) =vo(z), z e RY,

where Rf = {(xl,m’) cxl e RN g > 0}, p, q are positive numbers, and func-
tions ug, vo in the initial conditions are nonnegative and bounded. We show that
nonnegative solutions are unique if pg > 1 or if (uo,vo) is nontrivial. In the case of
zero initial data and pg < 1, we find all nonnegative nontrivial solutions.

1. INTRODUCTION

In this paper we study the uniqueness of nonnegative classical solutions of the
system

up = Au, v = Av, xGRf, t>0,
ou ov
1.1 — =y — =yl =0 t>0
( ) 81'1 v, axl u, x1 ) >0,
u(z,0) = up(x), v(z,0) =vo(x), T € Rf,

where Rf = {(a:l,z’) sl e RV gz > O}, N2>1,p>0,q>0, and both ug, vg
are nonnegative bounded functions satisfying the compatibility conditions
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In order to motivate our results, we recall a paper by Fujita and Watanabe [6],
in which they studied the Cauchy-Dirichlet problem

up — Au = uP, T €, t>0,
(1.2) u(z,0) = up(x), x €,
u(z,t) =0, x € 09, t>0,

where p > 0, ug is a continuous, nonnegative and bounded real function, and 2 is
a bounded domain in RY (N > 1) with smooth boundary 9§2. They showed that
uniqueness fails when p < 1.

Analogous results for systems were obtained by Escobedo and Herrero. In [4]
they investigated the initial value problem for a weakly coupled system on the
whole space

(1.3) up = Au+ vP, v =Av+ud, z e RN, t>0,
u(z,0) = ug(x), v(z,0) =vo(x), z RN,

with N > 1, p > 0, ¢ > 0, and where uy and vy are nonnegative, continuous, and

bounded real functions. They showed that solutions of (1.3) are unique if pg > 1

or if one of the initial functions wug, vg is different from zero. They also charac-

terized the whole set of solutions emanating from the initial value (ug, vo) = (0, 0)

when 0 < pg < 1. In this case, the set of nontrivial nonnegative solutions of (1.3)
is given by

u(tis) =t = )T, v(ohs)=dit— )],
where (r)4 = max{r,0}, s >0,
p+1 g+1
ap = y 51 = )
1 —pq L —=pq

and c1, d; depend on p and g only.

In [5] they proved the corresponding result for the bounded domain version
of the problem (1.3). Let Q be a bounded domain in RY (N > 1) with smooth
boundary 9). They considered the following Cauchy-Dirichlet problem

up — Au =P, x €, t>0,
(1.4) vy — Av=1u?, x €, t>0,
u=v=0, x € 09, t>0,

u(z,0) =ug(x), v(z,0)=1vy(x), x €,

where p > 0, ¢ > 0, and ug, vg are nonnegative, continuous, and bounded real func-
tions. They showed again that solutions of (1.4) are unique if pg > 1 or if the initial
data ug, vy are nontrivial, and they also characterized the set of solutions with zero
initial value (ug,vo) = (0,0) when pg < 1. In the latter case, the set of nonnegative
solutions of (1.3) consists of (i) the trivial solution u(x,t) = v(x,t) =0, (ii) a solu-
tion U(z,t), V(x,t) such that U(x,t) > 0 and V(z,t) > 0 for any x € Q and ¢t > 0,
(iii) a monoparametric family Us(z,t), Vs(z,t), where Ug(x,t) =U(z, (t — s)4),
Vi(z,t) =V (z,(t —8)+), s >0, and (r)4 = max{r,0}.
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A nonuniqueness result for the system (1.1) is obtained by Deng, Fila, and
Levine in [3] where they constructed a nontrivial solution with zero initial data
and pg < 1 in the dimension N = 1. It is a self-similar solution of the form

un ) =), et =), fory= L t>0,
with
l+p o l+g¢ By
o/1 N o ﬂ = 579 N o>
“2(1—pg) 2 2(1—pq) 2
where f, g > 0 solve the corresponding initial value problem
)+ f( ) —af(y) =
9"(y) + gg’( ) — By(y) = for y > 0,
f1(0) = —g7(0),
g'(0)= — f4(0),

and where (f, g) decays to (0,0) as y — co. We have (see Theorem 3.5 in [3])
2

2 1 1
f(y)_CQG4U<+aa2,y >7
1.5
(1.5) 1
2

o) =dye 5 U (w

where

l\J

s ) (B
U(a,bﬂ“):F(la)/oooe—rtta—l(l_i_t)b—a—1dt7

and ds is obtained from cy by the interchange of o with 8 and p with q.

Wang, Xie, and Wang showed in [9] besides the blow-up estimates also the
uniqueness of the trivial solution of (1.1) in the case pg > 1 with trivial initial
data (ug,v0) = (0,0), and Lin generalized this result for the corresponding system
of n equations in [8].

The bounded domain version of the problem (1.1) was discussed by Cortazar,
Elgueta, and Rossi. In [2] they considered the system

uy = Au, v = Av in Qx(0,7),
(1.6) o 90 _ n 90 x (0,T)
’ v v © T
u(x,0) = uo(z), v(z,0) =vo(z) in €,

with smooth initial data uyp > 0 and vy =0, p > 0, ¢ > 0, and v being the outer
normal to 9. Their result for (1.6) takes the same form as for (1.4) in [5].
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Finally, a uniqueness result is showed in [7] for the system

up = Au + P, v = Av, xeRf, t >0,
ou ov
1.7 —— =0 —— =g =0 t>0
( ) axl ) axl u, T ) >0,
u(x,0) = ug(x), v(z,0) = vo(x), zeRY,

with N >1, p > 0, ¢ > 0, and ug, vg nonnegative, smooth, and bounded func-
tions satisfying the compatibility condition. The nonnegative solutions are unique
if pg > 1 while a nontrivial nonnegative solution is constructed with vanishing
initial values when pg < 1.

In [3], Deng, Fila, and Levine studied also the large time behaviour of nonneg-
ative solutions of (1.1). They proved that if pg < 1, every nonnegative solution is
global. Set, when pg > 1,

Qo = —Q, ﬂ2 = - B
They showed that if max(as,85) > N/2, then all nontrivial nonnegative solu-
tions are nonglobal; if max(as,35) < N/2 there exist both global and nonglobal
nonnegative solutions.
The purpose of this paper is to complete the uniqueness result for (1.1), which
has the same form as for (1.3) in [4]. We prove the following

Theorem.
(i) Let pqg = 1. The system (1.1) has then a unique solution.
(ii) Let pg <1 and (ug,vo) # (0,0). The system (1.1) has then a unique solution.
(i) Let pg < 1 and (ug,vo) = (0,0). The set of nontrivial nonnegative solutions
of (1.1) is then given by the family
T

ﬂ(x,t, s)z(t—g)o‘f(y)’ e Zf t> S,
(1.8) B ; y=( Vt—s
o(z,t;s) = (t —s)19(y), 0 otherwise,
1 1
where (r); = max{r,0}, s >0, a = 30 J_riq), 8= 30 J:Zq), and f, g are given

in (1.5).

We prove the parts (i), (ii), (iii) in Sections 2, 3, and 4 respectively.
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2. PROOF OF PART (i)

Similarly as in [3], we denote

At
Hy(z,y;t) = Gn(x,y;t) + Gn(z, —y;t),

lz1 — y1]? |21 4+ y1]?
P~ 4t texp (- 4t ’

2
Ra1,1) = Hy(w1,0:8) = (nt) "} exp <_4t>

2
G (a,y:t) = ()~ exp (— [z —y] ) ,

MBS

1
Hl(wl,yl;t):§(7rt)’

fort >0, 2,y € RN, zy, 91 €R, 2,y € R¥"L and z = (z1,2"),y = (y1,7). We

use these functions to define several operators for w € L}, .(RY), namely

Sn(Hw(x) = Gn(z,y;t)w(y)dy,
RN
Sn—1(Bwls, o) = / Gnr (@' wlan, )y
RN-1
T(t)w(z) = Hy(z1,y1; t)w(yr, 2" )dyr,
Ry

R(t)w(x) = R(x1,t)Sn—1(t)w(0, 2').

These integral operators allow us to write the variation of constants formulae
for solutions of (1.1)

(2.1a) u(a ) = T(B)Sy—1 (o x) + / R(t — n)o? (z, n)dn,

(2.1b) v(x,t) =T (t)Sn—1(t)vo(z) + /0 R(t — n)ul(x,n)dn.

It is possible to prove the local (in time) existence of the solution for given L*°
initial values using (2.1) and the contraction mapping principle. Since the solution
does not have to exist globally in this case (see [3]), we define a strip S =R} x
(0,T) for any 0 < T < o0.

We point out several useful relationships. One can easily check that for w €

L} (RY), s,t > 0, the equalities

loc

T(t)SNfl(t)w = SNfl(t)T t)w,
Sn-1(t)Sn-1(s)w =Sn-1(t + s)w
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hold. We use them later without referring as well as Jensen’s inequality in the
following two forms

if r>1 then (/tf(s)ds) gtT_l/tfr(s)ds
if r<1 then f (/f >

We prove the following formulation of Part (i).

Proposition 2.1. If (u,v) and (4,?) are two solutions of the problem (1.1)
with pq = 1 in some strip St, then (u,v) = (@,v) in St.

Proof. We omit the standard argument when both nonlinearities are Lipschitz
continuous, i.e., p,q > 1 (cf. Preliminaries in [5]). Since the system (1.1) is sym-
metric in the sense of interchanging p and ¢, we may assume p < 1 (i.e., ¢ > 1)
for definiteness without loss of generality. We adapt the argument from the proof
of Lemma 2 in [4].

Let 7 € (0,T) be an arbitrary time and let 0 < s <7 <t < 7 be always ordered
this way in further discussion. We fix (z,7n) € S; and define a functional g(-)(z,n) :
L>(S;) =R

g(w)(z,n) =T (N)SN-1( / R(n — s)wi(z,s)ds,
f(§)=¢, §>0,
so that we obtain by the mean value theorem for f og
V(z,n)= (v" = 0") (z,n) = (9(u)(z,n)" — (9(@)(z,n))"

2.2
22) pq (g(w)(z,n))*~ 1/ R(n—s) (w? ' (u—1)) (z,s)ds
for some w between u and u. More precisely, we write

w('7 5) = p(x7n)u('7 S) + (1 - p(a:?n))a('v S)

where 0 < p(z,n) < 1. We also define F(t) = sup{||(uv — @)(-,n)|lc : 7 € [0,¢]},
and by Holder’s inequality we derive (since % <p<l)

V()| <paF(n (/ R( _qu“)ds>p_1
X/o R(n — s)wi™(x,s)ds

1 11 n p,1+1,%
<varn) (27 %% ([ RO 9utte, s )

< pg2Pr EUPITLR ()t

(2.3)
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where U is the upper bound of w in Rf x [0,7]. Hence, applying the solution
formulae (2.1), we obtain for any = € Rf, n € 10,1

=l < [ Rl — )|V s)lds
(2.4) /0

n
< pq2p7r_gqu_1F(77)/ s%ds < KtHTpF(t),
0

where the constant K depends on p, ¢, and on the bounds of v and @ in Rf x [0, 7].
The supremum property implies F(t) < KtHTpF(t) on [0,7], and thus F(t)=0
for t € (0, K 7$) Since the system is autonomous, finite iterating of the
argument yields u=u in Rf x [0,7]. The equality v =17 follows consequently
from (2.1). O

3. PROOF OF PART (ii)

In this section we establish an estimate for the nontrivial nonnegative solutions
of (1.1) when pg < 1 that we will use in Section 4 as well. We also prove Part (ii)
of our main result.

Let us introduce further notation for convenience. We set b(y) = B(3 + 7, 3)
for v > — where B(z,y) is the Beta function. Thus we have for ¢ > 0

t 1 1
0

1 1
Remark 3.1. Notice that 3 + pB =« and 3 + ga =3, which will be richly

used in the iteration arguments.

Remark 3.2. We recall also a standard auxiliary result that can be proved by
standard arguments. For ¢ > 0 and a solution (u,v) of (1.1) with uy # 0, there
exist v, ¢ > 0 such that

(3.2) u(z, t) > ’ye*UI"’”‘Q, reRY.
Lemma 3.3. If (u,v) is a solution of the system (1.1) with nontrivial initial
condition (ug,vo) Z (0,0) and pg < 1, then
w(0,2';t) > Ct*,
(

3.3
(3:3) 0,2';t) > DtP,

 eRN"L >0,
v

where C' = 7~bT 5 (a)bﬁ (8) and D = T (a)bﬁ 8.
Proof. We adapt the arguments from the proof of Lemma 2 in [4]. First we

obtain the estimate assuming u(0,z’) > fye’”‘z/‘(z, 2’ € RN~ for some v, o > 0.
Since (cf. (2.13) in [3])
N1

SN_l(t) e*o\z'|2 :(1+40t)7 5 efﬁﬂlli
we have
(34) Sn—1(t—m)e " > (14 dot)= "5 el P
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for 0 < n <t. We use (3.4) and the solution formulae (2.1) to get partial estimates
for w and v on the boundary z; = 0. In the first step, we obtain

N

w(0,2';8) > (T()Sy—1(H)uo) (0,2') > (1 + dot) "7 &P,
(3.5) u(o,x’;t)>/ (R(t —n)u?) (0,2";m)dn
0

> 21 3y (1 4 dot) " 7 91+ dogt) 7 e 7 g3

Substituting (3.5) into (2.1) again yields

t
w00 > [ (R(E=0)0") 0.5y
0
> 0P r= S APU(1 4 4ot) T PU(L + dogt)” T P(1 + dopgt)

« e—opdlz’* g (1 ;—p) tHTp7

_N-1
2

o(0,2';1) > / (R(t — n)u?) (0,2"; n)dn

N—-1 N—-1

720 (1 4 dogt)™ "7 PI(1 + dopgt)

% (1 + dopg?t)= 7" e=ora’la’I* ya (1 ;p) . (1 + q2+ pq) ey

N—1
——=2 4

By induction, we obtain

w(0, 2’5 t) > 200"y (e0)" =0 D)2 e 4y Oy ek

(36) k K k 72 ke N’
v(0,2';t) > 2(Pa)" ~(P0)"q g0 (pa)"al’| Ly () DytPr,
where (using also that b() is decreasing)
b L) § . . _N-1 k—j
Ki(t)= [T (0 +40tpay) = 7 ] (1 +dotpay~q) = 777,
Jj=0 j=1
k . ,M(pq)k—jq k . 7N—1(pq)k—j
Li(t) = [ (1 +4ot(pg)’) " * [T (1+40t(pg)yq) = :

<
I
o

Jj=0

k _ k-1 -
C) = 7~ H b0 (o) H pppa)* 7" (8;)
i=1 =1

1—(pg)* 1—(pg)k—1

>7T_akb 1—-pq (Ozk) bp 1-pgq (ﬁk71)7

k k
Dy, =75 H plra)*~a (o)) H ppa)* (8;)
j=1 j=1

1—(pg)* 1—(pg)*

>m kbt e (o) b (By),
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and o, = (1 — (pg)*) = oy, B, = B(1 — (pg)*) + % >, for 1<j<k. For
6 € (0,1), any positive number &, and any real number ¢, we have
k
: VAT
(3.7) Jim. H (1+¢€6%) =1,
7=0
and therefore
klim Kk(t) = 1, khm Lk(t) =1.

The argument proving (3.7) for ¢ negative runs as follows
k cob—i k k
> j _ k= j k
0> [T (1+¢#) (Y0 m(1+e0) > 0" —0.
j=0 i=0 j=0
It is also obvious that

likm inf C, > C, likm inf Dy, > D.

Letting k — oo in (3.6), we obtain (3.3) for considered initial condition.

Now we generalize the estimate for any nontrivial initial data wg # 0 using
Remark 3.2. We take arbitrary € > 0 and set uc(-, t) = u(-, t+¢), ve (-, t) = v(-, t+¢).
The autonomous nature of the system (1.1) implies

ue(z,t) =T ()SN—1(t)ue(z,0) + /0 R(t — n)vP(x,n)dn,

—o".’t/|2

where u:(0,2';0) > ~e for some positive numbers v and o. Therefore

ue(t) = Ct*, and accordingly
w(0,2';t) > C(t —e)*.

Thus (3.3) holds for any wug #£0, since ¢ is arbitrary. Obviously, the assump-
tion ug Z 0 is made without loss of generality. O

Proposition 3.4. If (u,v) and (@,?) are two solutions of the problem (1.1)
with nontrivial initial condition (ug,vo) # (0,0) and pq < 1, then (u,v) = (@, ).

Proof. We use the contradiction argument from the proof of Lemma 3 in [4].
We make the assumption 0 < p < 1 without loss of generality and introduce
notation fi = max{f,0} and ||f(t)|| = sup{|f+(0,2';¢)| : 2’ € R¥~1}. Suppose
that (u,v) # (4,7). Then we can find ¢ > 0 such that without loss of generality,
we may assume ||(u —@)(n)|| < ||[(v—@)(t)]] > 0 for 0 <<t

(a) We start with the symmetric case 0 < ¢ < 1. We use " — ("| < € —(]" for
nonnegative &, ¢ and r € (0,1), and obtain

uw—aMMhséiﬂt—mré(A?ﬂn—@r%Mu—ax$WM)2m

1+p 1 1+p
<l - molrrza s (152 0
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so that

P 1
(3.8) lw—a)@)| <P, P=27Fn b (?)

holds. The mean value theorem for g(£) =¢7, € > 0, r € {p, ¢} gives

(u? —a?) (0,2';t) = qu? (0, ;) (u — @) (0,25 1),

3.9
(39 (0 — ) 0.0'58) = p2 (0. )(w — 2)(0.';),

where w, z are between u and @, v and ¥, respectively, and fulfil therefore
wI1(0,2'; ) < 0L sla= D)
zpfl((),:r’;n) < Dpflnﬁ(pfl)

by Lemma 3.3 and by the fact that both p, ¢ € (0,1). Notice also that
Cr D=t = 72~ Ha)b"H(B).

By solution formulae (2.1), inequalities
(u—1)+(0,2";¢) < /Ot 775 (t— ) T2 Syo1(t —n) (P — ) (0,2 m)dn,
(v —10)4(0,2;1) < / () A8t — ) (u? i), (0,a';m)dn
hold. We use (3.9) and obtain
=)0 < par=t v [ o)

(/on(” — ) 552D (u— u)(s>||ds) an.

By (3.8), we see that the right-hand side of (3.10) is integrable. Moreover, com-
bining (3.8) with (3.10) yields
(3.11)

t n
=)0l < par D [ (o= )3P0 ( [w- s)—;s%> dn
0 0

(3.10)

t
= pqw‘lD‘”‘loq‘lb(ﬂ)P/ (t —n)"20"Pdn = pgPt°.
0
Tterating this procedure k times, we obtain
(3.12) I(u—2)@)I| < (pa)* Pt keN.

(b) Before completing the proof, we apply the arguments from the proof of
Lemma 3 in [4] to get the estimate (3.12) for ¢ > 1 as well. For an arbitrary



UNIQUENESS FOR A SYSTEM COUPLED ON THE BOUNDARY 289

0 € (0,1), using the inequalities u <@ + (u — @)4 and w’ <@’ + (u — @)%, we
obtain

v(x,t) =T (t)Sn—1(t)vo(x)
//RN (R(ay, b —m)G— W@y st =)' T u @y )

(R(z1,t =m)Gna (@ y'st —m))
T (£)Sn—1(t)vo(x)

t =0
+/ / (R(x1,t —n)Grn_1(2',y'st =) © u? % (21,9im)
0 RN—I
6
(R(w1,t —n)Gn_1(z',y'st —n)) ¢ @ (x1,y';n)dy dn
t a=0
[ @Gy st =) T w i)
0 JRN-1
(R(z1,t —=n)Gn_a(2', st —n))

We apply Holder’s inequality twice to get
SN,1 (t)’l)() ({L‘)

t

Q|

u?(x1,y'sm)dy'dn

Qe

(u— )% (x1,y';m)dy’ dn.

v(z,t) < T (¢

~—

q—0

+ [ (R =nm)us(a,m)'T (R(t —n)a®(x,n)) dn

S~

t q—0

(R(t —m)u?(z,m) = (R(t —n)(u—u){ (z,n))

~N—1(t)vo(z)

[ R ) - (f "R (e, n)dn>2

/Rt— Ju?(z, n)dn)qq (/OtR(t—n)(u—U)i(x,n)dn>g,

and using x+£177¢7 < (x+€)1 77 (x+¢)” for any nonnegative x, &, ¢, and v € (0, 1)
yields

Q|

dn

+
<7T()S

\/

+

+

(
(

)

(@, t) <o'7 (2,005 + 07 (2,1) </0t Rt — ) (u— a)i(z,n)dn) "

We set 6 = pg and obtain

(3.13) (WP — 5) (2, 1) < (/ Rt —n)(u — 0 (a, n)dn)p,

that we use to get (3.8) for ¢ > 1.
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Now we need an inequality like (3.10), such that its combining with (3.8)
yields (3.11). As in Section 2, we set

g(w) (2, 1) = T()Sx— 10 / R(t - nywi(e.n)dn, (&) =€",

and by the mean value theorem for f o g, we write (using assumption 0 < p < 1

as well)
(u —a)(z,t) < pq /Ot R(t —n) (/On Ry — s)uw(x, s)ds)p_l
(/ "Rn - 9w - 1) S)ds) i

0

(3.14)

for some w(-,t) = p(x, s)u(-,t) + (1 — p(z, s))u(-,t), where 0 < p(x, s) < 1. We also
have by Holder’s inequality

(3.15) /077 R(n — 8)(w?™ (u —a))(x, s)ds

< ([ "R syutte.syas) - ([ ==~ u|q<x,s>ds)3 ,

and since w?(0, z’; s) > C1s%1, pg—1 < 0, we derive from inequalities (3.14), (3.15)

that
=)0l <pa [ (rt0-m) i ([ R sicnseas)

(/on(”(” — )7 (u-a) ||qu> e

— pab~ ()b (8) / (t— ) do 5

0
1

(/on(" s (O ﬂ)(S)qu> " dn.

It takes the role of (3.10) in the iterating procedure, because combining (3.16)
with (3.8) yields

pg—1

-

(3.16)

_1 1 ¢ 1 _1l44q 1+g
I(u = @O < pab (@)~ (8) PO (3) [ (¢ =) b Sy
0
= pqPt*,

which is exactly (3.11), hence (3.12) does hold for ¢ > 1 as well.
The final steps are obvious. Letting & — oo in (3.12) implies u =14 on the
boundary x; = 0, and the contradiction argument is finished. O
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4. PROOF OF PART (iii)

In this section we generalize the nontrivial one dimensional solution constructed
in [3] for pg < 1 and trivial initial data (ug,vo) = (0,0) to dimensions N > 1.
Then we show that the members of the family (1.8) are the only solutions of (1.1)
in this case, which completes the proof of Theorem.

Proposition 4.1. Every member of the family (1.8) solves the problem (1.1)
with trivial initial condition (ug,vo) = (0,0) and pg < 1.

Proof. The generalization of one dimensional solution constructed in [3] to
higher dimensions is very simple. Obviously, the members of the family (1.8)
fulfil (1.1) with pg < 1 and trivial initial condition when ¢ # s. We only need to
show that

(4.1) lim+ as(x,t;8) =0, T € Rf, s € [0,00).
t—s
We use the facts (cf. [1])
~Uy(a,b,r)=aU(l+a,1+0b,r), Ula,b,r)=r"(1+0@r"")) forr— oo

to write

o3 1 1 2
Uy (w,t;8) = coae” T3 (t — 5)* 71U <2 +ao, -, )>

2 2 2
oy 1 1
tege 4<¢5J<ts>“U(z+a,, = >

1+ 2a)z? i 2
+ 02% e” T (t — ) 72U (3 + a, 3 xl))

m2
= e T (= )75 (pya1) + Ot =) fort — T
We see that (4.1) holds, i.e., (@(z,t;s),0(x,t;s)) solves (1.1) with (ug,ve) = (0,0)
and pg < 1. (]
Proposition 4.2. If (u,v) is a nontrivial nonnegative solution of the prob-
lem (1.1) with trivial initial condition (ug,vo) = (0,0) and pq < 1, then there
exists s 2 0 such that (u,v) = (a(-;s),0(:;s)) where (4,0) is given in (1.8).

Proof. First we observe that in terms of function b from (3.1) and constants C, D
from (3.3), we have

o = ﬂ_fab17ppq (6)[;13211 (Oz)r (; + O[) =CT <1 =+ Oé) b*l(a),

2
- d2=DFl (;w) b1(8), )
b(w):/o sv—%u—s)—%ds:/ P+ 0 e

0

1 1 1
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for v > 0, and thus f(0) = C, ¢g(0) = D. We apply the idea from Lemma 4 in [4].
Without loss of generality, we assume that there are ¢ > 0 and = € Rf such

that v(x,t) fo n)u?(z,n)dn > 0. We define 7 as follows
7= inf{t > 0:u(0,2';t) >0, 2’ € RN71}.

By standard results, u(z,t), v(z,t) > 0 for any = € Rf and t > 7. Now we
take t > 7 and set

a(z,t) =u(x,t +t), (w,t) =v(x, t+t).

Obviously, (@, 7) solves (1.1) and @(z,0), 9(x,0) > 0, and according to Lemma 3.3,
u(0,2;t+t) > Ct™,  w(0,2';t+1t) = DtP

for any 2/ € RV~=1 and ¢ > 0. This implies

4.3)  w(0,25t)=>Ct—1)%, v0,25t)=Dt—7)] 2 eR¥NL t>0.

Now let T' > 0 be arbitrary and M (T") > 0 be such that
(0,5 8)[loo < M(T)[u(0, 5 t)[[oc,  0<s<ELT.
By (2.1),
_1tp t _ 1 n 1 p
@) st <aF [e-nt([To- 9 Huo slnas) @

and therefore,

P 1 Prq
(4.5) W@mmhgwpmﬂw%<;?>M”Mﬂﬂzﬂﬂﬂ

The usual iteration argument (combining with (4.4)) yields

—(a)* —(pa)*

(4.6) 4(0, -+ 1) ||oe < PO (T)n— =0 ) pp 555= (3)p 720 (a)te.

We get an analogous result for v the same way, and letting k — oo, T — 00, we
arrive at

(4.7)

w(0,2":t) < ||u(0, ;1) || < Ct?,
0.5 <00 < o

v(0,2';t) < [[v(0, 5 t)||eo < DtP,
When 7 > 0, we take 0 < t < 7 and define
w(z, t) =u(z,t + 1), v(z,t) =v(z, t+t).

A simple contradiction argument implies that u(t) = v(¢) = 0, and therefore (u, v)
solves (1.1) with trivial initial data. From (4.7) we obtain

(0,25t +t) < Ct?, v(0,2';t +t) < DtP
for any 2/ € RV~! and ¢ > 0. This implies
(4.8)  w(0,25t) <CEt—7)%, v(0,258)<DEt—71)7, o' RN >0,
and, by (4.7), it holds for 7 =0 as well.
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We conclude from (4.3) and (4.8) that
u(0,2';) =C(t — )5 =u(0,2', ¢;7),
v(0,2';t) = D(t — 1) = 6(0, 2", t; 7)

for ' € RV~ and ¢t > 0. In other words, for any nontrivial nonnegative solution
of (1.1) there exists a member of the family (1.8) such that they equal on the
boundary x; =0 in any time ¢ > 0. Hence they are identical everywhere by the
maximum principle. O
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