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SUBCLASSES OF SPIRAL-LIKE FUNCTIONS ASSOCIATED WITH
PASCAL DISTRIBUTION SERIES
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ABSTRACT. The aim of the current paper is to obtain the sufficient conditions
and inclusion relations for Pascal distribution series to be in some subclasses of
Spiral-like functions in the open unit disk U. Further, we study an integral operator
related to Pascal distribution series, and some consequences and corollaries of the
main results are also considered.
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1. INTRODUCTION AND DEFINITIONS

Let H denote the class of analytic functions in the open unit disc U= {z € C: |z| <
1} on the complex plane C. Furthermore, let A denote the subclass of H comprising
of functions f normalized by f(0) =0, f/(0) = 1 and let S C A denote the class of
functions which are univalent in U. Let A denote the class of functions of the form

f(z):z+2akzk, z e, (1)
k=2

which are analytic in U and normalized by the conditions f(0) = 0 = f/(0) — 1.
Also, denote by 7 the subclass of A consisting of functions of the form

f(z):z—Zakzk,zeU, withap >0, ke N, k > 2. (2)
k=2

o0
For functions f € A given by (1) and F' € A given by F(z) = z+ Y. A2", we recall
k=2

that the reputed Hadamard Product (or convolution) of f and F' is given by

(fxF)(z):=2z+ ZakAkzk, z e U.
k=2
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Let a function f be analytic and univalent in U on the complex plane C with
the normalization f(0) = 0, then f maps U onto a starlike domain with respect to

wo = 0 if and only if )
2f'(z
?ﬁe{ ) }>0 (z € ). (3)

It is well known that if an analytic function f satisfies (3) and f(0) = 0, f'(0) # 0,
then f is univalent and starlike in U. This class is denoted by S&*. Denote by K the
reputed class of convex functions. It is an established fact that

fekezf'(z) e S*.

We say that an analytic function f is subordinate to an analytic function £, and
write f(z) < F(z), if and only if there exists a function v, analytic in U such that
v(0) =0, |v(z)] < 1for z € Uand f(z) = F(v(z)). In particular, if F' is univalent
in U, then we have the following equivalence:

f(z) < F(z) < f(0)=F(0) and f(U) c F(U).

For arbitrary fixed numbers A, B; —1 < B < A < 1; denote by P(A; B) the family
of functions W(z) = 1412+ cpz? + -+ ; regular in U such that ¥ € P(A; B) if and
only if ¥(z) < ng for every z € U. This class was introduced by Janowski [12].
We remember the following notions subclass of spiral-like functions and subclasses
of spirallike convex functions due to Robertson [20].

For [\| < § and —1 < B < A <1; a function f € A is said to be in the class of:

(i) A-spirallike functions, denoted by S*(A, B), if it satisfies the condition

e [ 2f'(2) 1+ Az
-1 U 4
+cos)\<f(z) ><1+Bz e )
and
(ii) A\-spirallike convex functions, denoted by K*(A, B), if it satisfies the condi-
tion o ")
e’ z2f"(z 1+ Az
U. 5
+cos)\<f’(z)><1+Bz #€ (5)

From (4) and (5) it follows that
feKMNA,B) e zf (2)SMA, B).

A variable p is said to be Pascal distribution if it takes the values 0,1,2,3,...
with probabilities
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(1-p)t, pt(l= p)t, 2 (tH)( p)t 3t(t+1)(t+2)( p)t, ..., respectively, where p and t are

called the parameters and thus

k+t—1

Very recently, El-Deeb [7] (see also [5, 15]) introduced a power series whose coeffi-
cients are probabilities of Pascal distribution, that is

+Z<kj_t1 ) Fla - p)te 2 e U, (6)

where t > 1, 0 < p < 1, and we observe that, by ratio test the radius of convergence
of above series is infinity.

Let consider the linear operator If, : A — A defined by the Hadamard product
or convolution

TLf() = L)+ f Z(’“ A st s e

wheret > 1 and 0 < p <1.

Motivated by several earlier results on connections between various subclasses of
analytic and univalent functions, by using hypergeometric functions (see for example,
[4, 10, 13, 21, 22]) and by the recent investigations (see, for example [1, 2, 3, 9, 14, 16,
17, 18, 19]), in the present paper we determine the sufficient conditions for CIDZ to be
in our classes S*(A, B) and K*(A, B). We give connections of these subclasses with
R7(A, B), and finally, we give sufficient conditions for the function f such that its

image by the integral operator gt f(z) = / L LS (n )dn belongs to the above classes.

0
To prove our main results, we need the followmg lemmas.
Lemma 1. (See [6, Corollary 3.2]) A function f of the form (2) is in the class
SMA, B) if
Z [(k—1)(1 — B) 4+ (A — B)cos\| |ag| < (A — B)cosA. (7)
k=2
Lemma 2. (See [6, Corollary 3.4]) A function f of the form (2) is in the class
KXA, B) if

i k[(k—1)(1 - B)+ (A— B)cosA] |ag| < (A — B)cosA.
k=2
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2. SUFFICIENT CONDITIONS FOR ®! € S*(A, B) AND @), € K*(4, B)

For convenience throughout in the sequel, we use the following identities that hold
at least fort > 1 and 0 < p < 1:

3 O T ey e

k=0 k=0
i k+t\ ., 1 i k+t+1\ , 1
2o\t p= 11— p+l 2o\ 41 = 1—p)it2’

By simple calculations, we derive the following relations:

S (k+t—2\ 1 = (k+t—1\ 4 1
= —1l=—-1
()= () e

k=2

G k+t— > Z(k+t> ko pt
Z o t_;’_]_?
P < -1 = - (1-p)

N k+t—2 ~ (k+t+1 .
Z p t+1

—~ t—1 —~\ t+1
P+ 1)

S (=)t

Unless otherwise mentioned, we shall assume in this paper that [A\| < § and —1 <
B<A<I1,whilet>2and 0 <p< 1.
In the first two results we obtain the sufficient conditions for !, S*A, B) and

A .
<I>f) € K*(A, B), respectively.
Theorem 3. We have @, € SMNA, B) if
(1—B)pt
— < (A-B
(1= )it = ( JcosA (8)

Proof. Since @Ito is defined by (6), in view of Lemma 1 it is sufficient to show that

Z [(k—1)(1 - B)+ (A — B)cos)] <k i 2> p" (1 = p)t < (A= B)cosh. (9)

t—1
k=2
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Writing in the left hand side of (9) we get

- k+t—2\ ,_ .
;Kk—l)(l—B)ﬂA—B)cosM( )

—0-B) S (k- 1)(’“”‘ 2)#“(1 pt

t—1
k=2

(k=2 t
+(A— B)cos)\z ( A )p (I—-p)
k=2
1—B)pt
= (1)p + (A= B)cosA (1 — (1 —p)"),
—p
but the last expression is upper bounded by (A — B)cosA if (8) holds.

Theorem 4. We have <I>tp c KNA, B), if

2
pet(t+1 pt
Proof. In view of Lemma 2 we must show that
- k+t—2\ t
Zk[(k:— 1)(1 — B) + (A — B)cos)] i1 )P (1—p)* < (A—DB)cosA. (11)
k=2

Substituting

k2 = (k—1)(k—2) +3(k—1)+1,
k=(k—1)+1,

in (11), we get

> k[(k—1)(1 - B) + (A — B)cos)| (k - 2) P (1 = p)t

t—1
k=2
= 2 (8 = )1 = B) + (A - BjeosA] (’f e 2> 11—
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= (1= B) Y[k = 1)k —2) + 2(k — 1)] (k tj_’fl’ 2>pk1(1 — )
k=2

+(A = B)cosA > [(k—1) +1] <k t*_tI 2) PP (1 = p)t
k=2

PPt +1)
(1=p)?
+(A = B)cosA (1 — (1 - p)")

pt

— (1-B) o

+ [(A = B)cosA + 2(1 — B)]

therefore, the last expression is upper bounded by (A — B)cosA if the inequality (10)
is satisfied.

3. SUFFICIENT CONDITIONS FOR Z/ (R7(C, D)) C S*A, B) AND
t T A
Z,(R7(C,D)) C KA, B)
In [8] Dixit and Pal introduced the following subclass of A:

Definition 1. (See [8]) A function f € A is said to be in the class R™(C, D), with
7€ C\ {0} and —1 < D < C <1, if it satisfies the inequality
f'(z) =1
(C = D)r = D[f"(z) —1]
Also, they proved the next sharp estimations regarding the coefficients of the
power expansions for the functions belonging to this class, as follows:

Lemma 5. (See [8]) If f € R™(C, D) is of the form (1), then

<1, zeU.

wl < ©-D)T ken 1,
and the result is sharp.

Making use of Lemma 5, we will research the action of the Pascal distribution
series on the class S*(4, B).

Theorem 6. If f € R7(C, D), then I'f € S*(A, B) if

(C=D)lrl {0 =B) (1= (1-p))

- B)p—(t(fl_)B)Cos”\ [(1=p) = (L= p)' = p(t = 1)(1 - P)t]}

< (A — B)cosA. (12)
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Proof. According to Lemma 1 it is sufficient to show that

<k+t2

1 >pk1(1 —p)tag| < (A — B)cosA.

> l(k=1)(1— B)+ (A — B)cos)]
k=2

Since f € R7(C, D), using Lemma 5 we have

lag| < (C_kD)M, ke N\ {1},
therefore
(== 5+ (4= Beosn] (V7170 - )
k=2
< (= D)X k=00 B+ (4= Beosa] (“ 7T 7) 1
k=2
—(C—DVIrl(1— ol — — (k+t—2)
=c-opin-ptla-ny (77
—[(1 = B) — (A — B)cos}] Z % (k —:_tI 2) pk_l]
k=2
t _ 1 _
—c-o)ra-p{a-m (52 -1)
(1=B)—(A-=B)cosA |\~ (k+t—=2\ ,
e e |

= (€= D)l {1 -B) (1-(1-p))
(1—-B)—(A— B)cosA

- ot — 1) [(1—p>—(1—p)t—p(t—1)(1—p)t]}'

But the last expression is upper bounded by (A — B)cosA if (12) holds, which
completes our proof.

Applying Lemma 2 and using the same technique as in the proof of Theorem 6,
we have the following result:

Theorem 7. If f € R7(C, D), then T/f € KMA, B) if
(C = D)|r| ul_i)l)t + (A= B)cosA (1= (1 —p)") | < (A— B)cosA. (13)
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Proof. According to Lemma 2 it is sufficient to show that
(e}
> k[(k—1)(1 = B) + (A — B)cosA] |ax| < (A — B)cosA. (14)
k=2
Since f € R7(C, D), using Lemma 5 we have
_ (- D)t

jar < =1, ke N\ {1},
hence
= k+t—2\ 4 ¢
Skl 10 -8 + (4= Bleost] (V71T 0= )
k=2
< S k(- 1)(1 - B)+ (A~ B)eos\] (k o 2>pk_1(1 - p)t(c_kD)’T‘
k=2
= (C—=D)|r]>_[(k—1)(1 - B) + (A - B)cos)| (’“ t*: 2) pFH(1 - p)t
k=2
_ (1—B)pt t
=(C—-D)|7| [1_/)+(A—B)cos)\(1—(1—p))].

But this last expression is upper bounded by (A — B)cosA if (13) holds, which
completes our proof.

4. PROPERTIES OF A SPECIAL FUNCTION

Theorem 8. If the function gf, s given by

z (I)t
g (2) ::/ 2 4 2, (15)
o 7
then G € KM A, B), if (8) holds.
Proof. According to (6) it follows that

Z(k+t—2
t—1

k

> P p) -, 2 e,

Gh(z) =2+ :

k=2

and using Lemma 2, by a similar proof like those of Theorem 3 we get that Q; €
K*(A, B) if and only if (8) holds.
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Theorem 9. If the function gf, is given by (15), then QZ € SMA, B) if

1-B)(1-(1-p))

(- B)p—(t(fl—)B)COS)‘ [(1=p)— (1 =p)'—p(t—1)(1—p)]

< (A — B)cosA. (16)

Proof. By Lemma 1, the function
o)

1— o)t

-4y (") e

belongs to S*(A, B) if the condition (7) is satisfied.
Using similar computations like in the proof of Theorem 6, we get

B+ (4= meos (T

w\»a

2
=(1-p) [(1 - B)i (e

k=2

(1=p) =1 =p) =pt-1)(1-p)].
But the last expression is upper bounded by (A — B)cosA It follows that (7) is
satisfied if and only if the assumption (16), which proves the result.

Concluding Remarks. Specializing the parameter A = 0 we can state various
interesting inclusion results (as established in above theorems) for the subclasses
S[A, B] and K[A, B] (see[11, 12]).
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