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1. INTRODUCTION

Let ¥, denotes the class of p-valent meromorphic function of the form:
1 oo
AW = G+ Yt (1)
=p

which are analytic in the punctured open unit disc U* = {w : w € and 0 <
lw| < 1} = U — {0}, where U = U* U {0}. In particular, ¥; = ¥ is the class of
meromorphic functions defined in U* and has simple pole at w = 0. Here we are
listing some important subclasses of meromorphic functions which will be used in
our subsequal useful work. In 1936, Roberston [22] define these classes of order «.
By M Sy (o) we mean the subclass of %, consisting of all meromorphically p-valent
starlike functions of order « defined by

w\ (W)
PA (W)

)\(w)EMS;(a)@S‘E( ><—oz 0<a<l; welU"). (2)

A function A (w) € NS;(a) of meromorphically p-valent starlike functions of recip-
rocal order « if and only if

PA (W)
wA (W)
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A closely related class of meromorphic p-valent convex functions of order « is denoted
by M K,(a) and defined as:

(WX (W)’
pN(w)

It is readily verified from (2) and (3) that

A(w)EMKp(a)<:>§R< ) <—-a, (welU"). (4)

M) € ME(a) & =2 ()

€ MS;(a). (5)

For simplicity, we write

MS;(0) = MS,, MKy(0) = MK,.
Many differential and integral operators can be written in terms of convolution of
certain analytic functions. Let § (w) € >, and having series representation of the

form 6 (w) = - + > buw', then convolution (Hadamard product) is denoted by Ax§
=0
and defined as
1 [e.e]
(ed) ) = G5+ D aibu’ = (= ) (@), (6)
t—
where A (w) is given in (1). A function X (w) is subordinate to § (w) in U and written
as A (w) < 0 (w), if there exists a Schwarz function k(w), which is holomorphic in

U* with |k(w)| < 1, such that A (w) = d(k (w)). Furthermore, if the function 0 (w) is
univalent in U*, then we have the following equivalence (see [8, 15, 17, 24]):

AMw) <0 (w) and A(U) C o (U).
Further, X (w) is quasi-subordinate to  (w) in U* and written is
Aw) =g (w) (wel"),
if there exist two analytic functions ¢ (w) and & (w) in U* such that % is analytic

in U* and
lp(w)] <1 and k(w) <|w|<1 weU",

satisfying
AMw)=¢W)d(kWw) wel (7)
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Remark 1. In view of the fact that
. RIREEYEI®) >
R(p( ))<0:>9‘E<p(w)> %(!p(w)IQ <0

It follows that a meromorphically p-valent starlike function of reciprocal order
0 is same as a meromorphically p-valent starlike function. When 0 < o < 1, the
function A (w) € Zp is meromorphically p-valent starlike of reciprocal order if and

only if

P\ (w) 1
PA(w) 2«

1

200"

For p = 1, this class was studied by Sun et al. [26]. For arbitrary fized real
numbers A and B (=1 < B < A < 1), we denote by P(A, B) the class of the
functions of the form

q(w)=14cw+cw?+.. ,

which are analytic in the unit disk U and satisfy the condition
1+ Aw

1) < T (5)

The class P(A, B) was introduced and studied by Janowski [13]. We also observe
from (8) (see also [23]) that a function q(z) € P(A, B) if and only if
1= AB < A-B
1— B2 1 - B%

q(w) (B #-1), (9)

and
Req (w) > %, (B=-1), (10)

In [16] Liu and Srivastava defined the following operator My*(a,b) such that 3  to
(11) (see also [1]-[7] and [29], [30]).

M (a, b)A (w) = % + ; [Hb?p“)] aw' (ab>0, peN). (11)

The above integral operator was studied by M{"(a,b) for p = 1.

1 > a m
Mi"(a,b)A (w) = — — t b> N). (12
P e =S+ i) e @>0bzomen. (2

It is easily verified from (12) that

A (w) (M (a, )X (w)) = aMT(a,b)A (w) — (a + b)M™ (a,b)A (w) (b > 0).
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Motivation from the above cited work we refer [3, 11, 19, 21]. Using the operator
M} (a,b), we introduce the following new class.

Definition 1. A function A (w) € Zp is said to be in the class Q' («a, B,m; Ay, B),
if it satisfies the subordination

"

P JU-2me (M @) e (@b ) S| 1eaw
1—pB (1 — 1) Mz (a, b)A (w) — nw (M (a, b)A (@)’ 1+ Bw’
(13)

where Ay = (1—a)A+aB,0<a<1,0<n<1,-1<B<A<1,0<pB<1
and (M) (a,b)A (w)) is defined in (11).

Remark 2. Using (9), (10) and for B # —1, the Definition 1.2 is equivalent to

p [ w (M (a.b)xy @) 1-AB| A -B
1—pp { (M (a,b)xy (w)) * ﬁ} T 1— B2’ (14)
and for B = —1,
P [w (M@ b @) 14
R [1 - pp { (M (a, b)xy () +BH ST (1)
also, for B=—1, Ay # 1, (15) reduces to
1—pB ( (M (a,b)xy (w)) ) NS
P \w (M (a,bxy @) + 8 (Mp(a,bxy @) ) T=A] 1= Al(’ |
16
and for B=—1, A1 = 1, we obtain
p w (MIT(G? b)xn (W))l
1—ppB { (Mg (a, b)xn (w)) +B} st 1
where ,
Xn (W) = (L =n) A(w) — nwA (w) (18)

In recent years, more and more researchers are interested in the reciprocal case of the
starlike functions (see [9, 10, 14, 20, 25, 28] ). In the present investigation, we give
some sufficient conditions for the function belonging to the class Q' (v, 3,m; A1, B).
In order to establish our main results, we need the following lemmas.
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2. A SET oF LEMMAS

To derive our main results, we need the following lemmas.

Lemma 1. (Jack’s lemma [12]) Let the (nonconstant) function k(w) be analytic in
U with k(0) = 0. If |k(w)| attains its mazimum value on the circle |w| =17 <1 at
a point wg € U, then wok(wo)/ = 7k(wp), where 7y is a real number and v > 1.

Lemma 2. [18] Let Q be a set in the complex plane C' and suppose that ¢ is a

mapping from C? x U to C which satisfies ¢(ix;y; 2) ¢ Q for w € U, and for all real

x,y such that y < —#. If the function p(w) = 1+ ciw + cow? + ... is analytic in

U and ¢ (p(w), wp (w), w)e Q for allw € U, then Re(p(w)) > 0.

Lemma 3. [27] Let p(w) = 1+bjw+bow?+... be analytic in U and 9 be analytic and
starlike (with respect to the origin) univalent in U with 9(0) = 0. If wp (w) < ¥(w)
then p(w) < 1+ [ @dt.

Unless otherwise mentioned, we shall assume that A; = (1—a)A+aB,0 < a < 1,
0<n<1,-1<B<A<1,0<pB<landpeN.

3. MAIN RESULTS

We begin by stating the following result.
Theorem 4. Let A\ (w) € Zp. Then A (w) € Q) (a, B,n; A1, B) if and only if

P [w (@b, @) RET
1—ppB { (M;)”(a, b) Xy (w)) + ﬁ} 1+ Bw’ (19)
Proof. Let A (w) € @' (a, B,m; A1, B), then it follows from definition that
P (1-2n)w (MIZ”(a, b) (w)), — nw? (M;”(a, b)A (w))” L5 1+ Alw.
1-pf (1 =) M7 (a, D)X (w) — nw (M2 (a, D)X (W)’ 1+ Buw
(20)
Let /
Xy (W) = (1 =) A(w) = nwA (w) -
Mulitiplying M}"(a,b) both side
(M;”(a, b)xn (w)) =(1-n) (M;”(a, b)A (w)) — Nw (M;”(a, b)A (w))/ . (21)
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Differentiate equation (21) by w,

w (M;”(a, b)xn (w))/ =(1-2nw (M;n(a, b)A (w)) — nw2 (M]T(a, b)A (w)) . (22)

Using (21), (22), (20) and after some simplifications we get (19). The converse is
straight forward.

Theorem 5. Let A (w) € 3. Then A (w) € Q' (a, B,n; A1, B), where M (a, b)A (w)
is defined in (11), if the the following conditions are satisfied (i) for B # —1

tz:; LHb(PJFt)} lag| [L=n+nt||p(1—B*) (A1 = B)(B+1t)+ (1—pB) (1 — A1) (1+ B)|
< [L=n+np|[(1=pB) (14 B) (A1 —1) = p (1 - B?) (A = B) (8- p)|,

(ii) for B=—1, A1 #1

00
t=p

(iii) for B=—1, A; =1
=p
Proof. (i) For B # —1, then by the condition (14) we only need to show that

p(1-B%)  [w(MP(a,b)x, (@) |- A/B
(1-pB) (A1 - B) { (M (a,b)xy (w)) * B} + A, — B

We first observe the

p(1-B?% w (M@, b)xy W) 1- AB

lag [(T=n—nt)p(t+B) <[1—=n+np)p(p—H)|.

m
[a+bp+t }

<1. (23)

S |oritrg| ll0-p =)A=l <l2p(-8)~ 0= A) @ =98] =+ )]

(1—pB) (A1 — (M (a,b)xy () Ay —
e m (e ) ) 00w O )
(M (a,b)xn (w)) (1 = pB) (A1 = B) -
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Using (21), (22) in (24), we get
) (1-2n)w (M (a,b)A w))/ — nw? (M;)"(a,b))\(w))//

—B%) (A, —B /
P8 ( 5 (1= (a1 - > (@)~ (M DA @) ) )+
(1=pB) (1= 41B) (1 = n) (M (a, w))*nw (M (a,b)A () )

(1= pB) (41 = B) ((1 = n) (Mg*(a, ))A () = nw (Mg (a, ) () )

11— n+np||p(1—B2) (A — B)(B—p)+ (1 —pB) (1 — A B)]

|2 [atrn] o™ (L =nnt) (p (1= B) (41 = B) (34 1) + (1= pf) (1 = 4, B))
<
1=+ 0] 100 = 28) (41 = B)l + |2 [ssti| ™7 (1= +mt) (1= pB) (41 - B)
N [1—n+np||p(1—B?) (A4 —B)(B—p)+ (1 —pB) (1 — A1 B)|
+3 st ol L= n-+ntl[p (1= B2) (A1 = B) (8+ 1)+ (1 - pB) (1 - A1B)|
< =P . (25)

1l (= 98) (41 = B+ 3 [t ol 11—+l (1 =) (A = B)

Now by using the inequality (23), we have

_ =n+mllp (1= B%) (A= B) (B —p) + (1= pB) (1 = AiB)|
T sy | e U=+ ntl [p (1= B2) (A1 = B) (8+ ) + (1 - pB) (1 - A1 B)|

= e <1,
1=+l (0= p8) (Ay = B)|+ X [ laul L=+ ] (1= pB) (A2 = B)|
=p

which, in conjunction with (25), completes the proof of (i) for Theorem 3.2.
(ii): If B = —1, A; # 1, by the virtue of the condition (16) we only need to show
that

(1-4A1) (1 —pp) (M (a, b)xy (@)

( )+
p w (M7(a,b)xy (@) + B (M7(a,b)xy ()

<1. (26)
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We first observe that

(1—Ay)(1—pp) < (M (a,b)xy (w)) ) +1‘
p w (M(a,b)xy (W) + B (M (a,b)xy (@)
[1=n+np[|(1 - A1) (L -pB) —p(1 -5

> [amtm | o™ p (L=t +02) + 8L n+at)] + (1= pB) (1 = 41) (1~ 1)

+

IN

oo}

3 [amtmm) awtp (1=t +0t%) + B (1= -+ 1)
=p

N [1—n+np||(1—A1)(1—pB)—p(1-pB)
+;jhgﬁ;5}Iprﬁl—nﬁ+mﬂ%wﬂl—n+nﬂﬂ+K1—p5M1—Aﬁ(1—nﬂ
< = - — 27)
p(1=8) (L =n+m)l+ [tz ool Ip[(L—nt i)+ (1 —n-+ )]

Ip(1—B8)(1—n+np)|+

By using the inequality (26), we have

N [1=n+npl[(1 = A1) (1 —pB) —p(1—P)|
+t2p[a+b<“n+t>] jadl [ [(1 =t +5t2) + 8 (1= +nt)] | +|(1 = pB) (1 = A1) (1 — )

— - <1,
\pﬂ—ﬂﬂl—n+mm+;:hqﬁgﬂ lad| [p [(1 = nt +nt?) + B (1 —n + nt)]]
=p

which, in conjunction with (27) completes the proof of (ii) for Theorem 3.2.
(iii): If B = —1, A; = 1, by virtue of the condition (17), we only need to show

that /
P {w (M (a,b)x (w))
1=pB | (M (a,b)xy (w))

<1. (28)

+B}+1
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We first observe that

p w (M;"(&, b)xn (W))l
1—p5{ (M (@ D)y () ”}H

(1—=n+up) (1-p°) + Py [a+bgp+t)} aw' P (1 —n —nt) (1 + pt)
=P

(1=pB) (L=n-+m) + 3 [ a7 (1= = t) (1= pB)
> |

o0 r m
Ll 1=+ 5 | [amaten] | ol o711 == mt) (1)
:p =

IN

U= p8) (1 =+ )|+ 3| [ st hoel o211 =0 = ) (1 = pB)

1 —n+np| |1 - 2\+Z [W} ‘!atHl—n t) (1 +pt)|
< . (29)
(0= p8) (1= 1+ n0)| + 32| [ ] " [laul 11 = = 1t) (1 = pB)

Now by using the inequality (28) we have

1=+ np| 1 - 2\+z sty ] [l (L= =) (14 pt)|

< 1.

!(1—pﬁ)(1—n+np)\+2

et |l 11 =0 =) (1= B)|
which, in conjunction with (29) completes the proof of (iii) for Theorem 3.2.

Theorem 6. If A\ (w) € Zp satisfies any one of the following conditions
(i) for B # —1

(1-pB) (A1 - B)

4500 < Ty, - By =1+ BT )
(ii) for B= -1, -1 < A; <0
m (1-pB)1-A4)(1+4)
700 @] < s Ay + 21— A oy
(iii) for B=—1, Ay =1
£ @by )] < S22 (32)

2—pB’
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then A\ (w) € Q) (v, B,m; A1, B), where

£ (a, b)xn (w) =1+ - —

Proof. (i) for B # —1. Let

14| B| p w(M;”(a,b)X,](w))/
1+ 1+|B[+A1—B 1-pp < (M[)"(a,b)xn(w)) +8
k(w) = S ~1, (weU),  (33)
~ 1+[B[+A:-B

then the function k is analytic in U with k(0) = 0. Using (33) and after some
simplifications, we obtain

P (M0, D)xy (@) (1= pB) (A = B) k() = 1+|B|

(M (a, by @) 1B s
Differentiating both sides of (34) logarithmically we get
Ly (@b @) (@) () (1= pB) (A1~ Bk’ (@)
My (a,b)xy (@) (Mpr(a,b)xy (w)) (1 =pB) (A1 = B)k(w) =1+ |B|'
(35)

= (1-pB) (A1 - B)

and
(1 —pp) (A — B)
(1 -pB) (A1 = B) =1+ B
Next, we claim that |k (w)| < 1. Indeed if not there exists a point wp € U such
that

{,E;”(a, b)xn (w)‘ <

max |k ()] = [k (wo)| = 1, wo € UL
jw|<[wol

Applying Lemma 2.1 to k (w) at the point wy, we have
wok (wo) = Yk(wo), (= 1).
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By writing '
k(wo) = €Y, (0 <6< 2m),

and setting w = wp in (35), we get

gl
(1=pB) (A1 —B) = (1 +|B[)e*

i

|£7 0, By (w0)] = (1~ pB) (As — B) ]

which implies

1
(1—pB) (A, —B)— (L+|B|])e ¥

£ (0,0 (en)| = (1= p5) (4 )|

This implies that

[(1-pB) (A — B)]?

| £ (a,b)xy (wo)|* =
(36)

Since the right hand side of (36) takes its minimum value for cos = —1, we have

2 [A=-pH(A-B)F
T (1 =pB) (4 = B) + (1 +|B])?

| £5" (a,0)xy (wo)|

This contradicts our condition (30) of Theorem 2.4. Therefore, we conclude that
|k (w)| < 1, which shows that

1+|B]| p [ @My @b)xn(w )/
L+ I+[B[+A1—B 1-pB ( (Mgn(a,b)Xn(w)) +h
| B S BESLwel).
1+[B[+A1—-B

This implies that

P (w (M;,”(a, b)xn (w))/
1—pp (M;)"(a, b)xy (w))

+B>+1

81
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then, we have

p o (w(MP(a by, @) 1— AB
1—pﬂ<( " (@, b)xn (@) +5>+

)

)

p o [w (M (a,b)x, (@) 1- AB
< 1 1
- 1—pﬁ<( " (a,b)xy (w) N 1—- B2
o A-B  |Bl(4-B)
1+ 1B 1-B
A — B
— ﬁjﬁ,w#—LweUy

Therefore, we conclude that A (w) € Q' (a, 8,n; A1, B), for B # —1.
(ii) For B = —1, —1 < A; <0, analogously to Theorem 2.2 we let

14 1= 1
2 P w(]\/[;n(a,b)xn(w))/ +8
1-pB \ (M7 (a,b)xn(w))
k(w) = - 17A1 —1. (37)
Working on the similar lines as in Theorem 3.3 in (i), we have
(1205 eta ) BOF @) 2y
D (M (a,b)xy () 1-A
This implies that
(1—p5> w (Mg (a,b)xy (@) + B (Mg (a,b)xy (w)) L1
p Mg (a, b)xn (w )) -4
p ( 5 (a,0)xy (W )) 1-4
2 1
< A —1—1_A1+1,
1

= —— (B=-1,-1< A; < .
1_A1,( , < 1_O,w€U)

Therefore, we conclude that A (w) € Q' (a, 8,m; A1, B) for B = —1, -1 < A; <

(iii) For B= -1, A1 =1

_p w (M;”(a,b)xn (w))/
k(w) = - ( (M (a,5)x, (@) +B> + 1. (38)
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Working on the similar lines as in Theorem 3.3 in (i), we have

D w (M;D”(CL, b)xn (W))/
1—-pB ( (M (a, b)xy (w)) 7 ) "

1| < 1.

This implies that

D w (M;,”(a, b)xn (w))/ 14w
1—pB ( (M (a, b)xy (w)) +5> =

1-w
Therefore, we conclude that A (w) € Q' («, 8,m; A1, B) for B = —1, A; = 1.

Theorem 7. If A(w) € >, satisfies

_ (1=A)+pB(A1—B)
m@?@wmw»<{ ok T Bramm s Ml
9 —D 1— ’
“aa Ay Jor B<Ais B gy
then A (w) € Q' (v, B,m; A1, B).
Proof. Suppose that
w(M;(a, )Xn(w))/ _1-4
1-pB < (M{,"(a7 Xn(w)) +B> 1-B
g(w)= = -1, (weU). (40)

Then ¢ (w) is analytic in U. It follows from (40) that

—pw (Mg (a,b)x, () _ (1= pB) (Ay — B) g (w) + (1~ &) +pf (4 — B)
(M (0, D)y (@) 1= B |

Differentiating (41) logarithmically, we obtain

— £ (a,b)xy () =

(1-pB) (A1 - B)g (w) —(
(1—-pB) (41— B)g(w)+ (1 — A1) +pB (A1 — B)
where

(1-pB) (A1 —B)s
(1-pB) (A1 —B)r+(1—Ay)+p3(A1 —B)

O (r, s,t) =
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, we have

(1-pB) (A1 —B)y
i(1-pB) (A1 —B)z+ (1— A1) +pB (A — B)
1+ 2 (1—pB) (A1 — B)[(1— A1) +pB (A1 — B)]

For all real x and y satisfying y < —

R (@ (iz, y,w)) =

< - :
2 i[(1-pB) (A1 —B)Pz+[(1- A1) +pB(A — B))
(1= A1)+pB(A1—B) 1-B

_ ) TG (B+aipy << 1)

= _ (1-pB)(A1-B) (B<A <B4+ )
2[(1-A+pB(A1-B)]’ 1 ( 5)

We now put

_ (1=AN+pB(AL - )
Q= {Re (g) { 2(1_176)(141 B) for B + 2( 5) < A1 < 1 } ’

(1-pB)(A1—B)
_2[(1—A1)+p6(A1— K for B <A1 < B+ 2(1 pﬁ)

then ® (iz, y,w) ¢ Q for all real x, y such that y < —#. Moreover, in view of
(39), we know that ® (g (w),wg (w) ,w) € Q. Thus, by Lemma 2.2, we deduce that
Re (g (w)) > 0, which shows that the desired assertion of Theorem 3.4 holds.

Theorem 8. If A(w) € >, satisfies any one of the following conditions
(i) for B # —1

{ » (1 _ BQ) B) (w((M;,n(a’ b)Xﬁ (w)) + /3) + 1_AlB} <49 ’w‘Tv (42)

(1—-pp) (A1 — Mg”(a, b)xn (w)) A — B

(ii) for B=—1, A] # 1

{1+(1_A1)(1_p5) ( (M;T(a b)xy (w)) )}
P w (Mg (a,b)xy (@) + 8 (Mg (a, b)xy (@)

(iii) for B=—1, Ay =1

w (MM (a,b w / /
{(1_]’pﬁ)< ((]\4;(276)2’7(&)))) +/3> +1} <1< dw|, (44)

/

<P w|",

(43)

then A (w) € Qp'(«a, B,n; A1, B), where 0 <9 <7 +1, 7 >0.
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Proof. (i) for B # —1,we define the function ¢ (w) by

_ p(1-B2)  fw(M(ab)x, @) 1-AB
w)=w [(1 —pB) (A1 — B) { (M (a,b)xy (w)) +5} T A B

(4

)

then 1 (w) is regular in U and 1 (0) = 0. The condition of theorem gives us that

< 9w|".

It follows that

COMN BN EION R R
‘<w>“/o (t) d’f‘ﬁ Ol i = e el

This implies that

w T Tr+1

’(W“’)> <Vt <1, (0<d<r+1, 730,

Therefore, by the definition of % (w), we conclude that

<1,

A —B

p(L-B%)  [w(M(a,b)x, ) 1-AB
(1-pp) (A1 - B) { (M (a,b)xy (w)) +5} *

which is equivalent to

(41 - B)
< (11_32).

p o fw (M (a,b)x, ) |- AB
(1—pp) { (M;)"(a, b)xy (w)) * B} + A —B

Therefore, we conclude that A (w) € Q' («, 8,1; A1, B).
(ii) for B = —1, A; # 1, we define the function

5w = [1 LA (1 -pB) { (M (0, )xy () H |
y w (M (@ B)xy () + B (M (@ )xy ()

Then 1) (w) is regular in U and ¢ (0) = 0. Working on the similar lines as in Theorem
3.5 in (i) we can be easily verified.

(1—pB) { (M} (a,b)xy (w)) }+ 1
P \w (M (ab)xy @) + 8 (Mp(a,b)x, () J 14

- 1
1— Ay
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(iii) for B=—1, A1 =1

- D w (Mg”(a, b)xn (w))/
w“”_w[u—mﬂ{(Mrmwnmw» +B}+1

Then 9 (w) is regular in U and 9(0) = 0. Using similar arguments as in proof of
(iii) can be easily get.

y {mMywwmmmY+ﬁ}+l

< 1.

(1=pB) | (Mp(a,b)xy (w))

This completes the proof.
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