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ABSTRACT. In the present paper, we investigate connections between various
subclasses of harmonic univalent functions by using a convolution operator involving
the Pascal distribution series.
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1. INTRODUCTION

Let H denote the family of continuous complex valued harmonic functions of the
form f = h 4 g defined in the open unit disk ${ ={z: |z| < 1} , where

o0

h(z) = z+ Zanz" and g(z) = Z by 2" (1)
n=1

n=2

are analytic in Ll

A necessary and sufficient condition for f to be locally univalent and sense-preserving
in 4 is that |A/(2)| > |¢'(z)] in Y (see [4]).

Denote by SH the subclass of H consisting of functions f = h+4g which are harmonic,
univalent and sense-preserving in il and normalized by f(0) = f, (0) —1 = 0. One
can easily show that the sense-preserving property implies that |b;| < 1. The subclass
SH of SH consisting of all functions in SH which have the additional property b; =
0. Note that SH reduces to the class S of normalized analytic univalent functions
in 4, if the co-analytic part of f is identically zero.

A function f € SH is said to be harmonic starlike of order @ (0 < o < 1) in Yl if and

only if ) )
2f.(2) — 2fz (2
MG

}>a, (z € ) (2)
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and is said to be harmonic convex of order o (0 < v < 1) in l if and only if

22 fo (2) + 2f2 (2) + 22 f52 (2) + 2f5 (2)
! { o ()= 2 (2)

These classes represented by SH* («) and KH («), respectively, were extensively
studied by Jahangiri [8]. Denote by SH* and KH the classes SH*(0) and KLH(0),
respectively. For definitions and properties of these classes, one may refer to [9, 10]
or [3].

The elementary distributions such as the Poisson, the Pascal, the Logarithmic, the
Binomial have been partially studied in the Geometric Function Theory from a
theoretical point of view (see [1, 2, 5, 7]).

Let us consider a non-negative discrete random variable X with a Pascal probability
generating function

} >a, (zed). (3)

n+r—1

P(in)z( A

>p" 1-p), ne{0,1,2,3,...}

where p, r are called the parameters.

Now we introduce a power series whose coefficients are probabilities of the Pascal
distribution, that is

> -2
PZ(Z)ZZJFZ(WFT >p"‘1(1—p)rzn- (r>1,0<p<1,zed) (4

Note that, by using ratio test we conclude that the radius of convergence of the
above power series is 1/p. Now, for r,s > 1 and 0 < p,q < 1, we introduce the
operator Py : H — H by

Pra()(z) = Py (2) xh(2) + Pi(2) % g (2) = H (2) + G (2)

where

- -2
G(z) = blz—I—Z (n:—s )q”_l(l— q)° bpz"

and ”«” denotes the convolution (or Hadamard product) of power series.
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2. PRELIMINARY LEMMAS
To prove our theorems we will use the following lemmas.

Lemma 1. (See [6]) If f = h+g € KH° where h and g are given by (1) with by = 0,
then

n+1 n—1
anl < "2 bl < P

Lemma 2. (See [8]) Let f = h+g be given by (1). If for some a (0 < v < 1) and
the inequality

Y (n—a)lan|+d (n+a)|bn] <1-a (6)
n=2 n=1

is hold, then f is harmonic, sense-preserving, univalent in 4 and f € SH* (a).

Define TSH* (a) = SH* (o) NT? and TKH () = KH (o) N T+ where TF, (k =
1, 2) consisting of the functions f = h + g in SH so that h(z) and ¢ (z) are of the
form

—z—2|an|z,g E|b|z b1 <1 (k=1, 2). (7)

Remark 1. (See [8]) Let f = h+ G be given by (7). Then f € TSH" () if and
only if the coefficient condition (6) is satisfied. Also, if f € TSH" (a), then

1- 1-
lan| < a, n>2 |b < @
n—u«o n+«
Lemma 3. (See [8]) Let f = h+7g be given by (1). If for some o (0 < a < 1) and

the inequality

, n>1 (8)

o0

Z n—a!anl—l—z (n+a) by <1—« 9)

is hold, then f is harmonic, sense-preserving, univalent in  and f € KH (o).

Remark 2. (See [8]) Let f = h+7 be given by (7). Then f € TKH (o) if and only
if the coefficient condition (9) holds. Also, if f € TKH («), then
l1-a l1-«a

n>2 || <—-, n>1. (10)

<
lan| < n(n+a)’ -

n(n—a)’

Lemma 4. (See [6]) If f = h+g € SH*? where h and g are given by (1) with
b1 =0, then

an] < (2n+12}(n+1)’ bl < (2n—12;(n—1), N>,

135



E. Yagar, S. Cakmak, S. Yal¢in and §. Altinkaya — Some connections between ...

3. MAIN RESULTS

Theorem 5. Let r,s > 1 and 0 < p,q < 1. Also, let f =h+g € H is given by (1).
If the inequalities

> anl+ ) lbal <1, (b1 < 1) (11)
n=2 n=1
and rp sq
1—p)" 1—¢)°>1+1b —_— 12
(1-p)"+01Q-9q) = +\1\+1_p+1_q (12)

r,s - . . .
are hold, then the operator Py is harmonic, sense-preserving, univalent and maps

H into SH*.

Proof. Note that Py (f) = H (2) + G (z), where H () and G (z) are given by (5).
To prove that Py5(f) is locally univalent and sense-preserving it suffices to prove
that |H'(z)| — |G'(2)| > 0 in L Using (11), we compute

|H'(2)] = |G'(2)] > 1- Zn(nJrr N 2>p"_1 (1—p)

s r—1
_\b1|_§:n<”‘;51 2) L gy
n=2
- 1—]b1]—§:(n_1+1) (n—kil?) nl(] — pyr
n=2
_i(n—l—l—l) <”’8Fj12> 1] _ g)®
n=2

I
—
|
>
=
|
<
=
—~
—
|
S
S~—
3
()¢
Y
S
—+
= 03
|
[\
N———
i
[N}

n=2
—(1- >’"gjz(”jﬁf)w-l—squ—q)sg(”*j‘?)
ST M (A
— 1—151!—7’]7(1—]))7”2)(”:'7")])”
-y (T ey
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—sq(1— Q)Si <n18> q"

n=0
SOO n+s—1\ , s
—(1-19) o1 JO'tU-0)
n=0
= (1=p) + (1) —1—|b]— 2 >0

l-p 1-¢°~

To prove P, (f) is univalent in 4, referring Theorem 1 in [8], for 21 # 29 in i, we
need to show that

R Eralh) (22) — Pys
zZ9 — 21

5 1
(Hz) / (R(H' (= () = |G (= @#)]) dt.  (13)

By (11), we have

R O) -6 G| > 1= 3" Ty
n=2
> n+s—2\ ,_ s
|bl|;n( o >q "(1-q)°.

Using (12), we obtain that the inequality above is nonnegative. Therefore, from the
inequality (13) we have

plralf) (z2) = Bpa(f) (1)

22— 2

> 0.

Hence univalency of Py (f) is proved.
In order to show that Py (f) € SH*, we need to prove 1 < 1, by Lemma 2, where

o~ (n+r—2 X n4s—2

= N n—1 r - n—1 s

‘I’l—Zn( o )p (1-p) \an\+\b1|+2n( o >q (1= q)° [bal.
n=2 n=2

Since |a,| < 1, |by| < 1, Vn > 2 because of (11), we have

o < o> (M e (M e

—<1—p>’“+\bl|+sq<1—q>sz("”)w

n=0
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SOO n+s—1 n s
+O—Q)§:<3_1 »Z—O—Q)
n=0
sq
1—

MH+T%E+1—ﬂ—pY+ q+1—u—qf

< 1
from (12). Thus proof of Theorem 5 is complete.
Theorem 6. Let 0 < a<1,r,s>1 and 0 <p,q < 1. If the inequality

r(r+1)p?  (4—a)rp 8@+4Jf+ﬁ2+abq
(1-p)” 1—p (1-q)’ 1—4q

<2(l-a)(1-p)"

is hold, then Pyq (KH") C SH*' ().

Proof. Suppose that f = h 4+ g € KH" where h and g are given by (1) with b; = 0.
It suffices to show that Py (f) = H + G € SH*’ (a), where H and G are given by
(5) with b; = 0 in 4. Using Lemma 2, we need to prove that ®2 < 1 — o, where

= Yoo (") A el (14
n=2
s o) (") a0 . (15)
n=2

Using Lemma 1, we compute

Py < ;{Z(n—a)(n—i—l) (”—:i12> (1—p) pn!

n=2
+Z;m+aﬂn_n<njjzz>ﬂ—qff”}
) ;{;[(n_1)(”‘2”(4—0‘)(”—1>+2(1—a)1(n:Tf)(l—pY‘p"1

oo

+3 =1 (=2 + 2+ ) (n 1) ("jff) <1—q>sqn-l}

138



E. Yagar, S. Cakmak, S. Yal¢in and §. Altinkaya — Some connections between ...

- ;{r(mnp?(l—pr(”fjf)w-i”

n=3
+(4_a)rp(1_p)T§(n+:—2>pn—2
+2(1-a)(1 —p)rni; <n jiIQ)pnz
+s@+ﬂJf(1_Qf§2<njjI2>¢13
+(2+a)sq(1—q)si(nJrz_z)qn_z}
s ()
+(4_04)rp(1—p)’”§: <n:—7‘>pn
n=0

¢ s+1
+(2+a)sq(1—Q)SZ<njs>q"}
n=0
r(r 2 —a)r
_ ;{ J_r;))f +(41;p—|—2(1—a)
o0l —a) (1= ) s(s+1)¢* (24 a)sq
S T R g }

The last expression is bounded above by (1 — «) by the given condition.

Thus the proof of Theorem 6 is completed.
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Theorem 7. Suppose 0 < a<1,r,s>1and0<p,q< 1. If the inequality

2r(r+1)(r+2)p> (15—2a)r(r+1)p? (24—9a)rp

1-p) (1-pp =
25(s+1) (s +2) ¢ (9+2a)5(8+1)q2+(6+30z)3q
(1-g)° (1—q) 1-4¢

< 6(1-a)1-p)

is hold then Pyg (SH*O (@) € SH*? (a).

Proof. Suppose f = h+g € SH*Y (a) where h and g are given by (1) with b; = 0.
It suffices to show that Py (f) = H + G € SH*? (o) where H and G are given by
(5) with by = 0. By Lemma 2, we need to prove that ®2 < 1 — «, where

o= oo (") e

n=2

ad n+s—2 s n—
s o) ("I a0 .
n=2

Using Lemma 4, we have

3 < ;{;m—amnmmn(”jﬁf)u—w’”p"1
00 n+s—2
+ (n+a)2n—1)(n-1) 1—¢q)° n_l}
v en- -0 (") oo

ool Gy [ T

r—1

n=2
> (n+r—2

+ (24 — 9a) (n—1)(1— )T -
;( r—1 ) p)p

n+r—2 R
16(1—a )
( )nz;< r—1 )( p)'p
+2Z<”j512>( 1) (n=2)(n—3)(1—q)¢"!
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ro+203 ("I 0D -0

s—1
n=2

s3> (") v~ q)sq“—l}

n=2

{27“ r+D)r+2)p°1-p)" ) <n :i; 2)p”4

n=4

+(15—20¢)r(7’+1)p2(1—p)rz<n+r_2)p”3

= r+1

+ (24— 9a)rp (1 — p) Ti(””_z)pw

=

r
n=2

9
+6(1—a) (”” )1— ) pnt

r—1

+25(s+1) (s +2) > (1 - q)sz <” jj; 2) g4
n=4

+(9+2a)3(8+1)q2(1—q)82<n+s_2>q”3

= s+1
sx= (n+s—2\ ,_
T (6+30) 54 (1 - q) Z( : )q 2}
n=2
1 . /n+r+2
= —{2 1 2)p(1—p)” n
6{ rrnerta-r S (T

+(15—2a)r(r+1)p2(1—p)TZ<n+r+1>p”

+(24—9a)rp(1—p)rz<n+r

n=0

+2s(s+1)(s+2)¢°(1—q)° >

0

)
+6<1—a><1—p>*i(”fﬁ]l)p"wa—a)(l—pr

<

+(9+2o¢)5(8+1)q2(1q)sz<n+8+l>q”
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+<6+3a>sq<1—q>8i(”js)qn}

n=0
_ 1{27“(r+1)(7“+2)p3+(15—204)1"(7"—1—1)172
6 (1-p)° (1-p)*
+(241__92)Tp+6(1—0z)—6(1—a)(1—p)r
25(s+1)(s+2)¢> (9+2a)s(s+1)¢*>  (6+3a)sq
i-o (1-q)? Ty }

< 11—«
by the given condition.

Theorem 8. If 0 < a <1, r,s > 1 and 0 < p,qg < 1 then Py (TSH" («)) C
JTSH* () if and only if the inequality
r s (1 —1—04) ‘bl‘
1-— 1-— >14 —F
(I-p)+(1-¢q)7 =1+ i—a)

s hold.

Proof. Suppose f =h+ g € TSH* (o) where h and g are given by (7). We need to
prove that the operator

7,8 = n+r—2 T, n— n
FGICIEIED S NN [CEP i B
n=2
— - n+5—2 s n— =n
+!bl\z+2( i1 )(1—q> e
n=2

is in TSH* (o) if and only if &3 < 1 — «a, where

Dy = i(n—a) (n:i12> (L=p)"p" ™" |an|

n=2

() b+ > (n+a) <";f:2> (1—q)* ¢""|bal.

n=2

By Remark 1, we have

3 < (l_a){i <n;ri12> (1—p) p

n=2

+ <n1:2> (1-9q) qnl} + (1 + @) b

n=2
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- <1—a>{<1—p>Tf}(”jﬁf)p"—(l—pv

n=0
DS (”jf]l)q”—u—qf}+<1+a>|b1|
n=0
= (a2 () (-} + (1 +a)n

< l1l—«
by the given condition and thus the proof of the theorem is completed.

We next explore a sufficient condition which guarantees that P’y maps KH into

KHO ().
Theorem 9. Suppose 0 < a<1,r,s>1 and0<p,q< 1. If the inequality

r(r+1)(r+2)p3+(7foz)r(r+1)p2 (10 —4a) rp

(1-p)° (1-p)? " 1L-p
s(s+1)(s+2)¢° (+a)s(s+1)¢®  (4+20a)sq
(1-q)° (1-q)* 1—¢

< 2(1-a)(l-p)
is hold, then Ppjq (KH®) € KH® (a).

Proof. Let f = h+g € KH® where h and g are given by (1) with b; = 0. It suffices
to show that Pyy(f) = H + G € KH® (a) where H and G are given by (5) with
b1 = 0. Referring Lemma 1, we need to prove that &4 <1 — a, where

by = in(n— ) <n ji; 2) (1—p)" p" "an|

n=2

= n+s—2 s n—
s ntra) ("I -0 .
n=2

Using Lemma 1, we have

o, < 1{Z<n—1><n—2><n—3> (“”‘2> (1 p) p™!

2 n=2 r—1
S G [
n=2

143



E. Yagar, S. Cakmak, S. Yal¢in and §. Altinkaya — Some connections between ...

+3° (10— 4a) (n— 1) (””_2) (1—p) p!
n=2

r—1

+> 2(1-a) <n:i12> (1=p)"p"""

n=2
# - ne-2m-3 (") a0
n=2
+Z(5+a)(n—1)(n—2)(njjl2)(1—@54”1
n=2

e n+s—2
+Y A+20)(n-1) 1—gq)° n_l}

nZQ ) ( .1 )( 9)°q

_ 1{r(r+1)(7’+2)p3 (T—a)r(r+1)p*  (10—da)rp

2 (1-p)° (1-p)° 1=p

+21—-a)—2(1—-a)(1—p)"
s(s+1)(s+2)¢® (b+a)s(s+1)¢? (4+2a)sq}
(1-4q)° (1-q) 1-q

< l—«
by the given condition.

The proofs of following theorems are similar to previous theorems so we omit
them.

Theorem 10. Let 0 < a < 1,r,s > 1 and 0 < p,q < 1. If the inequality

rp sq (1+a)
1—9p)" 1—¢)°>1

|b1] (17)

is hold, then Py (TSH* (a)) C KH ().

Theorem 11. If 0 < a < 1, ;s > 1 and 0 < p,q < 1 then Pyg (TKH (o)) C
TKH («) if and only if the inequality

(14 «)|by]

(1-=p)"+(1—-¢q) =1+ 1)

15 hold.

Example 1. Consider the harmonic polynomial f1(z) = z — %EQ. If we take s = 10
and ¢ = 0.1 then from (5), we have

Prod(f)(z) = 2 — 0.1722%
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One can easily see that coefficients of fi(z) satisfy condition (11). Condition (12)
is also hold for s = 10,q = 0.1 and specific choices of r and p such as whenr =1p
can be chosen from 0 to 0.49 and when r =2 p can be chosen from 0 to 0.31. Then,
using Theorem 5, Pg”ég( 1) € SH*. Images of concentric circles inside 4 under the

functions f1 and P;”é'ol(fl) are shown in Figures 1 and 2.

Figure 1: Image of f; Figure 2: Image of P;,’ég(fﬂ

2
Example 2. Consider the harmonic right half plane mapping fo(z) = ﬁ +

_132
(1_275)2 € KHO. If we taker =2, s =2, p = 0.01 and q = 0.01 then from (5), we have

o0

n(n+1)

Pl om(fo)(z) = 2+ — (0.01)"1(0.99)%2"
n=2
+y W(0.0l)”—l(o.gg)%”.
n=2

Then, according to the Theorem 9, PO2.,0217 0.01(f0)(2) € KH(a) for 0 < o < 1. Images

of concentric circles inside L under the functions fo and PO2.€1, 0.01(fo) are shown in
Figures 3 and 4.
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&
1
7/

-15

Figure 3: Image of fj Figure 4: Tmage of Py .01 (fo)
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