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PROPERTIES OF SOME FAMILIES OF MEROMORPHIC
P-VALENT FUNCTIONS INVOLVING CERTAIN DIFFERENTIAL
OPERATOR

M. K. AouF, A. SHAMANDY, A. O. MOSTAFA AND S. M. MADIAN

ABSTRACT. Making use of a differential operator, which is defined here by means
of the Hadamard product (or convolution), we introduce the class %7(f, g; A, 8) of
meromorphically p-valent functions. The main object of this paper is to investigate
various important properties and characteristics for this class. Also a property
preserving integrals is considered.
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1. INTRODUCTION

Let 3, denote the class of functions of the form:

fR) =27+ az* (peN={12.1}), (1.1)
k=0

which are analytic and p-valent in the punctured unit disc U* = {z : z € C and
0 < |z] < 1} = U\{0}. For functions f(z) € ¥, given by (1.1) and g(z) € X, given
by

g(z)=z"P+ Zbkzk (peN), (1.2)
k=0

we define the Hadamard product (or convolution) of f(z) and g(z) by

(Fr9)(x) =27+ > abiz® = (g% £)(2). (1.3)

k=0

For complex parameters aq, aa, ...,aq and 31, B2, ..., Bs (85 ¢ Z, ={0,—1,
—2,...}; 7 = 1,2,...,s), we now define the generalized hypergeometric function
oFs (a1, az,..., 04, 01, B2, ..., Bs; z) by (see, for example, [10] and [11])
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. e (@) (kg
a1, 02, @3 Py o B 2) = kzzo Bk (Be)e (D -

(g<s+1; s,ge No=NU{0}; z€U), (1.4)

where () , is the Pochhammer symbol defined in terms of the Gamma function
I, by

(0 +w)
(0)0 = T0)

1 (v="0; 0 € C* = C\{0}),
{ 0O0+1)...0+v—-1) (veN; 0eC).

Corresponding to the function hy,(aq, g, ..., aq; B1, B2, ..., Bs; 2), defined by
hp(on, aa, ..., 0q; B, B2, ..., Bs; 2) = 27 P ¢Fs (0a,aa,...,0q; B1,02,.... 8s; 2), (1.5)
we consider a linear operator
Hy(ou, o, ...;0q; B, B2, ...y Bs) 1 38y — Xp,
which is defined by the following Hadamard product:
Hy(on, o, ...,0q; Bi, B2, ..., Bs) f(2) = hplan, aa, ..., aq; Br,B2,..., Bs; 2)* f(2)

(g<s+1; s,g€ No;z€U). (1.6)
We observe that, for a function f(z) of the form (1.1), we have

Hp(ala a2, ..., Qg; ﬁlvﬂ% 758).]8(2) = Hp,q,s(al) =2z"P + Zrkak’zkv (17)
k=0

where

. (al)k+p-'-(aq)k+p
B = By Bodier Wiy (18)

Then one can easily verify from (1.7) that

Z(Hp,q,s(al)f(z))/ = aal,q,s(al + 1)f(Z) - (Oq +p)Hp,q,s(a1)f(Z)- (1~9)

The linear operator H, ,s(a1) was investigated recently by Liu and Srivastava [9]
and Aouf [2]. The operator Hp 4 s(c) contains the operator ¢,(a,c) ( see [8] ) for
gq=2,s=1, a1 =a>0, 1 =c (c#0,—1,...) and ag = 1 and also contains
the operator DY™P~1 (' see [1] and [4]) for g =2, s=1, a1 =v+p (v > —p; p €
N) and ag = 1 = p.
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For functions f, g € X, we define the linear operator DY (f * g)(z) : £, —
Y, (A>0; pe N; ne Ny) by

DY, (f*9)(z) = (f * 9)(=), (1.10)
D), (f*9)(2) = Dap(f % 9)(2) = (L= N)(f % 9)(2) + Az (2PF1(f * 9)(2))',
:z_p+i[1+)\(k+p)]akbkzk (A>0; peN), (1.11)
k=0

Di,p(f*g)(z) = D p(Dap(f *9))(2),
= (L= AN)Dap(f * 9)(2) + Az7P (P Dy, (f * 9)(2))

=274+ > [L4+ Ak +p)Parbez” (A >0; pe N) (1.12)
k=0

and ( in general )

D, (f * 9)(2) = Dap(D3, (f % 9)(2))

=2 P+ > [L+AE+p)|"apbez" (A >0; pe N; ne Np). (1.13)
k=0

From (1.13) it is easy to verify that:

1

2(DX,(f % 9)(2)) ADK,*I,l(f»aq)(z)—(p+§) Mo(frg)(z) A >0).  (1.14)

In this paper, we introduce the class Zg(f,g;)\,ﬁ) of the functions f, g €
¥, which satisfy the condition:

Re { Dyt (f * 9)(2)

)‘DQ,p(f*g)(z) _(p+)} <_ﬁ (ZGU,)\>0,0§ﬁ<p7p€N,n€N0).

A

(1.15)
‘We note that:

1
(i) If A =1 and the coefficients by = 1 <0r g(z) = p(1)> in (1.15), the class
2P (1—z
Y5 (f,9; A, B) reduces to the class B, () studied by Aouf and Hossen [3];
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1
i) Ifn=0, \=1and S S—
(11) n al g(Z) Zp (1 _ Z)[/J,—p (

Yy (f,9; A, B) reduces to the class M, y,-1(8), studied by Aouf [1];

v > —p; p € N) in (1.15), the class

(iii) If o, = 1 <or g(z) = m in (1.15), the class ¥7(f, g; A, 3) reduces to

the class K (), 8), where K(), () is defined by

Re M—( +1) <=0 (€U, A>0;,0<8<p; peN; neNy)
AD?,pf(Z) p A ) ) —_ p’ p ) 0 )
(1.16)
where
DY f(2) =27+ [L+A(k+p)"arz® (A >0; pe N; n € Np); (1.17)
k=0
(iv) If n = 0, A = 1 and the coefficients by, = Egk (¢ #0,—1,...) in (1.15), the class
k
¥0(f,9; A, B) reduces to X7 (a, c; A, B), where X7 (a, ¢; A, 8) is defined by

Re{a Ezi?ajrs}ig(z) - (a+p)} <-=f (2€U%50<pB<p;peN) (118

(v) If n = 0, A = 1 and the coefficients by in (1.15) is replaced by I'y, where
[y, is given by (1.8), the class X7(f,g; A, B) reduces to X7 (a1, B1; A, 3), where
o o(a1, 813 A, B) is defined by

P,q,S
a1Hyqs(an +1)f(2)
Re{ Hyo@)f ) ”’)} <F

(zeU"; a1 €C*; 0<[B<p; pEN). (1.19)

In this paper known results of Bajpai [5], Goel and Sohi [6], Uralegaddi and
Somanatha [12] and Aouf and Hossen [3] are extended.

2.BASIC PROPERTIES OF THE CLASS X7(f, g; A, )

We begin by recalling the following result (Jack’s Lemma), which we shall apply
in proving our first inclusion theorems (Theorem 1 and Theorem 2 below).

10
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Lemma 1 [7]. Let the (nonconstant) function w(z) be analytic in U,with w(0) = 0.
If |w(z)| attains its mazimum value on the circle |z| = r < 1 at a point zy € U,
then

!

zow (20) = Ew(zp), (2.1)

where € is a real number and & > 1.

Theorem 1. For A >0, 0< 8 <p, pe N and n € Ny,

Sy (fo g ) B) C B5(f. g\ B) - (2.2)
Proof. Let f(z) € S2H1(f, g; A, B). Then
Dy (f *9)(2) 1
Re{ Dn+1(f*g)( )—(p+)\)}<—ﬂ, |z| < 1. (2.3)

We have to show that (2.3) implies the inequality

DYEL(f + g)(2) 1
Re{)\Dip(f ST )} < (2.4)

Define a regular function w(z) in U by

Dy (f *9)(2) 1. [p+(28-pw(2)
Dy T CYN T (2:5)
Clearly w(0) = 0. Equation (2.5) may be written as
D3, (F*9)E) 141427 - B)lw(z) 2.6

Dy (fx9)(2) 1+ w(z)
Differentiating (2.6) logarithmically with respect to z and using (1.14), we obtain

D2 (fxg)(2) )
m - (p i X) i B _ 2 zw’ (2) _ 1-w(z) 2.7
(p—0) = Trw){(IHI22—Bw)] ~ THuw(z) (2.7)

We claim that |w(z)| < 1 for z € U. Otherwise there exists a point zy € U such that

|I‘11<8|4X lw(z)| = |w(z0)| = 1. Applying Jack’s Lemma, we have zow' (20) = Ew(z) (& >

1). Writing w(zp) = €?(0 < 6 < 27) and putting z = 2o in (2.7), we get

11
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DY 2 (fxg)(20) 1
o ey — et x) 8
ADYL(fx9)(20) ( %) 2XEw(z0) _ 1ow(zo) (2.8)
p—3 = TGO {HIF2Ap-BAwE)] — THulz)
Thus
DYt (fxg)(20) 1
Re 2% (F9)0) o > L ) (2.9)
p—7 RETEDYCE) R |

which obviously contradicts our hypothesis that f(z) € E;“rl( fyg; A, 3). Thus we
must have |w(z)] < 1 (2 € U), and so from (2.5), we conclude that f(z) €
Y5 (f,9; A, B), which evidently completes the proof of Theorem 1.

Theorem 2. Let f,g € ¥, satisfy the condition

DYFN(f + g9)(2) 1 (p—f)
RG{ADgﬁp(f*g)(z) —(p+ A)} <=B+an,grg GEV (2.10)
for A>0,0<8<p, peE N, n€ Ny and ¢ > 0. Then
Fnlf +9)(2) = iy [ #7771 x o))t (211)

0

belongs to ¥ (f, g5 A, B).
Proof. From the definition of F¢ ,(f * g)(2), we have

2(DX pFep(f % 9)(2)) = D3, (f * 9)(2) — (c + p) DX pFep(f * 9)(2) (2.12)

and also

2Dy Fep(f * 9)(2)) = *D"HF,p(f*g)( )—(p+ )D)\p Fep(f *9)(2) (A>0).

A A
(2.13)
Using (2.12) and (2.13), the condition (2.10) may be written as
DY (£49)(2) Fle— 1
AD} T Fep(f49)(2) A 1 p—p
Re Ap ~op T e P N N e 2.14
1+ (e — 1) Bplerll9) ety 2(p—B+c) 214)

Dn+1Fv »(f*9)(2)

12
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We have to prove that (2.14) implies the inequality

DY Fep(f * 9)(2) 1
R — - < —3. 2.15
‘ { DY FeplFx0)z) P A)} <7 (215
Define a regular function w(z) in U by
DYPLE o (f % 9)(2) 1 b+ (26 — p)w(2)]
’ — —)=- . 2.16
VNS ETE RN e (210
Clearly w(0) = 0. The equation (2.16) may be written as
Di\L;IFc,p(f *9)(2) 1+ [1+42X(p — B)]w(2) (2.17)

DY Fep(f +9)(2) B 1+ w(2)

Differentiating (2.17) logarithmically with respect to z and using (2.13), we obtain

Dy Fep(fx9)(2)  DJ'Fep(fxg)(2) 2A(p—B) ' (2) (@218)
MDY F(f 5 g)(2)  ADR Fep(f*g)(z) — OFoENIOF23G=0u]

The above equation may be written as

DYERE, (f+9)(2)

1 .
SDF e T el Dol Ealfeg)) o1
) Dy e (0)C) N TADE Fep(F0) () )
L Qe =) G ) e
N 2(p — Bz (2) i
T+ 0@+ (1 + 250~ )] | |15 e 1) Dl U0 |

D;LI,IFc,p(f*g)(Z)
which, by using (2.16) and (2.17), reduces to

D;LIfFC;P(f*g)(Z) ( 1 )

ADYTTE. o (f+9)(2) D) I 1—w(z)
vy urirc R U A § 276
DYt Fep(fr9)(2)

N 2A(p - §)2w'(2)
T+ wE)e + e+ 2~ A}

(2.19)

13
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The remaining part of the proof is similar to that Theorem 1, so we omit it.
Remark 1. (i) For A\=p=c=ay =b;, =1 and n = 8 = 0, we note that Theorem
2 extends a results of Bagpai [ 5, Theorem 1 ];

(i) For A\=p=ap =br =1 and n = = 0, we note that Theorem 2 extends a
results of Goel and Sohi [ 6, Corollary 1 ].

Theorem 3. (f * g)(z) € ¥7(f,9; A\, B) if and only if

F(F0)() = o5 [ 0 o) Odt e (fgihp). (220)

0
Proof.From the definition of F(f * g)(z) we have

DX, (2F'(f x 9)(2)) + (1 +p) DX, F(f * g)(2) = DX, (f * 9)(2),
that is,

2(DR,F(f +9)(2)) + (1+p) D3P (f * g)(2) = DX, (f * 9)(2). (2.21)
By using the identity (1.14), (2.21) reduces to D} (f*g)(2) = Di\l;lF(f*g)(z). Hence
Df\”rl (fxg)(z) = D;‘;QF(f % g)(z), therefore,

DyPH(f*9)(2)  DYTPF(f *g)(2)
D;\"p(f xg)(z) D?;lF(f xg)(z)

and the result follows.
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