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ABSTRACT. In this paper, we study geometric properties of a class of multivalent
functions with negative coefficients that are connected with the generalized Mittag-
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1. INTRODUCTION

About a century ago, a Swedish mathematician G.M. Mittag-Leffler [11] discovered
a celebrated function F, defined by

o
ZTL

E.(z) = z;)f‘(om—l—l) (o € C;Re() > 0),

where I'(.) denotes the Gamma function. It is observed that the Mittag-Leffler
function is an entire function of z with order [Re(a)]~t. In 1905, Wiman [17] studied
the generalized Mittag-Leffler function E, g given by

Fap(z) = ;0 I’(a;:—ﬂ) (a, 3 € C; Re(a) > 0; Re(8) > 0).

Since then, the Mittag-Leffler function and its various generalizations arose in the
solution of fractional differential equations, super diffusive transport problems and
so on. For some details one may refer to [8] and references therein.

More recently, Bansal and Mehrez [3] studied a new function Eé glor0<A<1
defined by

o0
Z'n,

Fap(2) = Zor(an+6)(m! +(1-N) o
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It is noted that EJ,(z) =: Ea(z) [11], Egﬁ(z) =: FE,p(z) [17) and Eiﬁ(z) =:
Was(2) [18].

The functions E,, E, g, W, 3 and many of their generalizations, studied in the
last two decades, lack normalizations and so they do not belong to the class A of all
analytic and normalized functions of the form

oo
f(z) =2+ Z Uny12" !
n=1

for all z in the open unit disc D := {z : |z| < 1}. Therefore, some researchers
normalized these functions and studied geometric properties, such as starlikeness,
convexity, close-to-convexity and partial sums, for the functions E,, E, g, W, s and
their generalizations. For some details, refer [2, 5, 7, 10, 12, 16].

By using a similar method, we normalize the function Eéﬁ defined in (1) by
letting

_ . r(8) .
Tg\éﬂ(z) - F(B)ZEé’ﬁ(z) =zt nzl P(an+ B)(An!+ (1 — )\))Z .

We notice that the normalized function ’]1‘2 5isa natural extension of the expo-
nential, hyperbolic and trigonometric functions, and some special cases can be given
as follows; for example

Tgvl(z) = liz’ T(I),Q(Z) =e* — 17 ’]:[‘(1)71(2) = Zez,

TP (2) = z€, T3,(2) = vasinh(vz),  Tia(2) =2 0B (=1,

ngl(z) = zcosh(y/2), ngg(z) = 2[cosh(y/2) — 1], ']I‘%B(z) =z oF} (—; %, 2;

)
).

NI

LENE

Let A, be the class of all normalized analytic and p—valent (multivalent) func-
tions f defined in I given by the power series

f(z) =27+ anpz™™ (pEN). (2)

n=1

Note that Ay =: A. If f; and f5 are analytic in D, then f; is said to be subordinate
to fo, written as f; < fa, if there exists an analytic function w satisfying w(0) = 0
and |w(z)| < 1 such that fi(z) = fa(w(z)). We also note that if fy is univalent in
D, then fi < fa is equivalent to f1(0) = f2(0) and fi(D) C f2(D) for all z € D.
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For 0 < v < p, a function f belonging to A, is said to be p—valently starlike
of order ~, p—valently convex of order v, and p—valently close-to-convex of order
~ if it holds the inequalities Re(zf'(2)/f(2)) > 7, Re(1 + zf"(2)/f(2)) > v and
Re(f'(2)/2P~!) > ~ for all z € D, respectively. The classes of such functions are
denoted by S, (v), Kp(7) and Cy(7), respectively. It is noted that, a function f €
K,(7) if and only if zf"/p € S, (7). For definitions and properties of such functions,
one may refer to [1, 6, 15] and relevant references therein.

Corresponding to the function Tg’ 5 in A, we also define the normalized function

E)‘ ap in A, as follows:

F(B) zn+p )

Ejas(2) = T(B)P By () = 2 + Z o+ B)(wl + (1 - )

Using the function E o5 the linear operator /\/lp apl + Ap = Ap is given by

p r B p
Miasf(2) = paﬁ<>*f<>—z-+§jl,an+ﬁx§n{+0__A»asz+

(3)

where z € D, 0 < A < 1, a, 8 € C, Re(a) > 0, Re(f) > 0, and when Re(a) = 0
and 8 # 0. A function f defined by (3) is called p—valent lambda—generalized
Mittag-Leffler function.

By making use of the p—valent linear operator M;}, .8 and the concept of sub-

ordination, we introduce a subclass Sé 5(p, v, A, B) of the family A,,.

Definition 1. For fized parameters A, B, v (-1 < A< B <1,0<y<p,peN)
and the operator M’\a Bf defined by (3), a function f € Ay, is said to be in the class
S)‘B(p,*y,A B) if it satisfies the condition

1 (Z( p,a,ﬁf(z)) . > < 1+A2
P\ M fe ) T 1+ B

(z € D), (4)

or equivalently

2(M), 5 F(2)) L pt (PB+(A-B)(p—1))=
M)\aﬁf(z) 1+ Bz

(z € D).

Remark 1. It is straighforward to verify that f € S’\B(p,'y,A B) if and only if

d(M, 5FE)
M 5T @)
AMosT OB (A - B)(p - )]
YDé’gf(z)

where M?,a,ﬁf is defined by (3).

<1l (€D, (5)
B
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By taking different values of the parameters «, 8, A, v, p, A and B, we may obtain
several known special cases of the family Sé B(p, v, A, B); for example

) S9.(p. v, A, B) = S;(7, A, B), (Aouf [1]).
ii) S§,(p, 0,4, B) = S;;(A, B), (Goel [6]).

Let 7, be a subclass of functions in A, contsisting of functions of the form
oo
f(z) =2"— Z ntp?" P (antp > 0;p € N). (6)
n=1

We define the class
TSX 50,7, A, B) == T, N S 5(p, 7, A, B).

Obviously, TSé,ﬁ(p,’y,A, B) C Sé’ﬁ(p,’y,A,B). In addition, for the classes S;('y),
Kp(y) and Cp(7y) we have

TE,(7) =Ty NS5,(7), TEp(7) :=Tp N Kp(7), TCp(7) :=Tp N Cp(7).
Clearly, it is observed that
i) TS91(p, 7, A, B) = T (v, A, B), (Aouf [1]).
ii) 78§,(p,0, A, B) = T}(A, B), (Goel [6]).

By assigning specific values to «a, 8, \,v,p, A and B, we also get the results by
Silverman [14] and Gupta and Jain [9].

In this paper, we study several geometric properties of the class TS& 5(p, v, A, B).
In particular, we determine sharp coefficient inequality, growth and distortion prop-
erties, radii of p—valently starlikeness, convexity and close-to-convexity for the class
TSQ)‘,B(p,%A, B). Finally, we obatin some results related to modified Hadamard
products of the functions belonging to this class.

2. MAIN RESULTS

First result of this section provides a necessary and sufficient condition for the func-
tion of the form (6) to be in the class 7'8275(]9, v, A, B).
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Theorem 1. Let a function f be given by (6). Then f € TS 6(p,’y,A B) if and

only if
> (14 B)n+ (B = A)(p —7))nlaniy| < (B = A)(p— 1), (7)
n=1
where I ()
U= Tant B)Owl + (1= V) ®

The result is sharp.

Proof. Suppose that the inequality (7) holds true, then using (5) and (6), we get

[2(Ma s () = Mo (2)]

| B2 5/ (2)) = [(A = B)(p — ) + pBIM} o 5 (2)]

= Z _nibnan—i—pznﬂo —|(B=A)(p—7)2F - Z(Bn —(A-B)(p— 7))¢nan+pzn+p
n=1 n=1
<—(B-=A)p-7)+> (14 B+ (B—A)(p—7))tn|anip| <0.

n=1
Then, by the maximum modulus theorem, we observe that f € TSC’:’ 5 (p,7, A, B).
Conversely, if f € TS’\fB(p,v7 A, B) is given by (6), then we have
(M), 5F(2))
M, 5 f(2)

2(MD S f(2))
W —[pB+(A—B)(p—1)]

_ ‘ Sy M [ gp| 7P
(B=A)(p =) — Loy (Bn+ (B = A)(p = 7))t [anty| 2F7)

Since Re(z) < |z| for all z, then we obtain

Re { Ezozl ny |an+p’ 2P } 1
(B—A)(p—7)2F = o1 (Bn+ (B~ A)(p—7)¥n anyp| 2P

Choosing z to be real and letting z — 17, we get

B

< 1.

> (14 B+ (B = A)(p—))nlanspl < (B—A)p—).
n=1

This completes the proof.
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Corollary 2. If the function f given by (6) is in the class TSéﬁ(p,'y,A,B), then
lans| < (B-A)@p—7)
P+ B+ (B=A)p—7)Yn’
where 1y, is given by (8). The result is sharp for the function

(B—A)p—1) +
f(z)=2F — 2P (n>1). 9
= @ Br - - "ED O
In the next theorem, we obtain growth and distortion estimates for the class

TSAIB(p’/yv A B)

Theorem 3. If a function f given by (6) is in the class TSéﬁ(p,% A, B), then for
|z| = r <1 we have

) o (B—A)p—") Pl
= - BT B- G- 0
s < ——BZAC)

1+B+(B-A)p-)¢1
where 1 = % The results are sharp.

Proof. By using Theorem 1, we have

(1+B+(B=A)p—7)v1 Y lantp|

n=1

<Y ((@+B)n+ (B = A)(p—7)¥nlanty]
n=1

<(B-A)p-),
which implies that
= (B=A)(p—1)
2l < G B A (10

Thus, by using (10) we get

o0
@< 2P+ D lanpl 2"

n=1

D
<P 4 plte Z |@ntpl

n=1
, (B - A)p— )
ST AT BT (B- A -0

P, (11)
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Similarly, we obtain

o0
@) 2 |27 = lanpllz* 7

n=1
oS ey
n=1
B (B=A)@-) 1+
T AT B (B A (12)

In view of the inequalities (11) and (12), we get the desired results which are sharp
for the function

(B-A)(p—7) A+
(I+B+B-AP-)¥1

flz) = 2" — (13)

Theorem 4. If a function f given by (6) is in the class TSéﬁ(p,'y, A, B), then for
|z| = r <1 we have

(B-Ap-71+p) ,
(I+B+(B=A)(p—7)i1

(B-Ap-—71+p) ,
(1+B+B-AP@-
r(8)

where ¥ = NCET) .The estimates are best possible for the function (13).

()] = pr?~! -

[f ) <prt™h +

Proof. We omit the proof because it is similar to the proof of Theorem 3.

Next, we compute radius of p—valent starlikeness, radius of p—valent convex-

ity and radius of p—valent close-to-convexity for functions belonging to the class
Tsé,ﬁ(pa v Aa B)

Theorem 5. Let 0 < v < p and let a function f defined by (6) be in the class
TSQ’B(p,%A, B). Then the function f is

(i) p—valently starlike of order ~y in |z| < ri, where

{((1+B)n+(B—A)(p—7))¢nX< p—~ )}w’

r1 = inf
' (B—A)p—") n+4+p—-y

n>1

(14)
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(7i) p—valently convex of order v in |z| < rq, where

ro = inf

n>1 (B—=A)(p—7) n+p)(n+p-2

(iii) p—walently close-to-convex of order 7 in |z| < rs3, where

(e ()]

r3 = inf
n>1

The radius estimates are sharp for the function given by (9).

Proof. i) In view of the class TSy (), it suffices to show that

2f'(2) ‘
—p|<p—v z| <711).
e (12l <)
However, we have
f) || =0 nlangl
f(z) D D RS

2 ne1 M gplz|”
T =200 a2

Therefore the inequality (17) is true provided

o0
n+p—
S P gl < 1
pP—7

n=1
Using (7), we obtain

<n+p - 7) 2 < (L+B)n+ (B —A)(p—7)¢n
p—" - (B—=A)®—7) ’

or equivalently
(1+B)n+ (B—A)(p—"))n (P 1/n
‘Z|§{ (B-A)p—7) (n+p—7)} ’

which yields the desired radius estimate given by (14).
it) To prove (15), it suffices to show that the class T/Ky(7) is equivalent to

I(l * ZJJ:’/;(;))> _p' <p—7 (]2l <r2),
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and the result follows by using steps similar to part (i).
iii) To prove (16), it is sufficient to demonstrate that the class T7C,(7v) is equiv-
alent to
f'(z )

2P—

—-p|<p—7 (2] <r3),

and similar steps given in part (i) leads to the required radius estimate.

Let the functions f; (i = 1,2) be defined by

o0
z)=2P — Z Antpiz" 1P (18)
n=1

Then the modified Hadamard product of the functions f; and f is defined by

o0

(fr# f2)(2) =27 =D anip1anip2z™"P.

n=1
By using the definition of modified Hadamard product, we get the following theorem.

Theorem 6. Let the functions f; (i = 1,2) defined by (18) be in the class TSiﬁ(p, v, A, B).
Then f1 x fo € TSé"ﬂ(p, v, A, B), where

(14 B)(B—A)(p—7)*1 '
(14 B+ (B—A)(p—))t1]> = (B A)2(p — )%

Proof. In view of a method given in [13], we need to show that the largest 77 such
that

Nn=p-— (19)

> (14+Bn+(B-A
Z ( )P —71))n tniprnips < 1. (20)

= (B—=A4)p—m)

Since f; € TSQ’B(p,%A, B), we have

Z (1+B)n+(B—=A)p—"))n anipi <1, (i=1,2).

(B—A)p—)

n=1

Using Cauchy-Schwarz inequality, we obtain

Z 1+ B) Tj;(i)( A)(p) )Y Un famrams < L. (21)

n=1
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In view of (20) and (21), we need to show that

[(1+B)n+ (B — A)(p —71)¥n] (0 — 1)
(14 B)n+ (B = A)p = v))nl(p —7)

Thus, in view of (21), it is sufficient to prove that
(B—A)(p—) _ [+ B)n + (B = A)(p = 1))l (0 =)
(L+B)n+B-A)p—7)vYn ~ [(1+B)n+(B—A)(p—71))¢n](p—7)
It follows from the last inequality that
n(1+ B)(B — A)(p —7)*¢n .
(14 B)n + (B = A)(p = 7))vn]* = (B = A)*(p = 7)*¥n
Now, define a function given by

1+ B)(B—A)(p—7)*¢n
Hn) = p— n(1+ B)( )(p2 V)7 (1),
(L4 B)n+ (B = A)(p—))n]” = (B = A)*(p —7)*¢n
We conclude that H(n) is an increasing function for all n € N. Letting n = 1 in the
above inequality, we conclude that

v On4-p,10n4p,2 <

71 <p-—

(1+ B)(B—A)(p—7)*

Nn=H()=p- 2 5 5
[(L+ B+ (B =A)(p -] — (B—A4)2p—7)*h
where 1] = %, and the proof is completed.

Theorem 7. Let the functions f; (i = 1,2) defined by (18) be in the class TSiﬁ(p, v, A, B).
Then the function

o
s(z) = 28 — Z(a%—i-p,l + a%+p72)zn+p

n=1

belongs to the class TSé,ﬂ(p, 3, A, B), where

B 2(14+ B)(B = A)(p — )% |
[(1+ B+ (B—A)(p—))1]" —2(B - A)2(p — )2

Proof. In view of Theorem 1, we write

o~ [(L+ B)n+ (B - A)(p—1)n]’ »
> |

= (B=A)p—7) el
— [(1+B)n+ (B =A4)(p—)¢n 2 o
= nzl [ (B—A)(p—1) anﬂ”] <b (=12)
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It follows from the above inequality that

o~ L[(L+ B)nt (B~ A)p = 1)¢n]’
; 2[ (B-=A)p-7) ] (ag“rp,l +a121+p,2) <1

Hence, we need to find the largest § such that

(14 B)n+ (B —A)p—0)n <1{<(1+B)n+(B—A)(p—v>>wn ’
(B —A)(p—9) o2 (B—A)(p—1) ’

that is
2n(1 4 B)(B — A)(p —7)*¥n |
[(1+ B)n+ (B — A)(p—7))n]* — 2(B — A)2(p — 7) %y,

Now, define a function given by

6<p-—

G(n) =p— 2n(1+ B)(B - A)(p - 7)2% (n>1).

[(1+B)n+ (B — A)(p—~))tn]” — 2(B — A2(p — 7)*¥n

We conclude that G(n) is an increasing function for all n € N. Letting n = 1 in the
above inequality, we conclude that

2(1+ B)(B—A)(p —v)*¢1
[(1+ B+ (B—A)p—))1]° —2(B - A)>2(p — )21

and the proof is completed.

0=G1)=p-—
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