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ABSTRACT. In this work we provide a concrete expression of Mahler coefficients
of some locally constant functions on the group of 2-adic integers. We deduce the
Mabhler coefficients of the 2-adic shift.
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1. INTRODUCTION

In [2] locally scaling transformations were described by means of their Mahler coeffi-
cients on the ring of p-adic integers Z,. It was also proved that every locally scaling
transformation is topologically isomorphic to the corresponding p-adic shift. Mahler
coefficients of locally scaling transformations on Z, were also described in [4]. The
techniques used in [4] were mainly based on some properties of Mahler coefficients
of characteristic functions and their relation with van der Put coefficients. In this
paper we use some new techniques that enable us to establish a concrete expression
of Mahler coefficients of some test functions on the ring of 2-adic integers Zo, then
deduce an expression of Mahler coefficients of the 2-adic shift.

We recall some facts about the ring of 2-adic integers Zo. Every x € Zo has the

(o]
2-adic representation x = Y x,;2°, where for each nonnegative integer i, x; € {0, 1}.
i=

The 2-adic valuation vo(x) og any 2-adic integer x is defined as the least nonnegative
integer 4 such that x; > 0. It is known that the 2-adic norm |z| of any 2-adic number
x is given by |z| = 2772(®),

Each set x 4+ 2"Zy, n > 1, is a clopen ball of radius 27". Besides, the set Zs is
the disjoint union of 2" balls of radius 27™.

The natural probability measure p defined on Zs gives measure 27" to any ball
T+ 2" 7.

For every nonnegative integer k, the 2-adic shift S* is defined by the formula
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o o0
Sk(x) = ZkaQi, Vo = Zazﬂ’
i=0 i=0
Every continuous function f : Zy — Zs can be represented by means of its

Mahler expansion
> x
o) =2 a(7)
=0

(2

where

)

(:E) 2@ —1)...(z—n+1)

i)~ n!
and the 2-adic integers (a;); are called its Mahler coefficients.
It can be easily seen (see for example [1], [3] and [5]) that

a; = A'f(0), Vi>0,
where

AOF = f, A (@) = Alf(a+1) - Alf(a), Vi 0, (1)

2. MAIN RESULTS

Definition 1. For every nonnegative integer k, we define the locally constant func-
tion
1, xe2kt17Z,y;
Sp(r) =< —1, x €2k 217,
0, x€7Zy\2"7s.

Lemma 1. For every nonnegative integers n and k we have

dk(n) = ke 2k Z e2k-T
s=0

Proof. Let n € Zy \ 2¥7Zy. Then, there exists some nonnegative integers t < k — 1
and r such that n = 2! + 2!, We have

k-1 20+l 1 (I41)2k -1
TSN TSN
g e2k—1 — E E e2k—1
5=0 I=0  s=l2k—t-1
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t+1 —t—1_ t+1_ k—t—1_
2 12 1 Wi(12k7t71+8)n 2 1 migk—t=1, 2 1 Tisn
— E e ok—1 — e ok—1 E er*l
=0 s=0 1=0 s=0
ot+1_1 P ok—t—1_1 2k—t—171 ) ot+1_1
2 Tisn Tisn wiln
= e 2k-1 g e2k—1 = e2k-1 E e 2t
=0 s=0 s=0 =0
2k7t71_1 2t+1_1 Lol 2k7t71_1 ) 2t+1_1 2k7t71_1 . 2t+1 1
wisn mil (242" r) Tisn il Tisn
= g e2k—T g e 20 = E e2k—1 E e™ — E e2k—1 E
5=0 s=0 =0 s=0 =0

Take n € 2F + 2’”1Z2. Then, there exists some nonnegative integer r such that
n = 2F 4 2kt In this case we have

k_ k_ .
1 =i 2771 misn 1 1 (gk ok+1p) 21 7ms(2’“+2k+lr) e™
By L E—1 — + -1 _ - ok _
62 ez = ke e 2 =k 2% = —1.
2 ; 2 ; 2
Ss= s=

If n € 28T1Zy. Then, there exists some nonnegative integer r such that n =
2k+1r Then, we have

o2k k1,
1 e TisSN fus 2k+1 Tis2
—e2k 2k—1 — Tok-1 0 — 1
2k‘ (& e (& .
s=0

Theorem 2. For every nonnegative integer k, let (al )i be the Mahler coefficients of
the function ;. Then, for every nonnegative integer I, al is of the form

2 W) 2 )]

me2k+17, me2k 12k +17,

S
~
I
—
|
—_
=

ifk>1, and

[ [
0 l l
" ( ) O<Z7n:<l <m) ! 0<Z7n:<l <m> ( )
771_62Z_2 m€_1+§Z2

Proof. For all s € {0,...,2% — 1}, let z} ; denote

ux) Tis

Tps = €2k e2h
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According to Lemma 1, for every nonnegative integer n we have

1 2k_1 1 2k_1
Op(n) = o5 > af = o S+ aps—1)"
s=0 s=0
2k—1 n 2k—1 n l
1 n l 1 n l l—m m
- (}) e =1 = 5 () X () vt
s=0 [=0 s=0 [=0 m=0
n n ! I 1 2k 1 n n ! I
_ l—m m _ l—m
=S ()X (n)ev g X | =X (7) 3 () v maim)
=0 m=0 s=0 =0 m=0
Since .
Sp(n) =) af (T;),
1=0

we obtain that for all [ € {0,...,n},

d=3 () vmaiom).

m=0

The result follows immediately by applying Definition 1.

Theorem 3. For every positive integer k, let (bé‘:)l be the Mahler coefficients of the
function lgky,. Then, for every positive integer I, bf is of the form

! 2t m m 2k
=1 0<m<l 0<m<l
m€2k7t+122 m€2k7t+2k7t+122

It is obvious that bk = 1.

Proof. Tt can be easily seen that for every positive integer [, we have
Toi1z, + 1 =2- Loz,
Applying this formula for [ € {1,...,k}, we obtain

1 1 1 1 L 1
12kZ2 = 55]@,1 + ?51672 +...+ 2?50 + 2712022 = Z g(skft + 27 (2)
t=1
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Hence, if for every nonnegative integer m, (a;*); are the Mahler coefficients of
the function d,,, the result for [ > 1 can be immediately obtained from Theorem 2,
because according to (2),

The identity b8 = 1 can also be obtained from Theorem 2. Indeed, according to

(2)’
k k
1 1 1 1
k k—t _
o —thl 9t %0 +2k—2t:12t1+2k—1~

Theorem 4. Denote by (AF);, (bF); and (c); the Mahler coefficients of the functions
Sk, lokg, and 1ok 1 ory, Tespectively. Then,

Af = =bf + b, V> 0.
It is obvious that A% = Si(0) = 0.

Proof. We first verify that ANSy = 1or_1 okg,.
The function Si can be expressed in the following way

x —ig(x)

Sk(x) = Qk s

where i (z) € {0,...,2F — 1} is the unique integer satisfying = € iy(x) + 2FZy. If
x € Zo \ 28 — 14 2¥Z5, we must have i (z + 1) = ix(z) + 1, which yields

z+1—1(x+1 T — ii(x
Alsk(x):Sk(x+1)—Sk(a;) = 2:( )— 2:( ):O,

For x € 2F — 1 + 2¥Zy, we have ix(z + 1) = 0 and i(z) = 2¥ — 1. Hence,

z+1—1(x+1 T —ip(x
ALSH(@) = Sy + 1) — Sylw) = Aot l) _ronlo) g

We conclude that

A" = A"k 14 okz,, ¥n > 0. (3)
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Combining (1) and (3), we get

Afpr=¢f, VI >0. (4)

For every nonnegative integer n, we have

n+1
Lok 14987, (n) = lorg, (n +1 ( >

n n n
n+ n
iy (" )+ n+1—bo+zb()+zbf(l DR
=1 =1

=1

n

n n n n
:%+§:m<>+§:mﬂ<>+@H1 }:&(J+§:qH<J 2:@+mﬂ(:)
=1 =0 =0
It follows that

cf =bf + b, VI>0.
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