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THE ESTIMATES FOR THE REMAINDER TERM OF SOME
QUADRATURE FORMULAE

ANA MARIA Acu, MUGUR Acu, ARIF RAFIQ

ABSTRACT. A new generalization of Ostrowski’s integral inequality is
established. A consequence of the generalization is that we can derive new
estimates for remainder term of the midpoint, trapezoid and Simpson formu-
lae. These estimates are improvements of some recently obtained estimates.
Applications in numerical integration are also given.
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1. INTRODUCTION

In [2] Cerone, Dragomir and Roumeliotis proved the following generaliza-
tion of Ostrowski’s inequality:

Theorem 1./2] Let f : [a,b] — R be continous on (a,b) and whose first deriva-

tive ' : (a,b) — R is bounded on (a,b). Denote || f'||., = sup |f'(t)| < oo.
tela,b]
Then we have:

/ F(#)dt — {f(:c)(l A+ MA} (b—a)

< E(b— )2 (A2 + (1= \)?) + <x— ”b)Q

(1)

!/
=) 10

b— b—
for all X € [0, 1] anda—l—)\TanSb—)\ 2a'
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Using (1), they also obtained estimates for the remainder term of the mid-
point, trapezoid and Simpson’s formulae. They also gave applications of the
mentioned rezults in numerical integration and for special means.

In [4], N. Ujevic proved the following generalization of Ostrowski’s inequal-

ity:

Theorem 2./j/ Let I C R be a open interval and a,b € I, a <b. If f: ] — R
is a differentiable function such that v < f'(t) < T, for allt € [a,b], for some
constants I',y € R, then we have

2 2 )_bia /ab f(t)dt’ < %(F—V)(b—a)

r a-+b
‘f(:v)— i (x— .

1 (e—2)’
1T ey ]

In this paper we give some generalizations of Ostrowski’s inequalities and
we obtain new estimations for the remainder term of some quadrature formu-
lae.

2. MAIN RESULTS

We denote [z] the integer part of z, = € R.

Theorem 3. If f € C" [a,b], f"V, n > 1 is absolutely continuous and
there exist real numbers v, T such that v < f"(t) <T, t € [a,b], then

n—1 m (_1)k’ 1 b
2> ) (k+1)|(b—a) Appai SV (@) = 7= | [t
k=0 j=0 ) a
n (b - a)n .
p 2
Iy (b—a)" | <& & 1 (z—4b)
= 2 77,' {]ZO An—2 27 + ]ZO An—Q 27+1 . Z‘f’ (b—a)2 s (2)
where
E+1 a+b\' ,
Ak’i_2k+1’(b—a)i< ; )(x— 5 ) ,k=0,n—-1,1i=0k+ 1,
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Proof. Let P : [a,b]*> — R a mapping given by

(t—a)"
!

if ¢
L it e fa, 2)

P(x,t) =
(L)

n.

,if t e[z, bl

We observe that successive integration by parts yields the relation:

o o

n—1

/bP(x £) £ (£)dt = Z( i {M} o ey

n!
n1k|:t_b>:|n1k /bf

/ 7o dt+§_j g )T1f<k><x>—§_j<—1>“-1’f—(x"”“ﬂ“(x)

+1)! e (k+1)!
{/fdwo(

+
H oMi

[( )k+1—($—b)k+l] f(k)(l’)}

+nz_1 +1 (_1)k (b—a)k [1+< 1)z+1]A f( ()
k=0 =0 <k + 1)' k. k+1—i
b n—-1 m
:(—1)n1(b—a){—T/ ft)dt+2 Z((kj)) (b—a) Ap s - F®( )}
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We have
/ Pla, t)dt = / o) gy / (t;?)ndt: L (e b)Y

n! (n+1)!

ntl (b—a)™+ n+1

= ﬁ Z [1+(—1)”_q (b—a)n+1An,i: m Z [1+(—1)i+1} Apni1-i

n,n—2j
(n+1)! =
Since
b
[ P oo - 52 4= oy b—a{ /f
“ n—1 m m
—1)k b —a)"
+2 Z ((k—l—i)' (b—a)* - App_o; - f®(2)+ (=)™ + Z nn%}
k=0 j=0 : i
we have
n—1 m b
(~1)" 1
2> ) (b—a)* - Api_o; ) — f(t)dt
k=0 j=0 (k+1)! b—a
< max | f™ (t) F+7/\P t)| dt.
b — a tea, b]

By using the relation

max {(x—a)"?, (b—x)" 1} = % {(a: —a)" '+ (b—z)" 1+ ‘ (x—a)" " —(b—x)"" ! }

() )

1=0

o) )
_W—ar {nzl Ap o+ 711_1 [1+ (—1)"*"] An_zﬂ-}

}

n—2,25+1

p
(b—a)"l{ Ap-22; +
=0
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we obtain

—a)" "(b—t)"
/ﬂPxﬂﬁ /iQJwﬁ+/( "
<(r—a)" / t_adt+ b—x)" /Edt

Snlmax{ —a)" L (b—z)" "} {/ t—adt—i—/b(b—t)dt}
1 n—1 n—1 2 |1 (mx_aTer)Q
b—a)"t |1 x — ot ~

= ] {ZA"“J }

Since v < f™(¢) < T, we obtain

) té€la,bl.

r I —
‘f(n)(ﬂ . +7’ < Y

2 2
From the above relations we get the desired inequality (3).

From Theorem 3 we obtain a new quadrature formula and we give a esti-
mation of the remainder term.

Theorem 4. If f € C" [a,b], f™ D, n > 1 is absolutely continuous and there
exist real numbers y, T such that v < f™(t) < T, t € [a,b] then

’ - (- kb1 (k)
f)dt = 2 Z (k + 1)! (b—a)"™ Ap ko f*(2)
a k=0 j=0 ’

(b— a)n+1 m

m Z An,n—2j + Rn [f]

J=0

+ (=D"T+79)

and the remainder term R, |[f] satisfies the estimation

2
Ty (b—a) [ 1 (o — o
< . A o . -
Ralf]l < 5 " jz_% n—2,2j T n—2,2j+1 1 G_ap |
where
1 k+1 a+b\" -
Ak’l_m< i )(l'— 9 ),k—O,n—l,Z—O,k—!—l,
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i ] - -5 -]

b
Remark 1. If we choose x = i, n = 2, we obtain the following quadrature

formula:

[ r0ar=0-as (“50) + S0 0+ Rals

and the remainder therm Ry|f] satisfies the estimation

I'—~

Ralfll < —

—5 (b—a)’.

Remark 2. If in Theorem 4, for n = 2, we choose x = a, x = b, respectively,
and we sum the results, to obtain the following quadrature formula

[ = o)

4
and the remainder therm Rsy|f] satisfies the estimation

2@+ [ (@)~ P05 (T4 7)(b—a) + Rol]

[R2[f]] < 2(T =) —a)’.

OOI»—t

Theorem 5. If f € Cla,b], f' is absolutely continuous and there exist real
numbers v, T' such that v < f"(t) <T, t € [a,b] then

/ “worwa - L= 1) - (- "57) £

D+~ ([(b—a)’ a+b\’
20 (( 5 ) +5<x— 5 ) +RI[f],
where w(t) = (b—t)(t—a) and the remainder term R[f] salisfies the estimation

! <x—%w>2+\x—%*b\], ki ﬂ] ®)

IRIf]] < + -

4 (b—a)? b—a 36 (b—a)?

’1
)

—(b—a)’
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Proof. Let P : [a,b*> — R a mapping given by

-9 ot

P(:L",t): _6 3 _12 4
{mwtm (t—1)

T t € lz,b].

We observe that successive integration by parts yields the relation:

b v (t—a)® (t—a)

/P@W%W:/{Ww)6 - Mwm

. 12

v/ b - ‘6b)3a— “ ]2")4} P(e)d
1

:/ w(t)f(t)dt—i—{—b;a [(m—a)Q—i-(b—x)z]—i-g [(x—a)3+(b—x)3]}f(:c)
I =0 = -] - Gy [ -0 - 0= )] | £

-/ Cuo s - =D g 4 L) ( - ”b) o)

We have

[renm = [ oo S5 e [ on S0

we have
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/bw(t)f(t)dt— @ {f(m) B (x_ a+b) .

P+~ |/b—a 2 a+b T+
P t dt
GRS SN AL O
'+~ b
< " I )
< ma |7 - ]/G|P<x,t>|dt
Using the relation
1
max{(x—a)2,(b—x)2} = 5{(95—@)2—!—(17 +|x—a (b—m)Q‘}
G W s o
o2 |t 2
= (b—a) 4+ (b —a)? T b—a

we obtain
((L—b) (t_b) (t_b)

/ab|P(x,t)|dt = /; T
< /az(b—a)(t;“)gdw/: L 12a)4dt+/:(b—a)(b_6t)3dt
+ /xMdtgl{(m—a)Q/az(b—a)(t—a)dt—l—(m—a)Q/;Mdt

2
4 (b—m)2/:(b—a)(b—t>dt+(b—x)2/b (b;”th}

T

dt

1 —a)?

< max (m—a)2,(b—x)2}-{/ax(b—a)(t—a)dt—k/am(tTdt

+ /:(b —a)(b—t)dt + /: (Z’_T”th}

—a)? v — atb)?
= max{(x_a)z’(b_x)Q},u.[1+< 2)]

36 T T —ap
P b O e 0 M o I A e W
= g ][%* (b—a)? ]
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Since v < f”(t) < T we obtain

70—

_F—|—7‘<I‘—7

From the above relations we get the relation (3).

Remark 3. If we choose x = ath

, we obtain the following quadrature for-
mula:

| wtrod - bl (“‘2”)) + L0y R

and the remainder therm R[f] satisfies the estimation

RN < g5 (D= )b~ a’

Remark 4. If in Theorem 5, for n = 2, we choose x = a, x = b, respectively,
and we sum the results, to obtain the following quadrature formula

[oorwa="20 | papron S (@ 0 g () (00| 4RI

and the remainder therm R|[f] satisfies the estimation

RIf) < 5T =)’
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