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ABSTRACT. In this paper, we study canal surfaces with modified orthogonal
frame in Minkowski 3-space. Some characterizations of the canal surface will be
given using curvature-modified orthogonal frame in Minkowski 3-space.
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1. INTRODUCTION

The theory of surfaces has an important role in differential geometry.Canal surfaces,
on the other hands, are special class of surface theory and are quite often used in
studies. Canal surfaces may be formed by either by sweeping a particular circular
cross-section of the sphere along the same path. It is parameterized with the help
of the spheres forming itself. A canal surface M can be parameterized as follows:

z(s,0) = c(s) + r(s)((—=r'(s))t + /1 — ' (s)%(cosOn + sindb)) (1)

where ¢(s) is a unit speed curve parameterized by arc-lenght s. {t,n,b} is the frame
of ¢(s). {t,n,b} is the unit tangent, principal normal,and binormal vector fields,
respectively. Here the curve c¢(s) called center curve and r(s) is called the radial
function of M. If the radius function r(s) = r, then surface of the canal given by 1;

L(s,0) = c(s) + r(costn + sinbb) (2)

surface is also called tube(pipe )surface[5].

Canal and tube surfaces also have applications in various science. It is used
in computer aided design (CAGD) especially for surface modeling, shape recon-
struction,planing of robot move-ments,construction of blending surfaces. It is also
convenient for viewing long and thin objects, such as pipe, ropes, poles or living
intestines.
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The canal surfaces first addressed by Monge have been consider from a differ-
ent angles many geometricians. Xu Z., Feng R. and Sun J. studied the analytical
and geometric properties of the canal surface.Karacan M.K.,Es H. Yayl Y.,Yoon
D.W. Tuncer Y.,Yiiksel N., Biikcii B. consider the canal surfaces and tubular sur-
faces in Euclidian 3-space,Minkowski space,Galilean and Pseudo space[12, 13, 15, 16].
Dogan F. and Yayh Y., invastigated canal surfaces and tube surfaces given by the
different frames of their curve and generalized some properties of them,for instance
the equation of tubular surfaces given by Bishop frame of its spine curve and the
equation of tube surface given by Darbox frame of its spine curve[2, 3]

The Lorentz-Minkowski space is the basic space model of quantum that plays an
important role in general relativity. In recent years, with development of the theory
of relativity physicians and geometers extended the topics in classical differantial
geometry of Rieamanian manifolds. It is clearly demonstrated by the fact that many
works in Eucldian space have found their counterparts in Minkowski space[7].At
present,the properties of canal surfaces have been researched in E3[6].Similar to
generating process of canal surfaces in F>,a canal surface in Minkowski 3-space Ei)’
can be obtained as the envelop of a family at pseudo spheres Sf,pseudohyperbolic
spheres HZ or lightlike cones Q? whose centers lie on a space curve (resp.spacelike
curve,timelike curve or null curve).The classification of canal surfaces was obtained
by Ucum A.and Ilarslan K. in[10].Fu X.,Jung S.,Qian J. and Su M. study classify
the canal surfaces foaliated by pseudo spheres S7 along a space curve in E3[4].

In this study we examine and illustrade the canal surfaces that were previously
made various characterizations and studied according to modified orthogonal frame
by sphere S%(s) in Minkowski 3-space. All the surfaces under consideration are
assumed to be smooth, regular and topologically connected unless otherwise stated.

2. PRELIMINARIES

In this section, we review some basic facts for curves and canal surfaces in Minkowski
3-space. The Minkowski 3-space E} is the Euclidian 3-space E® equipped with
standart flat metric given by <, >= —da? + dz3 + dz3 where z = (x1,72,73) is a
rectangular coordinat system of F3.Recall that a vector ve 3 — {0} can be spacelike
if g(v,v) > 0,timelike if g(v,v) < 0 and null(lightlike) if g(v,v) = 0 and v #
0.The norm of a vector v is given |jv|| = /g <v,v> and two vectors v and w
are said to be orthogonalif g(v,w) = 0.An orbitrary curve a(s) in E} can locally
be spacelike,timelike or null(lightlike), if all of its velocity vectors o/(t) = t are
respectively spacelike, timelike or null(lightlike)[8].The Lorentizian vector product
U and V defined by

66



N. Yiiksel, N. Ograg — Canal surfaces with Modified Orthogonal Frame ...

UAV = (uzve — ugus, usvy — U103, vy — Uv1)

The formulas of any curve in Minkowski 3-space are given[11].Now let « be any
curve in Minkoowski 3-space and suppose that we can reparameterize o by the arc
lenght s.We define modified orthogonal frame {T, N, B} as follows

da dr
T=— N=—,B=TAN 3
ds’ ds 3)

The relations between those and the Frenet frame {¢,n,b} at non-zero points of

curvature K

T=t
N = kn
B =kb

(4)
From equation (4) we obtained next theorem.

Theorem 1. Let «(s) be a unit speed curve classical Frenet frame is {t,n,b} and
modified orthogonal frame is {T, N, B} in Minkowski 3-space[l].

Casel:If « is a spacelike curve with a spacelike principal normal n, then the
modified orthogonal frame is

) 0 1 0

T (s p

N | =| = 5T ]:G(é)) (5)
B'(s) 0 . K B(s)

<T,T>=1,< NN >=k?,< B,B >= —k?
<T,N>=<T,B>=<N,B>=0
TAN=B, NAB=—k*T, BANT =—-N

Case2:1f « is a spacelike curve with a spacelike binormal b, then the modified
orthogonal frame is

. 0 1 0
T (s e

N | = T (6)
B'(s) 0 - K B(s)
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<T,T>=1,< NN >= —k%,< B,B >= k?
<T,N>=<T,B>=<N,B>=0

TAN=-B, NAB=—k*T, BAT =N

Case3:If « is a timelike curve, then the modified orthogonal frame is

) 0 1 0

T'(s 5

N/’(S) =+ W ]j\;((i))
B'(s) 0 —r K B(s)

<T,T >=—-1,< N,N >=< B, B > ?
<T,N >=<T,B>=< N,B>=0

TAN=—-B,NAB=k?>T, BAT =—-N

Case4 :If a is a pseudo null then the modified orthogonal frame is

(5 0 1 0

T (s !

N’(S) _ 0 ; +T7 /0 ]j\;((‘z))
B'(s) 2 0 "1_7_ B(s)

<T,T >=1,< N,B >= &,
< N,N >=<B,B>=<T,N >=<T,B>=0

Case5:If v is a null then the modified orthogonal frame is

(5 0 1 0

T'(s %

el £ 2|
B'(s) 0 —r K B(s)

<T,B>=k,< N,N >= g2
<T, T >=< N,B>=<T,N >=<B,B>=0
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Let p be a fixed point in E? and r > 0 be a costant.The pseudo-Rieamannian
sphere is defined by

S¥p,r) = {weB} i<z —p,x — p>=1?)

The surface M in Ej is called a canal surface which is formed as the envelope
of a family pseudo spheres S? whose centers lie on a space curve c(s) framed by
{T, N, B},then M can be parameterized by

2(s,0) = c(s) +m(s, 0)T(s) + p(s, 0)N(s) + q(s,0)B(s) (10)

where m.p and ¢ differantiable functions of s and 6.Additionally if M is foliated by
pseudo spheres S7 is said to be of type My and canal surface of type My can be di-
vided into three types.If ¢(s) is spacelike(resp.timelike or null) it is said to be of type
M (resp.M? or M?).Also M} can be divided into M}',M!? and M3 When c(s)
is the first kind spacelike curve, the second spacelike curve and null type spacelike
curve,respectively[4].

3. CANAL SURFACES WITH MODIFIED ORTHOGONAL FRAME IN MINKOWSKI
3-SPACE

In this section we study some properties of different types of canal surfaces formed
by the movement of pseudo spheres Sf along a space curve in Minkowski 3-space
according to the modified orthogonal frame.

3.1. Canal Surfaces of Type M}' and M}?

We assume M be canal surface formed by the movement of the pseudo spheres S?
along a first kind spacelike curve c(s),i.e,M}_l. Now we parameterized M_}_l canal
surface using the modified orthogonal frame of the ¢(s) center curve;

z(s,0) = c(s) +m(s,0)T(s) + p(s,0)N(s) + q(s,0)B(s)
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(s, 0) — c(s)| = 7(s)
< x(s,0) —c(s),xs >=0
m2 + w2p? — k2q% = 1’

! ’

K K
x5 = (1+ms — pr®)T(s) + (m + ps + P+ Tq)N(s) + (Tp+ qs + q;)B(S)

p= :I:—T(S) Vv 1—1'(s)%cosh@
s
r(s) :
q=+t——=+/1—1'(s)2sinhd
K

Then Mil can be parameterized by

M = X(s,0) = c(s) —r(s)r'(s)T % ,:EZ)) 1 —1'(s)?(coshdN(s)+ sinhfB(s) (11)

where ¢(s) parameterized by arc lenght s and  # 0. If the radius function r(s) = r
for k # 0,then the parameterization of the tube surface can be as following;

L (s,0) = c(s) + (coshON (s) 4 sinh0B(s)) (12)

”
k(s)
From (11) we may assume —r (s) = cosyu(s) for some smooth function y = zu(s).Then
the canal surface M}rl can be written as;

1 1
X (s,0) = c(s) 4+ r(s)(cos uT + — sin pcosh N + — sin psinh 6 B) (13)
K K
wel0, ). Inmtally we have,
X,=X!T+X?N+X2B Xp=XT+XiN + X3B (14)
X! =sin?p — r” — rksin pcosh 0
1
X2 = —(+'sin pcosh @ — krr’ — p'rr’ cosh @ + 77 sin p sinh 0)
K

1
X3 — 7(7,/ sin g sinh 6 4+ 77 sin y cosh 6 — ,U,/TT'/ sinh 9) (15)
K
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Xy =0
X92 = % sin p sinh 0
X5 = g sin y1 cosh 0
(16)
Then the component functions of the first fundamental form are given by;

E =< XSaXS >
= (X.)? + £ (X2)? = 2 (X7)?

= sin® pu + r2(/£2 sin? pcosh? 0 + r?k? — 72 sin? p + 1/*+

241’k cosh @ — 2¢' 7k sin psinh 6) — 2(rr" + k7 sin p cosh 6)

F=< X, X9 >
= r2X2X? - REX3X)
= —7rr?sin?p — K 72 sin wsinh 6
G =< Xy, Xy >
= (X3~ (X3
= —r2sin?p (17)

And EG — F? = —r%(rr” + krsin pcosh @ — sin? i1)? From (15) and (16) we have,

X, AXg=| X! x2 X3

S

Xy Xg Xj

= —r*(XJXG — XPXP)T + (XGX5)N + (X;X7)B
= —r7'(—rr” — krsin pcosh @ + sin? )T

+—(—rr"" — krsin pcosh @ + sin? 1) (sin p cosh §) N

R

+—(=rr" — krsin pcosh @ + sin? ;1) (sin p sinh 0) B (18)

R
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1X, A Xgl| = VEG — F?2

= r(—rr — krsin pcos 6 + sin® )
The unit normal vector field U to M}rl is given by

XN\ Xp

U=_—s220
1 Xs A Xl

1 1
U(s) = cosuT + —sin prcosh ON + — sin psinh 6B
K K

(19)
" . 1 / o N .
Us = (—r —ksinpcosh0)T + —(—r k — pr coshé + 7sin pusinh ) N
K
1 r
+ —(—7r p sinh @ 4 7sin pcosh ) B
K
.. 1, .
Up = —(sin pusinh @) N + —(sin p cosh 0) B (20)
K K

Then the component functions of the second fundamental form are given by

L=—-<X,U; >

= —7"(%:2 sin? pcosh? 0 4+ r?k% — 72 sin? 1 + p/*+

244’k cosh @ — 2/ 7k sin psinh 0) + (" + k sin p cosh 6)

M=—< Xy, Us >
= 7rsin’ p + krr’ sin psinh 6
N=—< Xp,Uy >
= rsin’ (21)

And as well component functions of the third fundamental form are given by
e=<Us,Us >

= k2sin? pucosh? 0 + r

+2u'k cosh § — 2’7k sin psinh 6 (22)

212 226in? 1 4 12
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f=<Uy,Us >

= —7sin? u — k7' sin psinh 6
g =<Up, Uy >

= —sin?p

(23)

Lemma 2. The first,second and third fundamental forms of canal surface M}rlsatisfy;

E+P F G
iy M=— N=—
T T T
L—Q M N

e = = g:
T T -T

EG — F? = —y?p? LN — M?* = —rPiQ; eg— f=-QF (24)

Py = 7" + krsin pcosh 6 — sin? pw=rQ— sin® M
Q1 =" + ksin pcosh 0 (25)

Remark 1. Due to regularity, we see that Py # 0 everywhere by (24);
From Lemma.2 the Gaussian curvature K the mean curvature H of M_}_l are given

by respectively.

LN —M?* Qi

EG—-F? rp

EN+GL—2FM _ sin®pu+ 2P
2(EG - F2)  —2rP

K = (26)

H = (27)

Now we denote M}FQ canal surface according to modified orthogonal frame.By
the definitaion of M1}? and from (10) we get,

2 2

m? — 12 + 122 = r

= /:2!3 V1 —1'(s)%sinhf
= :l:/:izi V1 —1'(s)%coshf
Mf = X(5,0) =c(s) —7r(s)r'(s)T & r((s) 1 —17/(s)?(sinh ON(s) + coshfB(s) (28)
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where ¢(s) parameterized by arc lenght s and x # 0. If the radius function r(s) = r
for k # 0,then the parameterization of the tube surface can be as following;

L'2(s5,0) = c(s) + %(sinhﬁN(s) + coshfB(s)) (29)

From (28) we may assume —r (s) = cosyu(s) for some smooth function y = zi(s).Then
the canal surface M}rz can be written as;

1 1
X(s,0) = c(s) +r(s)(cos T + — sin pusinh N + — sin py cosh 6 B) (30)
K K

wel0, 7). From (14) we have,

X} =sin? y — rr” + rrsin psinh 6
1

X2 = —(+'sin psinh @ — krr’ — p'rr’ sinh @ + 77 sin p cosh 6)
K

1
X3 = —(+'sin prcosh @ + 77 sin psinh @ — p/rr’ cosh 6) (31)
K

X;=0
X} = % sin y1 cosh 0
Xg’ = % sin p sinh 0
(32)
Then the component functions of the first fundamental form are given by;
E = sin? p + r?(k? sin® psinh? 0 — 72k? — 72 sin? p + p?—

21/ ki sinh @ + 2r' 7k sin pu cosh 8) — 2(rr — krsin psinh )

F=—rr?sin?p+ k' r? sin 1 cosh @
G = —r?sin?pu (33)
EG — F? = —r%(rr" — krsin gsinh @ — sin? )2
U(s) = cosuT + % sin psinh ON + % sin pcosh 0B
(34)
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" 1 ’ !
Us=(—r +rsinpsinh0)T + —(—r K — p r sinh @ + 7sin pcosh ) N
K

1 7
+ —(—r p cosh@ + 7sin usinh §)B
K

1 1
Up = E(sinucosh )N + E(Sinusinh 0)B (35)

Then the component functions of the second fundamental form are given by

L = —r(k?sin? pusinh? 0 — 72k? — 72 sin® p + p/>—

24/ ksinh 0 + 27k sin psinh 0) 4+ (7 — ki sin g sinh 0)

M = 1rsin® u — krr’ sin p cosh 6
N =rsin®p (36)
And as well component functions of the third fundamental form are given by
e = rZsin? psinh? 0 — r?x% — 72 sin? p 4 /2

—2p'k sinh @ + 27’7k sin p1 cosh 6

f = —7sin? u + k' sin p cosh 6
g = —sin®p
(37)

Lemma 3. The first,second and third fundamental forms of canal surface M}rzsatisfy;

—r —r —r
L—Qs M N

e = fzi gzi
—r -r -r

EG — F? = — 2P} LN — M? = —rPQs eg— f?=—-Q; (38)

Py = 11" — gkrsin psinh 6 — sin? = rQq — sin?
Qo = 7" — Kk sin psinh 6 (39)
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Remark 2. Due to regularity, we see that Py # 0 everywhere by (38);
From Lemma.3 the Gaussian curvature K the mean curvature H of M}FQ are given
by respectively.

_LN-M?* Qs
 EG-F?2 1P

EN +GL—2FM  sin?p+ 2P,
H = =
2(EG — F?) —2rPy

(40)

(41)

Theorem 4. The Gaussian curvature K and mean curvature H of canal surface
M_}_l and MP satisfy;

H= _71(Kr+%) (42)

Proof. For M} from (26) and (27), for M1? from (40) and (41) we get conclusion.
Theorem 5. M}rl canal surface is not flat surface.

Proof. We assume that M1! is flat.In case Gaussian curvature K = 0.By (26) we
have @1 = 0.From (25) we get

7" (s) + r(s) sin p(s) cosh 6 = 0

It follows that " = 0 and r(s) sin u(s) = 0. Since ML is regular, sin y # 0. In case

r"(s) and k(s) = 0.If #(s) = 0,then M1 canal surface is non regular. Therefore
M3 is not flat.

Theorem 6. M}rl canal surface is not minimal surface.

Proof. We asuume that M1 is minimal. So that mean curvature H = 0,then (27)
implies
2P +sin® =0

from (25) we get
2rr — sin? ju 4 27 sin g cosh § = 0

Therefore 2rr" — sin? 4 = 0 and krsinpcosh® = 0. Since r # 0,sinp # 0 then
x = 0. Hence Mil canal surface is non regular. So M}rl is not minimal.

For M}r2 by doing similar calculations according to M}rl same proofs and results
are obtained.

Theorem 7. M}f canal surface is not flat surface.

Theorem 8. M}f canal surface is not minimal surface.

76



N. Yiiksel, N. Ograg — Canal surfaces with Modified Orthogonal Frame ...

Corollary 9. Since k = 0 is not, M}rl and M}rz is mot revolution surface.

Definition 1. For a pair (X,Y), X #Y of the curvatures K, H of a canal surface
M ,if M satisfies

®=(X,Y)=0
then it is said to be a (X,Y")-Weingarten canal surface,where ® is the Jacobi function

defined by ® = XY — Y X [6]

Definition 2. For a pair (X,Y), X #Y of the curvatures K, H of a canal surface
M ,if M satisfies
aX +bY =c

then it is said to be a (X,Y)-linear Weingarten canal surface,where (a,b, c)eR and(a,b, c) #
(0,0,0)/9]

Lemma 10. Partial derivates of the K Gaussian curvature and H mean curvature
of the surface of the canal surface M}_l are as follows;

1 !/ ! !
s = ap? (—2rr k?sin® pcosh? 6 + (r k — rr ) sin® jucosh 6
e

— 57 ksinpcosh @ + ' sin® p — e’ sin® g — drr' %) (43)

. 3 .

ksin® psinh 0
Ky = - (44)
rPj
1 ’ ’ / "
Hs = 572 P2 (2r%r k% sin? p cosh? 0—(2rr k—r?k ) sin® p cosh O+5r2r K sin pu cosh 6
L

"

—2rr 1" sin® g+ 2" sin® p + 4r2 "2 + ' sin® ) (45)

. 3 .
K sin® psinh 6
Hy= ——"—""""" 46

Theorem 11. Mil canal surface is a (K, H) -Weingarten canal surface if and only
if it is a tube surface.

Proof. =: (K, H) -Weingarten canal surface M1! satisfies Jacobi equation

H,Ky = HyK, (47)
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from (43), (44), (45) and (46)

1 T/
(Kr — T—2)K9 =0 (48)
by (48) we consider Ky = 0 of M1! from (44) sinp # 0 (or else P, = 0,M}! is not
regular) we have xk = 0 and M_}_l is non regular. Thus Ky # 0. Then we have

TI(K—i)ZO

)
1 - 11 ;

from (48) K # — otherwise M" is not regular.
r

1
P

rP, 2

from (25) sinp # 0. Hence 7 = 0 on M, 7 = constant and M!' is tube.
<:If M{" a tube (i.e r = constant),then from (25)-(27) we have,

P, = krcoshf — 1

(1 = kcoshd

B K cosh 0

~ r(rkcosh® —1)

_ —2rkcoshf+1
~ 2r(rkcoshf — 1)

H

Therefore their partial derivate are given by

K, — 1 coho :;ffhe (49)
Ky = - (50)
e 1)

=" 62)

By (49)-(52) the Jacobi equation (47) is satisfied everywhere.
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Theorem 12. Let M}rl be a linear Weingarten canal surface . Then a tube with

radius r = ——
a

Proof. A (K, H)-linear Weingarten canal surfaces satisfies
aK +bH =1
where a,beR and (a,b) # 0 from (3.32) we obtained
K(2ar —br®) = b+ 2r
By (26) we get

(2ar — br?)(r" + rsin pcosh 6)
r(rr” + krsin pcosh @ — sin? p)
26(r? 4+ br — a)sinpcosh @ + 2(r2 + br — a)r — (b+2r)(1 —72) =0

=b+2r

Therefore we get
k(r? 4+ br — a)sin p = 0,
2(r + br — a)r” —(b+2r)(1 - 7",2) =0
Casel: If 72 + br — a # 0 then x = 0. Thus M}! is non regular.

Case2:If k # 0 then 72 + br — a = 0. Hence r = —3 is a nonzero constant, M}rl

is a tube and a, b satisfy b* +4a =0

Lemma 13. Partial derivates of the K Gaussian curvature and H mean curvature
of the surface of the canal surface M_lf are as follows;

1 / ! /
K, = (—2rr k?sin? psinh? @ + (—r k + rx ) sin® g sinh

r2 P2

+ 507 r K sin psinh 6 + 7' sin? g — v’ sin? p — 47"7’/7’//2) (53)

.3
K sin® p cosh 6
K, — S [rcoshy 54
: e (54)
1 , / ’ ron
H, = 2,2 p2 (2r%r &* sin® psinh® 6—(—2rr s+r’k ) sin® psinh §—5r%r vk sin pusinh 0

rely

—2rr'r sin? 4+ r2r" sin? p+ 4r2r "2 4 sin? ) (55)

K sin® pcosh @

H p—
o 2P2

(56)
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Theorem 14. M_lf canal surface is a (K, H) -Weingarten canal surface if and only
if it is a tube surface.

Theorem 15. Let M}f be a linear Weingarten canal surface . Then a tube with

_ b
radius r = ——
a

3.2. Canal Surfaces of Type M?

In this part we denote M_% canal surface according to modified orthogonal frame.By
the definitaion of M? and from (10) we get,

—m? 4 K2+ K2 =2

m=rr
r(s)
=+ 25 T4 7/(s)2
() +7'(s)%cost
= :tﬁ 1+ 17'(s)%sind

K(s)

M3 = X(5,0) = c(s) +r(s)r'(s)T + r(s) 14 r'(s)%(cosON(s) + sindB(s) (57)

k(s)
where c(s) parameterized by arc lenght s and « # 0. If the radius function r(s) =r
for x # 0,then the parameterization of the tube surface can be as following;

L2 (s,0) = c(s) + %(6059]\7(8) + sinfB(s)) (58)

From (57) we may assume 7 (s) = tan z(s) for some smooth function = p(s).Then
the canal surface M_% can be written as;

X(s,0) = c(s) + r(s)(tan uT + 1 sec pcos N + % sec pusin 0 B) (59)
K

pe[—%, 5. From (14) we have,

XS1 = sec? 4+ 77" + rr sec pcos f

1
X2 = —(r'secpcost + krr' + p'rr’ sec pcos @ — 77 sec pusin )
K

1
X3 = —(r'sec usin@ + 1rsec prcos 0 + p'rr’ sec pusin 0) (60)
K
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X;=0
XZ = —isec,usinﬁ
K

r
X3 = —secpcosf
K

Then the component functions of the first fundamental form are given by;
E = sec? n—+ ?”2(—/4,2 sec? u cos? 0 + 2k + 72 sec? w— M'Q sec? —

o'k sec pucos B — 2r' i sec psin @) — 2(rr + Kr sec pcos 6)

F =r1r¥sec? u — Kt r? sec wsin @
G =r?sec’ u (62)

EG — F? = —r?(rr" + rrsec prcos 0 + sec? p)?

1 1
U(s) = tan uT + —sec pcos N + — sec psin 0 B
K K

(63)
" 1 ’or .
Us=(r +rsecpucosf)T + —(r k+ pr secpcost — 7secusin )N
K
1 !/ /
+ —(—r p cos@ + Tsin usinh)B

K
1 . 1

Up = ——(secusin@)N + —(sec pucost)B (64)
K K

Then the component functions of the second fundamental form are given by
L = r(r?*sec? pcos? 0 — k% — 12 sec? p + p'* sec? p+

241 Kk sec g cos O + 21Tk sec psin 6) + (TH + ksec pcosf)

M = —71rsec? p + krr’ sec usin 6
N = —r?sec? (65)
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e = —k%sec? 0 cos? 0 + K% 4+ 72 sec? w— ,u,'2 sec? ]

—2u' Kk sec prcos§ — 21’ Tk sec pusin 6

f = 7sec? i — k' sec pusin 0
g = sec?
(66)

Lemma 16. The first,second and third fundamental forms of canal surface Misatz’sfy;

E+ P F G
L=t == N=—
—r —r —r
L—Q;3 M N

e = = —_— gzi
—r —r —r

EG - F*=— 1P} LN — M? = — rP3Q3 eg— = —Q3 (67)

Py =rr" 4+ kr sec pcos 6 + sec? w=rQs+ sec? %
Qs = 1" + K sec pcosf (68)

Remark 3. Due to regularity, we see that Py # 0 everywhere by (67);

From Lemma.16 the Gaussian curvature K the mean curvature H of M_% are
given by respectively.
LN — M? Q3
EG—F?2 1P
_ EN+GL—-2FM _ sec® u—2P;

B="=Ee—m =~ onp (70)

K= (69)

Theorem 17. The Gaussian curvature K and mean curvature H of canal surface
M_% satisfy;
-1

H=—
2

(Kr+%) (71)

For MJQr by doing similar calculations according to M}rl same proofs and results
are obtained.

Theorem 18. Mi canal surface is not flat surface.
Theorem 19. Mi canal surface is not minimal surface.

Corollary 20. Since k = 0 is not, M_% s mot revolution surface.
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Lemma 21. Partial derivates of the K Gaussian curvature and H mean curvature
of the surface of the canal surface Mi are as follows;

K, = W(—%r,kzz sec? ju cos® 0 + (—rln + 7“/<al) sec3 j1cos 0
3

o ron " ron
—5rrr Kksecpucosf —rr sec? p4rr sec p—drrr 2) (72)

K sec j1sin @
Ky=——"—""—"— 73
? 7"P32 (73)

1 / / / ron
H; = W(ZTQT % sec? ji cos? 0—(—2rr K+1r2R )sec3 1 cos O+5r2r 1 ksec pucos 0
L

—2rr' 7 sec® pu— 2 sec® p+ Ar2r 2 4+ sect p)  (74)

Kk sec j1sin @

Ho —
’ 2P2

(75)

Theorem 22. M_% canal surface is a (K, H) -Weingarten canal surface if and only
if it is a tube surface.

Theorem 23. Let M?r be a linear Weingarten canal surface . Then a tube with
radius r = ——

a
Corollary 24. When the canal surface center curve is first,second type of spacelike
and timelike, canal surface is not flat, minimal, revolution and developable surface

according to modified orthogonal frame. Also surface is not circular cylinders, cir-
cular cones and catenoids.

3.3. Canal Surfaces of Type M}* and M3

In this part we only give M}r‘g and Mi canal surfaces parameterizations according
to modified orthogonal frame.From (10) we get,

m? + 2k%pg = r?

/

7’2 S
20 = Ty (1= (5P)
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M = X(5,0) = c(s) = r(s)r'()T + p(s,0)N(s) + (s, 6) B(s)

where

- T2(5) )
2p(37 Q)Q(S, 9) - I€2(S) (1 r (S)) (76)
and k # 0

For M3 from (10) we get,

/<c2p2 + 26mq = r?
Kq = —rr’

M3 = X(s,0) = c(s) + m(s,0)T + p(s,0)N(s) — MB(S)
where
K2(5)p%(5,0) + 2n(s)m(s, 8)a(s,0) = r(s) (77)

Example 1. Let us consider c(s) center curve spacelike curve with spacelike binor-

mal o as;
2
a(s) = (cosh \ggs smh\g 38)
Then its Modified frame is;
Vb VB VB W52
T = (— sinh —s, — —5, =
(3 sinh —=s, 3cosh3s,3)

N (5 cosh ﬁs, §smh§s ,0)

9 359 3

10 V5 10 V5 5f
B = (—sinh s, —cosh¥2s

(57 sinh =3, oz cosh=s, 27)

when the radius function r(s) = cos s the canal surface as;

X(s,0) = V5 V5

) 5 2
(cosh —er? cos ssin s sinh %s+cos ssinh 6 cosh £er cos? s cosh f sinh ~——

V5

2
sin ?5 + 5 cos s sin s cosh ?s + cos? ssinh 0 sinh ?s + = cos? s cosh 6 cosh

7

78’
2 2 5
?8 + gcosssms— ?COSQSCOShG)

We draw graphics in Figure.1l
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Figure.1 Canal surface M12? with r(s) = cos s.

5 5 2 )
L}?(s,0) = (cosh \/?_s + sinh 6 cosh \/?_s + 3 cosh 0 sinh \/?_s,

2 2
sinh \/?gs + sinh 0 sinh \/?gs + 3 cosh 0 cosh \/?55, § - \/?5 cosh 0)

We draw graphics in Figure.2

Figure.2 Tube surface L'? with r(s) = 1.
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