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MULTIVALUED STARLIKE FUNCTIONS
OF COMPLEX ORDER
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Abstract. Let Aα be the class of functions f(z) = zα(z + a2z
2 + · · · )

which are analytic in the open unit disc U. For f(z) ∈ Aα using the fractional
calculus, a subclass S∗

α(1−b) which is the class of starlike functions of complex
order (1−b) is introduced. The object of the present paper is to discuss some
properties for f(z) belonging to the class S∗

α(1− b).
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1. Introduction

Let Aα denote the class of functions f(z) of the form

f(z) = zα

(
z +

∞∑
n=2

anz
n

)
(0 < α < 1)

which are analytic in the open unit disc U = {z ∈ C||z| < 1}. Let Ω be the
class of analytic functions w(z) in U satisfying w(0) = 0 and |w(z)| < 1 for
all z ∈ U. Also, let P denote the class of functions p(z) which are analytic
in U with p(0) = 1 and Re(p(z)) > 0 (z ∈ U).

For analytic functions g(z) in U, we introduce the definitions of fractional
calculus (fractional integrals and fractional derivatives) given by Owa [4], [5],
also by Srivastava and Owa [6].
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M. Çag̃lar, Y. Polatog̃lu, A. Şen, E. Yavuz, S. Owa - Multivalued Starlike...

Definition 1 The fractional integral of order λ for an analytic function g(z)
in U is defined by

D−λ
z g(z) =

1

Γ(λ)

∫ z

0

g(ζ)

(z − ζ)1−λ
dζ (λ > 0),

where the multiplicity of (z − ζ)λ−1 is removed by requiring log(z − ζ) to be
real when (z − ζ) > 0.

Definition 2 The fractional derivative of order λ for an analytic function
g(z) in U is defined by

Dλ
zg(z) =

d

dz
(Dλ−1

z g(z)) =
1

Γ(1− λ)

d

dz

∫ z

0

g(ζ)

(z − ζ)λ
dζ (0 ≤ λ < 1),

where the multiplicity of (z − ζ)−λ is removed by requiring log(z − ζ) to be
real when (z − ζ) > 0.

Definition 3 Under the hypotheses of Definition 2, the fractional derivative
of order (n + λ) for an analytic function g(z) in U is defined by

Dλ+n
z g(z) =

dn

dzn
(Dλ

zg(z)) (0 ≤ λ < 1, n ∈ N0 = {0, 1, 2, · · · }).

Remark 4 From the definitions of the fractional calculus, we see that

D−λ
z zk =

Γ(k + 1)

Γ(k + 1 + λ)
zk+λ (λ > 0, k > 0),

Dλ
zz

k =
Γ(k + 1)

Γ(k + 1− λ)
zk−λ (0 ≤ λ < 1, k > 0)

Dn+λ
z zk =

Γ(k + 1)

Γ(k + 1− n− λ)
zk−n−λ (0 ≤ λ < 1, k > 0, n ∈ N0,

k − n 6= −1,−2,−3, · · · ).
and

Dλ
z (D

n
z z

k) =
Γ(k + 1)

Γ(k + 1− n− λ)
zk−n−λ (0 ≤ λ < 1, k > 0, n ∈ N0,

k − n 6= −1,−2,−3, · · · ).
Therefore, we say that, for any real λ,

Dλ
zz

k =
Γ(k + 1)

Γ(k + 1− λ)
zk−λ (k > 0, k − λ 6= −1,−2,−3, · · · ).
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Applying the fractional calculus, we introduce the subclass S∗
α(1 − b) of

Aα.

Definition 5 A function f ∈ Aα is said to be starlike of complex order
(1− b) (b ∈ C and b 6= 0) if f(z) satisfies

1 +
1

b

(
z
Dα+1

z f(z)

Dα
z f(z)

− 1

)
= p(z) (z ∈ U)

for some p(z) ∈ P. The subclass of Aα consisting of such functions is denoted
by S∗

α(1− b).

Let h(z) and s(z) be analytic in U. Then h(z) is said to be subordinate
to s(z), written by h(z) ≺ s(z), if there exists some function w(z) ∈ Ω such
that h(z) = s(w(z)) in U. In particular, if s(z) is univalent in U, then the
subordination h(z) ≺ s(z) is equivalent to h(0) = s(0) and h(U) ⊂ s(U) (see
[1]).

2. Main Results

In order to consider some properties for the class S∗
α(1− b), we need the

following lemma due to Jack [2], or due to Miller and Mocanu [3].

Lemma 6 Let w(z) be a non-constant and analytic function in U with w(0) =
0. If |w(z)| attains its maximum value on the circle |z| = r at a point z1 ∈ U,
then we have

z1w
′(z1) = kw(z1),

where k is real and k ≥ 1.

Now, we derive the following.

Theorem 7 If f(z) ∈ Aα and satisfies the condition(
z
Dα+1

z f(z)

Dα
z f(z)

− 1

)
≺ 2bz

1− z
= F (z), (1)

then f(z) ∈ S∗
α(1 − b). This result is sharp since the function f(z) satisfies

the fractional differential equation Dα
z f(z) = Γ(α+2)z

(1−z)2b .
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Proof. For f(z) ∈ Aα, it is easy to see that

Dα
z f(z) = Dα

z (zα+1 + a2z
α+2 + a3z

α+3 + · · ·+ anz
α+n + · · · )

=
Γ(α + 2)

1!
z + a2

Γ(α + 3)

2!
z2 + a3

Γ(α + 4)

3!
z3 + · · ·

+ an
Γ(α + n + 1)

n!
zn + · · · .

On the other hand, we define the function w(z) by

Dα
z f(z)

Γ(α + 2)z
= (1− w(z))−2b (w(z) 6= 1),

where the value of (1 − w(z))−2b is 1 at z = 0 (i.e, we consider the corre-
sponding Riemann branch), then w(z) is analytic in U, w(0) = 0, and(

z
Dα+1

z f(z)

Dα
z f(z)

− 1

)
=

2bzw′(z)

1− w(z)
.

Now, it is easy to realize that the subordination (1) is equivalent to
|w(z)| < 1 for all z ∈ U. Indeed, assume the contrary: then, there ex-
ists a z1 ∈ U such that |w(z1)| = 1. Then, by Lemma 6, z1w

′(z1) = kw(z1)
for some real k ≥ 1. For such z1 we have(

z1
Dα+1

z f(z1)

Dα
z f(z1)

− 1

)
=

2kbw(z1)

1− w(z1)
= F (w(z1)) /∈ F (D),

because |w(z1)| = 1 and k ≥ 1. But this contradicts (1), so the assumption
is wrong, i.e, |w(z)| < 1 for every z ∈ U.

The sharpness of this result follows from the fact that

Dα
z f(z) =

Γ(α + 2)z

(1− z)2b
⇒
(

z
Dα+1

z f(z)

Dα
z f(z)

− 1

)
=

2bz

1− z
.

Theorem 8 If f(z) ∈ S∗
α(1− b), then

Γ(α + 2)(1− r)|b|−Reb

(1 + r)|b|+Reb
≤ |Dα

z f(z)| ≤ Γ(α + 2)(1 + r)|b|−Reb

(1− r)|b|+Reb
.

This result is sharp since the function satisfies the fractional differential equa-
tion Dα

z f(z) = Γ(α+2)z
(1−z)2b .
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Proof. If p(z) ∈ P , then we have∣∣∣∣p(z)− 1 + r2

1− r2

∣∣∣∣ ≤ 2r

1− r2
.

Using the definition of the class S∗
α(1− b), then we can write∣∣∣∣[1 +

1

b

(
z
Dα+1

z f(z)

Dα
z f(z)

− 1

)]
− 1 + r2

1− r2

∣∣∣∣ ≤ 2r

1− r2
. (2)

After the simple calculations from the (2) we get∣∣∣∣zDα+1
z f(z)

Dα
z f(z)

− 1− (1− 2b)r2

1− r2

∣∣∣∣ ≤ 2|b|r
1− r2

. (3)

The inequality (3) can be written in the form

1− 2|b|r − (1− 2Reb)r2

1− r2
≤ Re

(
z
Dα+1

z f(z)

Dα
z f(z)

)
≤ 1 + 2|b|r − (1− 2Reb)r2

1− r2
.

(4)
On the other hand, since

Re

(
z
Dα+1

z f(z)

Dα
z f(z)

)
= r

∂

∂r
log |Dα

z f(z)|,

then, the inequality (4) can be written in the form

1− 2|b|r − (1− 2Reb)r2

r(1− r)(1 + r)
≤ ∂

∂r
log |Dα

z f(z)| ≤ 1 + 2|b|r − (1− 2Reb)r2

r(1− r)(1 + r)
.

(5)
Integrating both sides of the inequality (5) from 0 to r, and using the nor-

malization
(

Dα
z f(z)

Γ(α+2)

)
, we complete the proof of the theorem.

Theorem 9 If f(z) ∈ S∗
α(1− b), then

|an| ≤
nΓ(α + 2)

Γ(α + n + 1)

n−2∏
k=0

(k + 2|b|). (6)

This inequality is sharp because the extremal function satisfies the frac-
tional differential equation Dα

z f(z) = Γ(α+2)z
(1−z)2b .
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Proof. Using the definition of the class S∗
α(1− b), we can write

1 +
1

b

(
z
Dα+1

z f(z)

Dα
z f(z)

− 1

)
= p(z) ⇔ z

Dα+1
z f(z)

Dα
z f(z)

= b(p(z)− 1) + 1 ⇔

Γ(α + 2)z + Γ(α + 3)a2z
2 +

1

2!
Γ(α + 4)a3z

3 + · · ·+ 1

(n− 1)!
Γ(α + n + 1)anz

n + · · ·

=

(
Γ(α + 2)z +

1

2!
Γ(α + 3)a2z

2 +
1

3!
Γ(α + 4)a3z

3 + · · ·+ 1

n!
Γ(α + n + 1)anz

n + · · ·
)

· (1 + bp1z + bp2z
2 + · · ·+ bpnz

n + · · · )
(7)

Equaling the coefficient of zn in both sides (7), we get a1 ≡ 1 and

|an| ≤
n!2|b|

(n− 1)Γ(α + n + 1)

n−1∑
k=1

1

k!
Γ(α + k + 1)|ak|, |a1| = 1, (8)

and (6) is obtained by induction making use of (8) and fact that |pn| ≤ 2 for
all n ≥ 2 whenever p(z) ∈ P .

Remark 10 Let us consider a function f(z) defined by

Dα
z f(z) =

Γ(α + 2)z

(1− z)2b

which was given in the theorems. Note that

z

(1− z)2b
= z

(
∞∑

n=0

(
−2b

n

)
(−z)n

)

= z +
∞∑

n=1

(
−2b

n

)
(−1)n(z)n+1

= z +
∞∑

n=1

2b(2b + 1)(2b + 2) · · · (2b + n− 1)

n!
zn+1

= z +
∞∑

n=2

2b(2b + 1)(2b + 2) · · · (2b + n− 2)

(n− 1)!
zn

= z +
∞∑

n=2

(2b)n−1

(1)n−1

zn,
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where (a)n in the Pochhammer symbol defined by

(a)n =

{
1 (n = 0, a 6= 0)

a(a + 1)(a + 2) · · · (a + n− 1) (n = 1, 2, 3, · · · ).

Therefore, we obtain that

f(z) = D−α
z (Dα

z f(z))

= D−α
z

(
Γ(α + 2)z

(1− z)2b

)
= Γ(α + 2)D−α

z

(
z +

∞∑
n=2

(2b)n−1

(1)n−1

zn

)

= zα+1 +
∞∑

n=2

(2b)n−1Γ(α + 2)Γ(n + 1)

(1)n−1Γ(n + 1 + α)
zα+n

= zα

(
z +

∞∑
n=2

n(2b)n−1

(α + 2)n−1

zn

)

because
Γ(n + 1)

(1)n−1

=
n!

(n− 1)!
= n

and

Γ(α + 2)

Γ(n + 1 + α)
=

1

(n + α)(n + α− 1)(n + α− 2) · · · (α + 2)

=
1

(α + 2)n−1

.
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Department of Mathematics and Computer Science,
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