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ON SUBCLASS OF BAZILEVIC FUNCTIONS ASSOCIATED WITH
CERTAIN CARATHEODORY-TYPE FUNCTIONS NORMALIZED
BY OTHER THAN UNITY
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ABSTRACT. In this research work, we study a new subclass of Bazilevic functions
via Caratheodory maps with normalization by other than unity defined by new
operator denoted by Bgﬁ()\). We obtain some basic properties of the new class,
namely inclusion, closure under certain integral transformation, Coefficient bounds,
bound on the Fekete Szego functional.
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1. INTRODUCTION

Let P, is the class of all functions of the form
h(z>=1“%+p1z+pzz2+p3z3+---- (1)

such that for z € U , a complex number A = n+iu with g > 0 and > 0, then h(2)
is said to belong to Py if and only if h(0) = % =1+ z% and Reh(z) > 0.

The class of functions of the form (1) is Caratheodory-type with normalization
1+ Z% as against normalization p(0) = 1 for Caratheodory maps and the function

Lo(z) = % + % plays a central role in the class Py especially with respect to

extremal problems.
In [2], the Basilevic map given as follows

f(z) = Lf@ /Oz[p(t)—i g2 gy )| @

where p € P and g(2) = 2 + byz? + - - is starlike with the parameters a > 0 and
B are real and all powers mean principal determinations only. The Basilevic map
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was redefined to suit the caratheodory type normalised by other than unity in the
following definition
DEFINITION 1[2] Let A = a/(1 + if3), the function f(z) belong to the class B(A,g)
if and only if
A
2E) p (3)
nz*g(z)"
By taking g(z) = z and using the salagean differential operator, we have the following
definition
DEFINITION 2[4] The function f(z) belong to the class B, (\) if and only if

D"(f(2)*)

77)\”_12)‘ € Py. (4)

Using the salagean differential operator D™ f(z) and and inverse of integral op-
erator L, f(2) = Qi o] Jo (log2)=7~L f () dt (see [12], [5]), on f(2)*, we have

27T —0o
D"(Lo f(2) zW+Z(“7+k ) O+ k= 1) A2 (5)

where Ay for k =2,3,--- depends on the coefficients aj, of f(z) and the index A.
We denote

Loa(D"f(2))) = D" (Lopf(2)Y) = Ly, f (). (6)
ne NU{0},0>0,v> —1.
Note that L7y = D" f(2)*, LY = Df(2)* = 2f'(2)*. If n = 1, = 0, then
L(io = zf,(z).
From the series expansions of the operator L,, on f (2)*, we have the recursive
relation

Lo f(2)) = A+ NLor1f(2) = A+ 1) Loq f(2) (7)
Applying D" on (7), we have
Lyit f(2) = N+ L5 0 f(2) = (A7) L5, f(2) (8)
2 In-1f(0)

Using the salagean anti-derivative define as I, = I(I,—1f(2)) = J; Tdt and

N1
Tonf () = AT 1092y f(tyat. (sce [12], [5)) on ()
Therefore
> A+ 7 AN _
In(Jon 11(2) +k22(>\+fy+k—1) (A+k—1)nZA+k - ©)
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We denote
In(Ton f(2)) = Tor(Inf (2)*) = T3, F(2)™.
It can be seen that

Ly (T3 (2)Y) = JeA(Lp o, f(2)Y) = f(2)™

Using the operator Ly ., we introduce a new class defined as.
DEFINITION 3

An analytic function f € A is said to belong to the class By ,()) if and only if

Ly f(2)*

77)\"71/2/\ € P.

and the integral representation is as follows

f(Z) — {nAnfl[J;l”yZ)\h(z)]}l/)\'

2. PRELIMINARY LEMMAS

(12)

Lemma 1. [4] Let u = uy + ugi and v = vy + voi. Let a be a complex number with

Rea > 0 and ¢ (u,v) a complex-valued function satisfying:
(a) ¥ (u,v) is continuous in a domain of 2 of C2,
(b) (a,0) € Q and Re(a;0) >0,

(c) Re(uzi,v1) < 0 when (uzi,v1) and 2v1 Rea < —|a—iu|?. Ifh = a+c1z+coz?+- -
such that (h(z), zh (2)) € Q and its real part is greater than zero, then Reh(z) > 0.

Lemma 2. [4] Let h € Py. Then,

k| <2, k=1,2,3...

The result is sharp. Equality holds for the function h(z) = }f;

Lemma 3. [3] Let h € P\. Then, we have the sharp inequalities

2

p2 — a% < 2maz{l,|1 —0ol}.

Lemma 4. [6] Let f € A, for any complex number (.
(i) If for z € E, D"TLf(2)S/D"f(2)¢ is independent of n, then

DY) D)

Drf(z)¢  ° Dnf(z)

(ii) The equality also holds if D" ' f(2)/D"f(z) is independent of n, z € E.
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Lemma 5. [2] Let h € P

zh/(2) S —2r
h(z) —1—12

Re

3. MAIN RESULTS
Theorem 6. BJ11(\) C BY_())

Proof. Let R
Sl —he (13
L f(2) =n\" (2 h(z2)) (14)
(L3, £(2)Y) =X (0 (2) + A2 h(2)) (15)
2L f(2)Y) =nane? (ZhA(Z) + h(Z)) (16)
which becomes )
L f(2)t = pAn2? (ZhA(z) + h(z)> (17)

so that if f € Bt!(A) then

Ln+1f( ) Zh,(Z)
Re——"——— P = Re ()\ + h(z)) >0 (18)

Now define 9 (u,v) = u + %,
the conditions of Lemma 1, it follows that

n+1
Re)\nfl(z))\ = Reh(z) >0 (19)

ReX > 0. Noting that a =1+ iﬁ, then 1) satisfies all
n

meaning that f € By ())
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Theorem 7. By (A\) C By, ()

L2+1,7f(2)

Proof. Let AT

= h(z) then

Ly 1 4f(z) = A" (2 0(2))

Lyt f() = pan2? (/ZhA(Z) + h(z))

since BP1H(X) C Bl ()) from theorem 1 then

Ln-i-l f(z))\ Zh/ (Z)
o+1,y _
Reiﬁ)\"z/\ Re 3 +h(z)| >0

by lemma 1, it follows that

ReLZiivﬂz)A

AT Reh(z) >0 (20)
meaning that f € By, (A)

Theorem 8. Let f € By (), then f is a a—n spiral univalent in the disk 2| < ro(n)

where given by
1
ro(n) = " (V1+772—1>

Proof. By definition, let
Ly f(2)
a,”y _
n)\nflz)\ - h(z)

by some simple calculation, we have

L’;;lf(z)A = A1 (zh/(z) + /\h(z)>

and Ln+1f( ))\ h/( )
o, z)*  zh (z
Lo fo b T

Since Lo f(2)* = f(2)*, we have

D f(2)¢ LU ()Y LyEf(2)
Drf(z)¢ Ly f» L, f(2)
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and so on for all ¢ € N. By lemma 4, we have

D) DG )

it NI VT )

and so on for all ¢ € N, therefore

Lt f(z)  zh'(2)
)\ 7Y — A
In 72 hz)

lad

Taking o = tan™'= and by Lemma 5, we have

N I

> -
Ly f(z) ~ Al 1—r?

77—777"2—27’

>0
(1 =r?)A|

where |z| < r9(7n)

Theorem 9. The class By, (A) is closed under the integral

_Atec
=

F(2)* /0 LA N =0 +ip

Proof. From

ZC

F(2) = A+"’/z L () de
0

we have that

2F(2)* = (A +¢) / )

0
by differentiation , we have
2" TF(2)) + 2(F(2)Y) = (A + )27 f(2)

multiplying through z and by simple computation

AP +e(F( = (A + ) f(2)

so that \ \ \
LEFE L FEP I8 )
n)\n—lz)\ ¢ nAn—lz)\ - ( + C) 7,])\n—lzz\
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define h(z) € Py by

L. F(2)
a,Y
e = h(2) (27)
we have that
Loy FCR W 28
77)\”_12:)‘ (Z) +z (Z) ( )
so that ,
LSF(z) zh (2)
pAn—1zA Mz) + Atec (29)
which implies that
zh (2)
Re((h(z),zh(2)) = Re | h(z) + o (30)

by lemma 1, we have Reh(z) > 0 and the proof completes

Theorem 10. Let f € By (A), then

[

2n|A[" 2
A+

A+
At+y+1

lag| <

29| A" 2N + 17
N+ 27 A+ + 20

A+FD2PAN+y+ D2+ (1= A" 2N +9)7 A+ 2)" (A +v +2)°

las| < maz{1,| M|} (31)

here My = Th
. A+ DP(3 o+ 1) )
bounds are best possible. Equalities are obtained also by
1
_ 1+2z u A
A n—1 n A -
16 = et 2 (Hw)]}
L ( Aty
B A+ \ A+ 7 +1
B2+ 1) {<A+1>2"<A+v+1>2° IO L 20 7421
A+2"(A+vy+2)° (A+U%Q+7+)
Proof. Let f € B}, (A)), then there exists h € Py such that
n Py A .
;@ﬁ;x=h@%=h+?+mw+Wﬁl+%§+~- (32)
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Lg,yf(Z)A _ )\nz)\ + ’I’])\n_1012>\+1 + T])\n_ICQZ)\+2 + 77)\71—1032)\-"-3 +7’])\n—1642>\+4 P

Using the anti-derivative of the operator Lg ., denoted as J7 ., we have that

n—1 o o
A A nA Aty A1, pAnT? Aty A2
flay ==+ A+ 1) (A Tat1) T o 2%

g g
pA" ! Aty A3 4 A Aty A4
o </\ Ta+3) A T Gy d) ¥

Given that

AA—1 “1D)(A—
f(2)Y =2+ dag M + <)\a3 + ( 5 )a§> A2 4 ()\a4 + A\ = Dagag + 2A=DA=2) 1g(>\ 2) a%) 23

2 12
A+ A= DA (A + )%
A+2)n(A+~v+2)° A+1)2(A+y+1)20 2

+ (/\a5 F AN = Dagay + 2812 4 AAZNAZ2) 42, —’\(Afl)(kz)(ks)aé) A4

az =

By comparing the coefficient, we have

nA" 2 A+ 1\’ .
A+ \A+y+1) !
By Lemma 2, we obtained the bound of as
A" 2 (A 47)° [c SV TPA-DAFN) A" A+ +2)7 G
A+2)"(A+~+2)° A+1)2"(A+~y+1)% 2

AP 2ZA = DA+ ) A +2)"( A+ +2)°

O+ DT+ + D
the bound on the third coefficient of these function. By letting

ag =

az =

, we obtained

By Lemma 3 and with p =

1+2 u
= —|—Z—
1-=2 n

h(z)
from the integral representation we have the equality attained by the extremal func-
tion given.

Theorem 11. Let f € By (A\). Then

277)\”_2()\ +7v)°
A+2)"( N+ +2)°
A+D2A+v+ 12 401 +2p = DA 2N +9)7 (A +2)"( A+ +2)°7
A+ D2 (A+ v+ 1)27

laz — pa3| < maz {1, [Mz|} (33)

where Mo =
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Proof. From the computation that

n—1 o n—1 o
Ao, A Aty A1 A Aty A+2
JE)" ==+ <A+7+1 AT AT Wiy r2)

A ! A N s
+(>\+3)”<>\+7+3> Csz

and by comparing coefficient, then

77)\71—2 )‘"’_’Y o
- 4
20 <A+7+1> “ (34)
and
a5 — A 2(A + )¢ N (1— /\)772>‘2(n_2)(/\+7)2”ﬁ 55)
A+2)"(A+v+2)° A+ 12" (A +y+1)20 2
Hence
as—pad| = Q)T A1+ 2) A+ DAL ) Ay +2)7 ¢
? A+2)2(N+~v+2)° A+ 12" (A + 7+ 1)20 5
(36)

by lemma 3 we have the required inequality
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