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1. PRELIMINARIES

In this section, we recall some results which we will use in this article. In
the following, let X, Y and Z be compact real intervals and
D =X xY x Z. A function f: D — R is called a B-continuous function at
(%0, Yo, 20) € D iff for any € > 0, there exists 6 > 0 such that

|Af{(l',y, Z)? (%;3/0720)” <€
for any (z,y,2) € D, with |z — 20| <6, |y — yo| < d and |z — 2| < 0. Here
Af[(x,y,z), ($07y07 ZO)] - f(l’,y72> - f(%%zo) - f(xay07 Z) - f(x07y7 Z)+
+ f(‘Ta Yo, ZO) + f(x()aya ZO) =+ f(an Yo, Z) - f(x()vyOa ZO)

denote a so-called mixed difference of f. The function f is B-continuous
on D iff f is B-continuous at each point (xg, 4o, 20) € D. These notions
were introduced by K. Bogel in [4], [5] and [6]. The function f: D — R is
B-bounded on D iff there exists K > 0 such that

’Afo?yv 2)7 ($07y07 ZO)” S K

for any (2,9, 2), (20, Yo, 20) € D.
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We shall use the function sets

B(D)={f/f: D — R, bounded on D}, with the norm |[e]__
By(D)={f/f: D — R, fB—bounded on D},

with the norm|| f||z = sup IAf(x,y, 2), (u,v,w)]|
(z,y,2),(u,v,w)€D

Cy(D)={f/f: D — R, fB — continuous on D}.
Let f € By(D). The function
Wnized(f;+5+,-) + [0,00) x[0,00) x [0,00) — R
defined by

Wiized(f3 01,02, 03) = sup{|Af[(x,y, 2), (zo, Yo, 20)]| : | — 20| < 01,
[y — yo| < 0o, |2 — 20 < 03}

for any d1,d2,93 € [0,00) is called the mixed modulus of smoothness and
was introduced by I. Badea in [1] for functions of two variables. Important
properties of w,izeq Were established by C. Badea, I. Badea, C. Cottin and
H.H. Gonska in the papers [2] and [3].

Lemma 1 Let f € By(D). Then
Whnized(f; 01,02, 03) < Winied(f; 07, 03, 03) (1.1)
for any 61,09, 03,01, 95,05 € [0,00) such that §; < 7, da < 85 and d3 < J5;
Afl(z.y,2), (u, v, w)] < Wnnigea(f3 [ = ul, ly = 0], [z = wl); (1.2)

Afl(@ . 2), (v, w)] < (1+ ’*’”;“’) (1+ ’y;z“‘) .

1

z—w
. (1 + | 5 ’) Wiized([f; 01, 02, 03) (1.3)
3
for 81, 09,03 > 0;
Wmi:ced(f; /\1517 )‘252’ )\353) S (1 + /\1)(1 T )\2)(1 + /\3)

“Winized ([ 01,02, 03), A1, A, A3 > 0. (1.4)
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Lemma 2 Let f € Cy(D). Then

51’(5121%;_>0wmi:ved(f; d1,02,63) = 0. (1.5)

Let L be a positive operator of three variables, applying the space
Rla:bIx[a" b x[a”.b"] into itself. The operator

UL - R[a,b}x[a’,b’]x[a”,b”] N R[a,b]x[a’,b’]x[a",b”]
defined by

(ULf)(%,y,Z) = L[f(.vyVZ) + f(.’L’,*,Z) + f(&l,y,o)—

_f<.7 *,Z) - f(.7y7 O) - f(l', *, .) + f(.’ *, O);[E,y,Z] (16)

is called GBS (generalized boolean sum) operator associated to L, where
e x, o stand for the first, the second and the third variable. The term of
GBS operator was introduced by C. Badea and C. Cottin in the paper [2].
For estimating the rate of the convergence we need the following result.

Lemma 3 For any f € Cy(D) and any 61, 2,03 > 0 holds the inequality

|<ULf)(l'7y7Z) - f(l’,y,Z)| S

S (1 + \/(L(. _ ?1)2>($’ Y Z) + \/(L(* - ng)(zaya Z)+

\/(L(O — 2)2)($, Y, Z)

+ 5, + 5.6 +
VI(L(x—y)2(0 — 2)?)(x,y,2) | /(L{o—z)*(e —x)?)(x,y,2)

* 5203 * 3401 *

+ \/(L(. — 1?)2(* ;1(:?2)523(0 — 2)2(56,?/, Z)) . Wmixed(f; 517 52’ 53) (17)

where L : B(D) — B(D) is a positive linear operator which reproduces the
constants.
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Proof. After (1.3), for (x,y, z), (u,v,w) € D we have
Af[(x,y,Z),(u,v,w)]g 1+u 1_|_|y_v|
(51 62

Z— W
. (1 + | 5 |) Wmiwed(f;51752763>7
3

so that we can write

[f(2,y,2) = (ULS)(z,y, 2)] < [(LAS[(2,y,2) (e, %, 0)])(z,y, 2)] <

< 1+ (L|0—a:\)(x,y,z) + (L|*—y\)(x,y,z) + (L|O—Z’)(.§U,y,2;)+
01 02 03
(L] o —z|| * —y)(w,y,2) | (L] * —yl[o—2])(z,y,2)
* 5105 * 5203 *
+(L| o —z|[ e —z|)(z,y, ) (L] e =[x —y|[ o —2|)(@,y,2) |
63(51 515263

: wmz’zed(ﬂ 517 52, 53)-

Applying the Cauchy-Schwarz inequality for positive linear operators the
estimation from theorem results.

2. MAIN RESULTS

Let the sets Az = {(z,y,2) e RXxRxR:z,y,2>0,2+y+ 2 <1} and
F(A3) ={f/f : A3 — R}. For m a non-negative integer, let the operator
By, : F(A3) — F(A3) defined for any function f € F(As) by

(B f)(z,y, 2 Z Pmiik(2, Y, 2 )f(%7%a%> (2.1)

i,7,k=0
i+j+k<m

for any (z,y, z) € Az, where

m)! ik

m,i,] 9 ] - . . R Yy? * 22
P (254 2) zlj!k!(m—z—j—k)!gjyz (22)

(1—2—y— )™k

The operators are named Bernstein polynomials of three variables and they

are linear and positive on F(Aj), see [8].
The following result can be found in the paper [7].
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Lemma 4 If m,py,p2,ps3, k are positive given integers then

P p2 p3

1 n T n,
(Bmepipaps) (T, Y, 2) = pre— Z Z Z mlritratnsl, (2.3)

ni=1ng9=1n3=1

.S(pl, nl)S(pQ, n2)S(p37 n3>xn1y”22n3,

WheTe €pypyps (T,Y,2) = aP1yP22P3 (3,y,2) € Az, mH = m(m —1)...(m —
k+ 1) and S(m, k) denoted the Stirling numbers of second kind.

Lemma 5 If (z,y,z) € Az then

1 3
vy < 3 30y —wy(e+y) + oy < 1 (2.4)
zy+tyz+tzx r+yt+z 1
< < < —: 2.
e = 9 =" 97 —ar (2:5)
9 1
ry +yz + z2x — 1%Y% < 7 (2.6)
4
17Tzyz — bayz(x +y + 2) < 9 (2.7)
1
—2zyz(r+y+z)+ W + 2zyz < 77 (2.8)
4
52%y*2* — xyz(vy +yz + zx) + e ty+z) +—>0; (29
3 3 729
-5 6 1Tm — 18 dm — 4
mT+xyz($+y+z)+meyz— m27 <0,m>1. (2.10)

Proof. We have 4zy < (z +y)* < 1;

1 1
32%y° —xy(r +y) + 2y = 2(x2y2 — 1_6> +z(l—2)y(l—y) — —+

because 4z(1 —z) < (z+1—x2)* = 1;

2
1
vy +yrtor< STV rhytz 1
3 3 3
(r+y+2)?3 z+y+z 1
< < —
vz 27 = 27  — o7
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TY + Yz + 2T

1 1 1 1 1 1
—+—-—+->(x+y+2)|{—-—+-—+-] >9sothat zyz < ;
T Yy =z r Yy = 9

4 4
let z = min{x,y, z}; then 1 — 32 > 0 so that 4 — 9z > 0 and

9 9
ry+yz+ze—-zyz=zyll—= )+ (z+y)z;

(z +y)*(4 - 92)
16

+(1—-2)z<

9
a:y(l — ZZ) +(x+y)z <

(1—2)2%(4—92) —923 4+ 622 —2+4 1
< <=
- 16 16 — 4
the last inequality is equivalent to z(1 — 3z)* > 0. For (2.7) we can write

+(1—2)z=

4 4 31 4
17xyz—5xyz(x—l—y+z)§§®5a:yz 3Ty~ +§xyz§§,
which results from 5xyz(4/3 —xz —y — z) < 1/81 and zyz < 1/27. For (2.8)

we have et
T Z 4 zx
_aytyrter

2 (1—x— —)<—1
TYZz x z
<

— (xy +yz + zz);

W =

& 18ryz(l —x —y — 2)

but

1
8ryz(l—z—y—2) <2ey+yz+zz)(l—z—y—2z) < g—(xy+yz+zx) &

1
S (yt+yz+z0)3=2+y+2) < 5;
but
2
(xy+yz+22)3=2(x+y+2)) SW(S—Q(x—i—y%—z))
and
(z +y+2)*

1
3 (3—2(a:+y+z))§5@2(m+y+z)3—3(x+y+z)2+120@

98



M.D. Farcag - About approximation of B-continuous functions of three...

S (1—z—y—2)?22(@+y+2)+1) >0 and the last inequality holds true.
For (2.9) we can write

xyz(x+y+2) wxyz 4

5020252 — 2
xiy z® —xyz(xy +yz + zx) + 3 3 + 9
4 Y + Yz + zx 1 +4 9 (2 + y= + )+1 N
=4 ——— —zyz || = —ayz —| —xyz — (x Z+zx)+ -
9 VS \ar T YE) T\ gtr T Ty 1
1 r+y+z
+§:1:yz T—(my—l—yz—l—zx) +
4 1
+§<2xyz(x+y—l—z) —W —2:ch2—|—§> > 0.

The inequality (2.10) can be proven by mathematical induction. For m = 1
we have zyz(x + y + 2) < xyz, holds true and the step two is in fact (2.7).

For m a non-negative integer, let the GBS operator of Bernstein type (see
[1]) UB,, : Cy(As) — B(Aj3) defined for any function f € Cy(A3z) and any
(I,y,Z) € AS by

(UBmf)(x,y,2) = (Bm(f(e,y,2) + f (2, % 2) + f(2,y,0)— (2.11)

- f(.7*72> - f(.vya O) _f(x7*’o) +f(0,>|<,0))(x,y,z) =

) ' k
- Z pm,i7j,k(f<_7y7 Z) +f($,i72’> +f(xay7 _)_
i he0 m m m

i+j+k<m

2 t(o) ot ) ea( 2 4))

Lemma 6 The operators (Bp,)m>1 verify for any (x,y, z) € As the following

(Bmeooo)(z,y,2) =1 (2.12)
m(Bp,(e — 2)*)(z,y,2) = 2(1 —x) < %,m > 1 (2.13)
ms(Bm(._:L‘)Q(*_y)Q)(xuy72> - (214>

= 3(m — 2)a%y? — (m — 2ay(e +y) + (m — Day < "2 m > 2

16
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m? (B (e —2)*(x — y)*(0 — 2)*)(z,y, 2) = (2.15)
= (—=15m* + 130m — 120)z%y*2* + (3m? — 26m + 24)ayz(zvy + yz + 20)+
+(=m? +Tm — 6)zyz(z +y + 2) + (m* — 3m + 2)ayz <
< 12m? 4 4m — 12

= 9 "8
Proof. We have
m! w
o i,.9 k.
(Bme(]OO)('r?y?Z) - Z Z']'k"(TTL — ] — ,] —_ k-)lx yz
i,7,k>0
ijtk<m

(l—z—y—2)"" P =@ty+tz+l-—az—y—2)" =1
From Lemma 2.1 we obtain the relations
m<Bm(. - l‘)2)(l’,y, Z) = .Z'(l - .Z'),

3 (Bo(o =) (k= )) (2,9, 2) = 3(m—2)a%y? — (m—2)zy(z-+y) + (m—1)ay
and

m® (B (e — 2)?(x — y)*(0 — 2)*)(z,y, 2) = (—15m? + 130m — 120)2*y* 2>+

+(3m? — 26m + 24)wyz(xy + yz + 22) + (—m? + Tm — 6)zyz(z +y + 2)+

+(m?* — 3m + 2)xyz.

Further, we have z(1 — z) < 1/4 so that the relation (2.13) results;

3m—2_

3(m — 2)2%y* — (m — 2)ay(w +y) + (m — Dy — —

16 4 —

with (2.4), from where the relation (2.14) results; for (2.15) we apply (2.9)
and (2.10):

3 1
:(m—2)(3x2y2—xy(m+y)+xy——) +ry—-<0

(—15m?* + 130m — 120)z%y*2* + (3m? — 26m + 24)xyz(vy + yz + 27)+

12m?2 + 4m — 12 B
729 N

+(=m? 4+ Tm — 6)zyz(x +y + 2) + (m* — 3m + 2)xyz —
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zyz(x +y+ 2) LEYE
3 3

4) —om + 6 17m — 18 4m—4<

= (3m?* —26m+24) (— 502y* 2 +wyz(vy +yz+2w) —

~759 3 xyz(x +y+2)+

Theorem 1 If f € Cy(A3) then

’(UBmf)(xaya Z) - f(];>y7 Z)‘ S 4wmixed (f;

form > 8.

Proof. We apply Lemma 1.4 using the estimations from Lemma 2.3

(Buls = ) = 9)")(,,7) < 1o
and I
(Bulo = (s = )0 = 2) < 52—

by choosing 0; = d = d3 = 1/+/m the relation (2.13) results.

Corollary 1 If f € Cy(A3) then the sequence (UB,,), > 1 converges to f
uniformly on As.

Remark 1 For analogous results about Bernstein bivariate operators, see

[9].
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