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ON CERTAIN PROPERTIES OF THE CLASS OF
GENERALIZED P-VALENT NON-BAZILEVIC FUNCTIONS
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ABSTRACT. In this paper, we introduce a class Ni(p, A, i, p). We use
a method of the mathematical induction and study some of the interesting
properties of the operators

BUE) = T [ e

0

where n € N, a > —1, in the class Ng(p, A, i, p).
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1. INTRODUCTION

Let A(p) denote the class of functions f(z) normalized by
f)=2"+ > amz™, peN={1,23 .} (1.1)

which are analytic and p-valent in the unit disk
E={z:2€C,|z| <1}.

Let Pi(p) be the class of functions h(z) analytic in E satisfying the
properties h(0) = 1 and

/‘Reh ‘ 9 < kr (1.2)
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where z = rew, k > 2 and 0 < p < 1. This class has been introduced in
[7]. We note, for p = 0 we obtain the class defined and studied in [8], and
for p = 0,k = 2, we have the well known class P of functions with positive
real part. The case k = 2 gives the class P(p) of functions with positive real
part greater than p. From (1.2) we can easily deduce that h € Py(p) if, and
only if, there exists hi, hg € P(p) such that for z € E,

h(z) = <Z + ;) b (2) — <Z - ;) ho(2). (1.3)

Assume that 0 < p < 1, a function f(z) € A is in N(u) if and only if

5 1+p
Re{f(z) (f(z)) }>0,ZEE. (1.4)

N (u) was introduced by Obradovic [5] recently, he called this class of func-
tions to be of non-Bazilevic type. Until now, the class was studied in a
direction of finding necessary conditions over u that embeds this class into
the class of univalent functions or its subclass, which is still an open problem.

Definition 1.1. Let f(z) € A(p). Then f € Nik(p,\,«, p), if and only

' {aen (75) 35 () e mom =

where 0 < < 1,A € N*, k> 2 and 0 < p < 1. The powers are understood
as principal values. For k = 2 and with different choices of p, A, i, p, these
classes have been studied in [5, 9]. In particular Na(1,—1, 1, 0) is the class
of non-Bazilevic function studied in [5].

We now consider the integral operator defined in [2], as follows:

BUE) = %5 [ ©)i ne,

0

with initial gauss I(f(2)) = Io(f(2)) = (in)) .

For o = 0 the operator I was introduced and studied in [3].
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2. PRELIMINARIES AND MAIN RESULTS

In order to prove our main result we shall need the following result.

Lemma 2.1. [1] Let h(z) = 1+ c12 + c22? + ... be analytic in E and let

h/
{h(z) +2 (Z)} € Py(p), for Rey>0,k>2,0<p<L1.
Then
h(z) € Pi(po),z € E.
where )
Rey +2[[?

Theorem 2.1. Let Rey > 0 and f € Ni(p,\,u,p). Then, for z €
Evl'r?f € Pk(pn)7 where

[(14a)" —a"] +a"po
(I4a)" ’

Pn = (2.2)
with a = 2(a+ 1) and

_[A? + 2ppuReX

A2+ 2puRe)

Po

Proof. We use the method of Mathematical induction to prove this result.

Let oK
o) = (555)

Zp

f(2)
lytic in E with Hy(0) = 1. Now by a simple computation, we have

(o (75) 570 (7) } = {me = 52 e Ao

where z € F, and from Lemma 2.1, with v = ]%, and Rey = e >0, it

ReA
implies that Hy(z) € Px(po), where

where 0 < p < 1.

o
By choosing a principal branch of < > we note that Hy(z) is ana-

_[A? + 2pppRer
A2+ 2puRe)

o
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Thus the result is true for n = 0.
For n = 1, we proceed as follows:

Hi(2) = [() = St [ U5 @)de neWa> 1.

0
And so

{Hl(z) + Zfi(’? } € Pu(po), z € E.

Using again Lemma 2.1 with v = « + 1 we obtain that
Hy(2) = IT'(f(2)) € Pi(p1),

where
1 42(a+1)po
P T 2(a+1)
for z € E, which shows that (2.2) holds true for n = 1.
Next we assume that the condition (2.2) holds true for n = m. This
implies that
Ho(2) = T3(£(2)) € Pelpm)

. (140" = "] +am
a)™ —a a™ po
pm = (1+a)m a=2l+e)
Proceeding as before we see that
zH' . (z
{Hm+1(z) + ojjll()} = Hp(2) € Pe(pm), 2 € E,
where

Ho () = I (F2) = S50 [ (@)t 0> -1
0

This implies that
Hyt1(2) € Pr(pm+1)

where

. 1 + apm

Pm+1 = 1—!—7a
l+a {14+a)™—=a™}+a™po
PR (14+a)m
14+a
m+1 m+1 m

P+l = bt a)(l + Cb)fn-‘rl e , a=2(1+a),
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and
AP+ 2ppuRe

A2 + 2puRe
Therefore, we conclude that IS f € Py(p,) for any integer n € NU {0}.

For certain choices of p, u, A\ and k& we obtain some partial results dis-
cussed in [4, 6].

Po
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