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ON A NEW SUBCLASS OF HARMONIC UNIVALENT FUNCTIONS
WITH MISSING COEFFICIENTS

I. BALA MISHRA, S. PORWAL

ABSTRACT. The purpose of the present paper is to introduce a new subclass of
harmonic univalent functions defined by convolution. Coefficient bounds, distortion
bounds, extreme points, convolution conditions and convex combinations are studied
for this class. Finally, we discuss a class preserving integral operator for this class.
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1. INTRODUCTION

A continuous complex-valued function f = u + iv defined in a simply-connected
domain D is said to be harmonic in D if both v and v are harmonic in D. In any
simply-connected domain D we can write f = h 4+ g, where h and g are analytic
in D. A necessary and sufficient condition for f to be locally univalent and sense-
preserving in D is that |h/(z)| > |¢'(2)], 2z € D. See Clunie and Sheil-Small [3]. For
more basic results on harmonic mappings one may refer to the following excellent
text book by Duren [5], (see also Ahuja [1], Ponnusamy and Rasila [8], [9] and
references there in).

Denote by S%; the class of functions f = h + g that are harmonic univalent and
sense-preserving in the open unit disk U = {z : |z| < 1} for which f(0) = f,(0)—1 =
0. Then for f = h + g € Sy we may express the analytic functions h and g as

h(z) =2+ Z ap2®, g(z) = Zbkzk, by < 1. (1)
k=j+1 k=1

The harmonic function f = h + g for g = 0 reduces to an analytic function f = h.
A function f = h + g of the form (1) is said to be harmonic starlike of order
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a(0 < a < 1)in U, if and only if

O e fret =g d WA =2 @
5glarg F(re)} %{ EEYE) }> z€U. (2)

The classes of all harmonic starlike functions of order « is denoted by S}}*(a).
For j7 = 1, this class have been extensively studied by Jahangiri [6].

For a = 0;j = 1 the class Sﬁ*(a) is denoted by S}; and studied in detail by
Silverman [12] and Silverman and Silvia [13], (see also [2]).

Let TS, denote the class consisting of functions of the form

[e.9] [e.9]

M) = 2= Y Janlstg(s) = 3 ulE on] < 1. 3)

k=j+1 k=1
Let HP’(p, ¥, 3) denote the subclass of S}{ satisfying the condition

R { h(z) * p(2) + 9(2) * ¥(2)

z

}>@O<B<L (4)

where (2) = 2 +3 77 4 Me2® and U(z) = 2+ o0, px2® are analytic in U with the
conditions Ay > 0; g > 0. The operator ” x 7 stands for the Hadamard product or
convolution of two power series. We further denote by TH P?(p, ¥, 3) the subclass
of HPJ(p, ¥, 3) such that the functions h and g in f = h + g are of the form (3).
Clearly, if 0 < 81 < 2 < 1, then HPJ(p,V; B9) C HP?(p, ¥; 31).
We note that for j = 1, the class HP’(p, ¥, 3) reduces to the class HP(p, ¥, 3)

studied by Porwal et al. [11], (see also [10]) and H P! <(1fz)2,ﬁ;6> = HP(pP)

and THP! <(1_ZZ)2, ﬁ; B) = HP*(B) were studied by Karpuzogullari et al. [7],
(see also [4]).

In the present paper, results involving the coefficient inequalities, extreme points,
distortion bounds, convolution condition and convex combinations for the above
classes HPI(p, ¥, 3) and THP(p, ¥, 3) of harmonic univalent functions have been
investigated.

2. MAIN RESULTS

First, we give a sufficient coefficient condition for function f = h+7 € S}{ belonging
to the class HP’(p, ¥, 3).
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Theorem 1. Let the function f = h + G be such that h and g are given by (1).
Furthermore, let

[o.¢] oo
D Mok + D plbr] <15, (5)
k=j+1 k=1

where 0 < B < 1,k(1—5) < Mg, k(1—=8) < pg. Then f is sense-preserving, harmonic
univalent in U and f € HPI(p, ¥, B).

Proof. First we note that f is locally univalent and sense-preserving in U. This is
because

o
B ()] 21— Y klag|r*!
k=j-+1

> Y klag

k=j+1
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To show that f is univalent in U, suppose z1, zo € U such that z; # z5. Then

’f(21) — f(22) >1— 9(z1) — g(22)
h(zl) — h(ZQ) - h(Zl) — h(ZQ)
> be(2f — 25)
1 k=1
_ = kE_ .k
21 —z20+ Yy, ap(2f — 23)
k=j+1
> Kby
>1-— k=t
1= > klag|
k=j+1
> 1251bk]
>1- —F=L
L= > Pglax
k=j+1
> 0.

Now, we show that f € HP7(p,¥; ). Using the fact that R {w} > 3 , if and only
if |1 -+ w| > |14 8 — w|, it suffices to show that
(2) x p(2) + 9(2) * ¥(2) h(z) * p(2) + g(2) * ¥(z)

. —‘1+,8— . >0. (6)

h
1- 8+

Substituting the values of h(z) * ¢(z) and g(z) * ¥(z) in L.H.S. of (6), we have

o o
(1-8)+1+ Z Aragzt 1 4 Z,u,kbkzk_l
k=j+1 k=1

[o.¢] o0
—1(14+8)-1- Z e 2"t — Zukbkzk_l
k=j+1 k=1

o0 oo
=12—-p+4+ Z )\kakzk_l + Z,ukbkzk_l
k=j+1 k=1

[o@) 0
-8 - Z Apapzt — Zukbkzk_l
k k=1

=j+1
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Z Alag| |25 Zuk’bkﬂz\k !

k=j+1
—fB - Z Alag||2)*! Zukﬂ?k“ b
k=j+1
> 2 Z Aklak] — Zuk!bk\
k=j+1
The harmonic mappings
oo o0
1-p 1-p
f(z)=z+ Z Txkzk + Z —— ik, (7)
k=jt1 F =1 Hk

where 3777 o [z + 3272 |yk| = 1, show that the coefficient bound given by (5) is
sharp.

In our next theorem, we prove that the above sufficient condition is also necessary
for functions in TH P (¢, ¥, 3).

Theorem 2. Let f = h+7 be given by (3). Then f € THPI (¢, ¥, B), if and only
if
Z )\k’ak’JFZMku\ 1-5, (8)
k=j+1
where 0 < B < 1,k(1 =) <A, (k=5 +1,7+2,...) and k(1 — B) < pg, for k > 1.
Proof. Since THP?(p,¥;3) C HPI(p,¥; ), we only need to prove the ”only if”
part of the theorem. For this we have to show that if f € THP7(yp,,3) then the

condition (8) holds. We note that a necessary and sufficient condition for f = h+7,
given by (3), to be in the class THP’(p, ¥; 3) is

%{wmmwz)*g(z)} -

z

which is equivalent to

1— Z Ailag]z"! Zﬂk!bHZk P>

k=j+1
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If we choose z to be real and let z — 17!, we obtain

1— Z /\k\ak\—ZMk\bk|>57
k=1

k=j+1
or
oo o
> Mlarl + > bkl < 1= 8,
k=j+1 k=1

which is the required condition.

Next, we give the bounds for the function belonging to the class TH P’ (o, ¥, 3).

Theorem 3. Let f € THP? (¢, V; ), Aj11 < M\ and Ajy1 < py for k> j+1 and
A1 = ming{ A, pr}. Then we have

) 1 )

()] < (1 [br])r+ba| P+ +]by] v St LT Lo il bl |2l =7 <1
J

and

()] = (=i ]r=[ba| r* ...~ [b;] rj—A.H (1=B=[b1|=pi2 [bo —..=p1j [b )71 o = v < 1
J

Proof. Let f € THPI(p, ;). Then we have
FEIS A+ br+ D Jaglr® + 7 [belr"
k=j+1 k=2

o
< (LA o)y + [b2] 72 + o bl T+ > (lag] + [or])r7
k=j+1

) 1 ° .
:(1+|bly)r+\b2\r2+...+|bj\rﬂ+A > Aja(lag] + [brlyri ™

it S
) 1 ° ,
< (1+ |ba])r + |ba] 72 + ... + |bj] 77 + > (Melar] + pglbg])r !
Ajn k=j+1
< (1 + |b1|)T + ‘b2| 7”2 4+ ...+ |bj| ’I”j + (1 — ﬁ — |b1| — M2 |bg’ — ... — Nj ‘bj|)7“j+1

Aj1



I. Bala Mishra, S. Porwal — On a new subclass of harmonic univalent . ..

and
F) = (L= b= D alr® =D [belr”
k=j+1 k=2
> (1= |ba|)r = ool 1® — oo = [b 17 — > (lag] + [b)r7*!
k=j+1
) 1 ° .
= (L= [bi])r = |bo|* — ... = |bj| 7 — A > Aja(lag] + [be)rit!
5
> (1= [bu|)r — [ba| r* — .. — [bs| 17 — I > (Melar] + pglbg])r !
.51
. 1 .
> (1= [ba])r — [ba| r* — ... — |bj| 17 — A (1= 8 = [br] — pa ba| — ... — g b )17
J

Next, we determine the extreme points of the closed convex hulls of T H P’ (¢, ¥; j3)
denoted by clco THP?(p, ¥; 3).

Theorem 4. f € clcolT HP’(p,¥; 3), if and only if

f(2)=ahy (2)+ ) wrhe(2) + > ygr(2), 9)
k=j+1 k=1
where )
hi(z) = z,hg(z) = 2z — /\_ﬁzk,k:j—i—l,j—i—z...,
k
1—
gk(2) = 2 — Bik,k:I,Q,...
Mk
and - -
Z T + Zyk =1—x1, 2, > Oandyy, > 0.
k=j+1 k=1

In particular, the extreme points of THP? (p,V; 3) are {hy} and {g}.

Proof. For functions f of the form (9), we have

F2)=athi (2)+ Y anhi(2) + > yrgn(2),
k=j+1 k=1
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o0

1— 1-—
oo > Dl 0y
k=j+1 =1 Hk
Then
> 1 DD 7
k=j+1 1-5 et p

o

oo
= Z $k+zyk:1*$1<1

k=j+1 k=1

and so f € clcoTHPI(p,V; 3).
Conversely, suppose that f € clcoT H P’ (¢, ¥; 3). Set

Ak

l’k:m

lak|, k =7+ 1,7+ 2,...andy, = lbk|, Kk =1,2,3,....

Mk
1-p
Then note that by Theorem 2, 0 < =z < 1,(k =75+ 1,7+ 2,...) and 0 < yx <
1,(k=1,2,3,...), we define

rp=1-— Z xk_zyk

k=j+1

and note that, by Theorem 2, z; > 0. Consequently, we obtain

[e.o]

f(2)=aihi (2) + ) wwhilz +Zyk9k

k=j+1
as required.
Theorem 5. Each member of THPI(p,V; ) maps U onto a starlike domain.

Proof. We only need to show that if f = h 4+ g € THP’(p,¥;3), then

Using the fact that R {w} > 0 if and only if |1 + w| > |1 —w| , it suffices to show
that

[h(2) +g(2) + 2 () = 29/ (2)] = |h(2) + g(2) = 2/ (2) + 2¢'(2)]



I. Bala Mishra, S. Porwal — On a new subclass of harmonic univalent . ..

= (22— Y (k+Dlarlz" + "k — 1)|b|zF
k=j+1 k=1
— | > (k= DlarlF + > (k+1)|be |7
k:j+1 k=1
>2|z] |1- Z klag||2)*! Zk\bkllz\’“ !
k=j+1
> 2[z] [1- Z klax| — Zk!bk|
k=j+1
SER T WIS T
~ 1-p 1-5
i k=j+1 k=1
>0

This completes the proof of theorem.

For our next theorem, we need to define the convolution of two harmonic func-
tions. For harmonic functions of the form

) =z2= > lalz" =D |befz"
k=j+1 k=1

and
)=z-— Z | A|2* _Z|Bk|z
k=j+1

we define their convolution

(fxF)(z) = f(2)x F(z) = 2 — Z |ag Ag|2F *Z|bk3k\z (10)

k=j+1

Using this definition, we show that the class THP7(p, ¥; ) is closed under convo-
lution.

Theorem 6. For0 < a < B <1,let f(z) € THP’ (p,v;3) and F(z) € THP (¢, ¢;a).
Then

(f % F)(2) € THP (9,43 8) C THP (0,95 ).
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Proof Let f(2) = 2= 5211 lag|2F =322, |bk|Z*F be in THPI(p,1; 8) and F(z) =

z— Z | Ag|2* — Z | B|z* be in THP’(¢,1;a). Then the convolution (f * F)(z)
k=j+1

is given by (10). We wish to show that the coefficient of (f % F)(z) satisfy the

required condition given in Theorem 2. For F(z) € THP/(p,1;a), we note that

|Ak| < 1,(k=7+1,j+2,...)and |Bx| < 1,(k =1,2,3,...). Now, for the convolution

functions (f * F')(z), we have

[e.e]

A —
——aiA b B
2 l_ﬁ\ak k|‘|‘§ 1_B’k q
k’*J+1 =
\ak\+§ Hh 510

< 1,sincef € THPJ(go, v: B3).

k= j+1

Next, we show that the class TH P’ (¢, ¥; 3) is closed under convex combination.
Theorem 7. The class THP(p,V; 3) is closed under convexr combination.

Proof. For i =1,2,3..., letf; (2) € THP’(p,¥; 3), where f;(z) is given by

)=2z- Z |ag, | 2* —Z|bk|«z

k=j+1

Then by Theorem 2, we have

o0

2.

k=j+1

Hk

B’bki’ <1 (11)

o0
For Z t; = 1,0 <t; <1, the convex combination of f; may be written as
i=1

itiﬁ( —z— Z (Ztak |>z —Z(Zﬂbk |>

k=j+1 k=1

10
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Then by (8), we have

k=j+1 i=1 k=1 i=1
oo oo o0 M
k k
==t > lak, |+ |0k, |
=1 k=3 ﬁ 1 ﬁ
= =j+1 k=1
o0
<Dt
i=1
=1.

oo
This is the condition required by Theorem 2 and so Z tifi (2) € THP? (¢, ¥; B).
i=1

3. A FAMILY OF CLASS PRESERVING INTEGRAL OPERATOR

Let f(z) = h(z) + g(z) be defined by (1), then F(z) defined by the relation

c+1
ZC

c+1
ZC

F(z)= /OZ tLh (t) dt + /OZ te=lg (t)dt, (c > —1). (12)

Theorem 8. Let f(z) = h(z) + g(z) € Sy be given by (3) and f € THP(p, ¥; )
then F (z) be defined by (12) also belong to THP?(p, ¥; ).

Proof. From the representation (12) of F'(z), is follows that

o0 o0

c+1 k c+1, .

F(z)=2z-— E C+k|ak|z —E C+k|bk]z.
k=j+1 k=1

Since f(z) € THP!(p,¥; ) , we have

M\ o~ [k
bl < 1. 13
Z 1_5|ak|+21_5’k‘ (13)
k=j+1 k=1
Now

= M <c+1 = [c+1

2. |akl>+2 b

k:jﬂlfﬁ c+k kzllfﬂ c+k

11
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k k
< b
2 1_B\ak\+§ 1_5|k\
k=j+1 k=1
< 1.

Thus F(z) € THP (p, ¥; 3).
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