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ABSTRACT.Applying subordination theorem of J. E. Littlewood in [1],
and Lemma of S. S. Miller and P. T. Monanu in [2] to certain analytic
functions and the Koebe function, we show an integral means inequality.
Further, we obtain an integral means inequality for the first derivative.
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1. INTRODUCTION

Let A denote the class of functions f(z) of the form

flz)=2z+ Zanz" (1)

that are analytic in the open unit disk U= {z € C : |z| < 1}.
Denote by k(z) the Koebe function

He) = _22)2 (z € V). (2)

Further we denote by h(z) the analytic function in U defined by

B 1
R

h(z)

(3)

In this paper, we discuss the integral means inequalities of f(z) in 4 and
the Koebe function k(z) given by (2), and f'(z)(f(z) € A) and h(z) of the
form (3). Moreover we show an estimate of f'(z).

We recall the concept of subordination between analytic functions. Given
two functions f(z) and g (z), which are analytic in U, the function f (z) is
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said to be subordinate to g (z) in U if there exists a function w (z) analytic
in U with w (0) = 0 and |w (2)| < 1, such that f (z) = g (w (2)). We denote
this subordination by f (z) < g (2). If g(2) is univalent in U, f(2) < g(2) if
and only if f(0) = ¢(0) and f(U) C g(U).

We need the following subordination theorem of J. E. Littltewood.

Lemma A (Littlewood[1]) If f(z) and g(z) are analytic in U with
f(2) < g(2), then, for u >0 and z =re??(0 <r < 1)

[Tiraras [Tuers

Applying the lemma of Littlewood above, H. Silverman [5] showed the
integral means inequalities for univalent functions with negative coefficients.
S. Owa and T. Sekine [3] proved integral means inequalities with coefficients
inequalities for normalized analytic functions and polynomials(see also Sekine
et al. [4]).

In addition we need the following Lemma of S. S. Miller and P. T. Mocanu.

Lemma A(S. S. Miller and P. T. Mocanu [2]) Let g(z) = gnz"+gn12" 1+
be analytic in U with g(z) # 0 and n > 1. If 2o = ree'® (ro < 1) and

19(20)| = max [g(z)]

|z|<|20]

then

and

(ii) Re (M> +1>k,

9'(20) -
where k> n > 1.

2. INTEGRAL MEANS INEQUALITIES FOR f(z) AND k()

Theorem 1. Let f(z) bein A and k(z) be the Koebe function given by (2). I f the
function f(z) satisfies

e () @
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for a € R and 3 > 0, then, for u >0 and z = e (0 <r < 1)

27 27
/ !f (reie) ‘“ do < / |k (rew) |“ do. (5
0 0

Proof. By applying Lemma A, it suffices to show that

~—

f(Z) = (1 _ Z)Q
Let us define the function w(z) by
£ = 2w £ ). )

(1 —w(2))?

Thus we have an analytic function w(z) in U such that w(0) = 0. Further,
we prove that the analytic function w(z) satisfies |w(z)| < 1(z € U) for

et ()

e {& <zw'(z) .\ sz’(z))) i ( LR ) Ba(e) )}

w(z)  1—w(z w'(z)  14w(z) 1—w(z)

> 0 (ze€l).

If there exists zy € U such that

max [w(z)| = |w(z)| =1,
2|zl

then we have by Lemma B,

/
w(zy) = €, 20 (z) =k>1, Re(

w(zo

zow" (zp)

w'(20)

)12k

For such a point z; € U, we obtain that
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(- F)

0)
e {a (zow’(zo) N 22015;(50)) s ( Ly A ) | () 3Z0wf(zo)>}

w(zo) 1 —w(z) w'(zo) 1+w(z) 1—w(z)
— R Jap s g 2Rutz0) o Paw(z)  Bkw(z)  30kw(z)
-t { S 1 —w(z0) w'(20) 1+w(zo) 1—w(z) }
_ w(z0) Bzow"(z0)  Pkw(zp)
= Re{ak+(2ak—35/€) 1 —w(Zo) M w’(zo) B 1_|_w(20>}

< ak+ (2ak — 38k) (—%) — B+ B(1—k) — Bk (é)
= 0 (a€R, f20),

which contradicts the hypothesis (4) of the theorem. Therefore there is no
2o € U such that |w(z)| = 1. This implies that |w(z)| < 1 for all z € U.
Thus we have that

which shows that

27 27 )
[ty a < [ e as
0 0

This comletes the proof.

Corollary 1. Let the function f(z) in A and the Koebe function given
by (2) satisfy the conditions in Theorem 1. Then, for p > 0 and z = % (0 <
r<1)

/027r If (re) " db < 27 (1 ITQ)“ {1 N i H?Z(E;(!;‘; 1) (1 J:rQ)zn} |

)
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I

do

Proof.
re

/O%\f(?”@w)}“deﬁ/o% ey
I (o I

RERIC DN

H/:W {1 +§: ( o ) (—1)" (ijoff)n} do

we R0 o (i) o)
(-1)" (1 irﬂ)n/:ﬂ cosnede}

_ 2W(1£r2)”{1+ing2'n%;:;,+]) <1Ir2>2n 87‘1))2'}
- (o) S ()

3. INTEGRAL MEANS INEQUALITIES FOR THE FIRST DERIVATIVE

The proof for the first derivative is similar.

335



T. Sekine, S. Owa, R. Yamakawa - Notes on integral means inequalities

Theorem 2. Let f(z) bein A and h(z) be the analytic function given by (3).
If the function f(z) satisfies

z2f"(2) z2f"(2) a—[F—2y
R ! — _— 8
efary+p Ll - I =] )
for a €R, B+ 4y > 0and~y >0, then, for > 0 and z = re’? (0 < r < 1)
2 ) 2 )
/ U%mﬂfﬂ%{/ |h (re')|" do. (9)
0 0
Proof. By Lemma A, it suffices to show that
1
!
F1e) <
Let us define the function w(z) by
1
"(2) = ——— 1). 10
6= e W) 4D (10)

Then we have an analytic function w(z) in U such that w(0) = 0. Further,
we prove that the analytic function w(z) satisfies |w(z)| < 1(z € U) for

: 2f"(z) _z2f"(2) }
R _
efare+ 05 v
B 1 zw'(2) 2w"(z)  2zw(2)
- m{aLﬂwd—ﬁl+M@_v(w%)+1+w@0}
# (» € V).
If there exists zy € U such that
max [w(z)] = [w(z)| =1,
then we have by Lemma B,
w(zo) = ¢ %W@“:k>1fm(@ﬂk@>+1>k
0 T w(zo - w'(z0) -

336



T. Sekine, S. Owa, R. Yamakawa - Notes on integral means inequalities

For such a point z5 € U, we obtain that

20 f" (0) _ 20" (20)
F) ) }

_ Re {a 1 s zow'(20) y (zow”(zo) N 2z0w’(zo))}

L+w(z) 1+ w(z) w'(z0) 1+ w(z)

Re {af’(zo) + 0

= () () e () e (B

_ %_ﬂk_Re<M>_%

2 w'(2p)
a [k
< S P — k) — Ak
S 55 =k =y
a B
= S k(242
2 (QJF’V)JF7
—B-2
< CT07B (weR frayz0v20),

which contradicts the hypothesis (8) of the Theorem 2. Therefore there is
no zp € U such that |w(zp)| = 1. This implies that |w(z)| < 1 for all z € U.
Thus we have that

which shows that

27 27
[oireenas < [ et .
0 0

This completes the proof.

Corollary 2. Let the function f(z) in A and the function h(z) given by
(3) satisfy the conditions in Theorem 2. Then, for u > 0 and z = r(0 <
r<1)
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2n

s ()
(11)

w\t

2m
/ |/ (re) ‘“ dh < ———
0

(1—1—7‘

Proof.
m

1+ ret®

27 ) 2T
| lreenra< |
0 0
1 2 o cosf 2
S — 1
(1+r2)9‘/ ( i 1+r2) v

- S ) () e

Il
—
+ —
<
no
S~—
NS
——
[\
)
+
O\M
3
(]
N\
|
:NI‘:
N————
N\
—| %
+1lo
< |2
RIS
N————
QL
>
——

00 K ) n 2m
= ! - 27T+Z( 2 )( 7’2) / cos™ 0 do
(1+72)2 e N L) Jo
1 SNy o\ [
= 2 2 0 do
<1+T2)§{W+;(2n)(1+r2) /0 cos }
1 = [ L ro\" 42n)! 7
— 2 . 22n L
(1+7r2)2 {27—'—;( 2n ) (1—|—r2) (2nn!)? 2}
N PO ) L Ut N R )]
Tt UTE T e \Tve)
o m [ SIS ey
N (1+72)2 £~ 22n(nl)? 14 r?
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Putting © = 1 in Corollary 2, we have the following.
Corollary 3. Let the function f(z) in A and the function h(z) given by
(3) satisfy the conditions in Theorem 2. Then, for 0 <r <1

2n 1 1+2]) , on
’f(Z)’ (1—|—T2 % {1+Z 22n nl (1+T2) }
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