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ABSTRACT. The aim of this paper is to construct a sequence linear
positive operators of Kantorovich-type. We demonstrate some convergence
and approximation properties of these operators.
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1. INTRODUCTION

In this section we recall some notions and results which we will use in
this paper.

Let N be the set of positive integer and Ny = NU{0}. For m € N, let the
operator K, : Li([0,1]) — C([0,1]) defined for any function f € L,([0,1])
by

k+1
m—+1

(Ko f)() = (m+1) 3 pri(s) / f(a)t, (1)

where p,, x(x) are the fundamental polynomials of Bernstein, defined as fol-
lows

pmale) = (¥ -y @)

for any x € [0,1] and any k € {0,1,...,m}.

The operators K,,, m € N are named Kantorovich operators, introduced
and studied in 1930 by L. V. Kantorovich (see [1] or [6]).

In [4] and [5] we give approximation theorems and Voronovskaja-type
theorem for these operators.
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For 7 € Ny, we note

m

(T,iBm)(z) = m" (Butl) (z) = m' képm:k(m) (E B ””)

where x € [0,1], m € N, ¢, : [0,1] — R, ¢, (t) =t — x, for any ¢ € [0,1] and
B,,, m € N are the Bernstein operators.
It is known (see [2]) that

(Tm,OBm)CU) =1, 3

(Tm,le)(I) = 07
(T 2Bm) () = ma(l — x),
(T 3Bm)(x) = mx(l —z)(1 — 22)

4
>

)
)
)
6)

(
(
(
(
and

(TrnaB) () = 3m*2*(1 — 2)? + m[z(1 — z) — 62°(1 — x)?] (7)

where z € [0,1], m € N.

The following construction and results are given in [4].

We consider I C R, I an interval and we shall use the function sets E(I),
F(I) which are subsets of the set of real functions defined on I, B(I) =
{fIf : I = R, f bounded on I}, C(I) ={f|f: I — R, f continuous on I}
and Cg(I) = B(I)nC(I). Let a,b,a’,t be real numbers, a < b, a’ < ¥,
la,b] C I, [a',¥] C I and [a,b] N [d’, V] # 0.

For m € N, consider the functions ¢,,; : [ — R with the property that
Omx(x) >0, for any = € [@/,V], any k € {0,1,...,m] and the linear positive
functionals A, : E([a,b]) = R, k € {0,1,...,m}.

For m € N, define the operator L,, : E([a,b]) — F(I) by

(Lnf)(@) =Y () A i (), (8)
k=0
for any f € E([a,b]), any x € I and for ¢ € Ny, define T}, ;L,, by
(ToniL)(z) = m' (Lant}) () = m" Y () A (V1) (9)
k=0

for any z € [a,b] N [d/, V']
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In the following, let s be a fixed natural number, s even and we suppose
that the operators (L;,)m,>1 verify the conditions: there exist the smallest
Qs, (sp9 € [0,00) so that

lim Imalm(@) gy e g (10)

m— oo meJ
for any = € [a,b] N[, V], j € {s,s+ 2} and
Oés+2 < Qg + 2 (11)

Theorem 1 Let f : [a,b] — R be a function. If x € [a,b] N [d, V] and f is
a s times differentiable function in x, the function f® is continuous in x,
then

lim m® % Zﬂl (ToniLm)(x) | = 0. (12)

m—o0 mig!

If f is a s times differentiable function on [a,b], the function f©) is contin-
uous on [a,b] and there exist m(s) € N and k; € R so that for any m € N,
m > m(s) and for any x € [a,b] N [a',V] we have

Tntloll®) o, 13

where j € {s,s+ 2}, then the convergence given in (12) is uniform on [a,b]N

[d', V] and

S—aug

Z mzl. ) (Til) (@) < (14)

1 1
<1 ().~
o (ks + kst2)w (f ’ \/W) ’

for any x € [a,b] N [d', V], for any m € N, m > m(s).
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2. PRELIMINARIES

Definition 1 For m € N, define the operator /C,, : L1([0,1]) — C(][0, 1]) by

kE+1

+

FO)dt + 2™ f(1) (15)

( mzpmk

3\»\3‘

for any f € Li([0,1]) and any = € [0, 1].
These operators are Kantorovich-type operators.

Proposition 1 The operators IC,,, m € N are linear and positive on L1([0,1]).
Proof. The proof follows immediately.

Proposition 2 For any m € N and = € [0, 1], we have

(Kmeo)(z) =1, (16)
1
o, r(2—-2) 1 3m+1
(Keo)(z) = ° + - + 2 sz L (18)
and (l—2) 1  3m+1 1
2 _ Il om0 L
(Knth?) (z) = p- + 32 3z~ + — " (19)
Proof. We have
k+1 m—1
(Kmeo)( mZPmk t, + 2™ mek(x)—i—xm:
m k=0
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32 +3k+1
=m me,k(x)T + 2" =
1
= ((Bmez)(@) = pman(2)) + — (Bmer)(@) = pman(2)) +
1

o (o) (@) = pm(2)) + 2™
from where the relations (16) - (18) result. From (16) - (18), we obtain the
relation (19).
Remark 1 Taking Proposition 2 into account, from the Theorem Bohman-
Korovkin, it results that for any f € C([0,1]) we have lim ., f = f uniform
on [0, 1].
Remark 2 From the Theorem Shisha-Mond, approximation theorems for
the (K, )men operators result.

3. MAIN RESULT

In the following, we study the IC,,, m € N operators with the aid of the
Theorem 1. For these operators, we have

k41

Ai(f) = mk/ f)ydt, 0<k<m-—1 (20)

FQ), k=m
where m € N and f € Ly([0, 1]).
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Theorem 2 For m,i € Ny, m # 0 and x € [0, 1] we have

Tskin)e) = 7 3 () s B~ @)

xm

1+ 1

[(1 +m(1— )™ — (m(1 - 3:))”1] +2™(m(1 — x))".
Proof. Taking (9) and (20) into account, we have

(Tn,iKm) () = m" (Kint)},) (x) =

— :m:iépm,k(x) 7(75 —z)idt +2™(1 —2)'| =

—m _nﬂbjzzfprnk(;n)(lt;L—x);+1 Z’ZI + 2™ (1 - x)i] =

=m'| s Tl T:z:;pm’k(g:) ((% et %)M_ (% N )Hl) +xm(1—$)1 -
[ e S () (o) (3) ] -
et = oy () e a7t ]+

o (m(1 - ) = Z (1) o)

- z ( f; 1) (m(1 — 2)Y + 2™ (m(1 - ),

Jj=0

from where we obtain relation (21).
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Remark 3 If m,i € N and z € [0,1], from (21) it results that

(T Ko ) (@) =
- iil%(lj;l)(TmJB

Lemma 1 For any m € N and x € [0, 1], we have

mzl

(Tm0Km) (@) =1,
(T K@) = 5 (1= ™),
(TnaKo)(2) = 5(1 = a™) + ma(l — )1~ 2" )
and
(Toakor) () = = (1 — 2™) + ma(1 — 2)(622 + 22 + 5 — 2™ )4

)
+m?2*(1 — 2)%(3 — 22™ %) — 2m32™(1 — 2)*.

Proof. Tt results from the Theorem 2 and relations (3) - (7).

Lemma 2 We have
lim (T, oK) (2) = 1,

m—0o0

lim (Tm,2lcm)(m)

m— o0 m

=z(1 —x),
lim (TnaKon) (z) = 32%(1 — z)?
m— oo m

for any x € 0,1] and

and

for any x € [0,1], any m € N.
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Proof. For x = 1, the relations (28) and (29) hold. For x € [0,1) we take
lim 2™ =0, lim ma™ = 0 into account, so (28) and (29) hold.

m—00 m—0o0

We have
T2 Ko, 1 _
—( ’2m (@) = B_m(l —a™) +z(l—2)(1—2™1) <
SRR U B S
sm N T =TT 1
1

because z(1 — x) < 7 for any = € [0,1] and with similar calculation we
obtain the inequality (32).

Theorem 3 Let f :[0,1] — R be a function. If f is a continuous function
in x € [0,1], then

lim (Ko f) () = f(). (33)

m—00

If f is continuous on [0,1], then the convergence given in (33) is uniform on
0,1] and

19 1
()~ 0] < Ty (13 =) (34)

for any x € [0,1], any m € N.
Proof. Tt results from Theorem 1 for s = 0, Lemma 1 and Lemma 2.

Theorem 4 Let f :[0,1] — R be a function. If x € [0,1] and f is two times
differentiable function in x, the function f® is continuous in x, then

lim (K f)(e) ~ £(2)] = 5 FO) + 52l —0)fO@). (35)

m—00

If f is a two times differentiable function on [0, 1], the function f® is con-
tinuous on [0, 1], then the convergence given in (35) is uniform on [0,1] and

) (K )(2) = (&) = 5= (1= ™) O () - (36)
—égﬁ[%ﬂ—ﬂﬁﬁ+ﬁmdl—xﬂl—xm1)j@N@‘S

1013 1
< 2 2. _—
—4%w(f’¢ﬁ)

for any x € [0,1], any m € N.
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Proof. 1t results from Theorem 1 for s = 2, Lemma 1 and Lemma 2.

Remark 4 The relation (35) is a Voronovskaja-type relation for the (IC,,)m>1
operators.
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