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INTEGRAL MEANS FOR CERTAIN SUBCLASSES OF
UNIFORMLY STARLIKE AND CONVEX FUNCTIONS DEFINED
BY CONVOLUTION

M. K. Aour, R. M. EL-ASHWAH AND S. M. EL-DEEB

ABSTRACT. We introduce some generalized subclasses T'Sy(f, g;c, ) of uni-
formly starlike and convex functions, we settle the Silverman’s conjecture for the
integral means inequality. In particular, we obtain integral means inequalities for
various classes of uniformly G—starlike and uniformly S—convex functions in the
unit disc.
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1.INTRODUCTION

Let S denote the class of functions of the form:

f(z) :z—l—Zakzk (1.1)
k=2

that are analytic and univalent in the open unit disk U = {z: |z| < 1}. Let f(z2) €
S be given by (1.1) and ®(z) € S be given by

(z)=z+ Y azh, (1.2)
k=2

then for analytic functions f and ® with f(0) = ®(0), f is said to be subordinate
to @, denoted by f < @, if there exists an analytic function w such that w(0) = 0,
|lw(z)| < 1and f(z) = ®(w(z)), for all z € U.

The Hadamard product (or convolution) f * ® of f and ® is defined (as usual) by

(f*®)(2) =2+ Y apcpz® = (P * f)(2). (1.3)
k=2
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Following Goodman ([7] and [8]), Ronning ([17] and [18]) introduced and studied
the following subclasses:

(i) A function f(z) of the form (1.1) is said to be in the class Sy (e, 3) of uniformly
(B—starlike functions if it satisfies the condition:

2f(2)
Re{ ) a} >0
where —1 < a < 1and 3> 0.

(ii) A function f(z) of the form (1.1) is said to be in the class UCV («, 3) of
uniformly S—convex functions if it satisfies the condition:

Re{l L) _a} Ll

2f (2)

Ol

(z € U), (1.4)

e 7| BeY -

where —1 < a < 1 and 8 > 0. We also observe that

Sp(a,0) =T"(a), UCV(a,0)=C(a)

are, respectively, well-known subclasses of starlike functions of order o and convex
functions of order «. Indeed it follows from (1.4) and (1.5) that

f(z) eUCV(a, ) = zf (2) € Sp(e, B). (1.6)

For -1 <a<1,0<vy<1andf >0, welet Sy(f,g;a, ) be the subclass of S
consisting of functions f(z) of the form (1.1) and functions g(z) given by

o0
g(z) =2+ Y bpz" (b > 0), (1.7)
k=2
and satisfying the analytic criterion:

Red A9 () +72([29)"(x)
(L= (f *9)(2) +v2(f *9)'(2)

2(fx9) (2) +92°(f x9)" (2)
> B — —1]. 1.8
=) (F*0)() 127 *9) () -
Let T denote the subclass of S consisting of functions of the form:
fl)=2=) az" (4 >0) . (1.9)
k=2
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Further, we define the class T'S,(f, g;, 3) b

TSy(f. 950, 8) = 5y(f, g5, 8) N T. (1.10)
We note that:
(i) TSo(f,ﬁ;a, 1) = S,T(a) and T'Sp(f, i )2,a 1) =
TS1(f, (lfzz);a, 1) =UCT(a) (-1 < a < 1) (see Bharati et al. [4]);
(ii) T'S1(f, %' ﬁ) =UCT(B) (B > 0) (see Subramanian et al. [24]);
(111)TSo(fz+Z ’“lk a,B3) =TS (a,p)(-1<a<1,8>0,c#
0, -2,...) (see Murugusundaramoorthy and Magesh [12] and [13]);
(iv) TS’O( 2+ i knzFo,B) = TS (n,a,8) (-1 <a<1,8>0,n€ Ny =

k=2
NU{0}, N ={1,2,...}) (see Rosy and Murugusundaramoorthy [19]);

0 Tsor+ 3 (1T )HRas =Des N 1aciszo

A > —1) (see Shams et al. [23]);

(vi) T'So(f, Z+Z[1+/\(/€ D" 2% 0, 8) = TS\ (n, 0, 8) (-1 < a <1,
B>0,\>0, nENo) (see Aouf and Mostafa [2]);
(vi )TS(f,z+Z '“ LeMa,B) =TS (y,0.0) (-1 <a <1, 320,

0<y<1,c# O —1 ) (see Murugusundaramoorthy et al. [14]);
ii) TSO(f,g;a,ﬁ) = HT (g,a,8) (-1 <a <1, 8>0) (see Raina and Bansal

(vi
[16]);
(viil) T'Sy(f, 2z + Z 2% a,8) = TS;(v,a,B) (see Ahuja et al. [1]), where

=2

Fk _ (al)k,l...(aq)k,l 1 (1'11)

(B1)k—1..(Bs)k—1 (K —1)!

(a;>0,i=1,...,q; B; >0, j=1,....,8, ¢ <s+1; q, s € Np).
Also we note tho%t

(1) TSy(f, 2+ X k"% 0, 8) = TS, (n,a, §)
k=2

_ Red LD () +92(D" ()
—{feT'R { (1 =7)D"f(z) + D"+ f(2) }
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(L= 7)2(D"f(2)) + 72D f(2))

(- )Df(z) TADHf(z)

> B

J(-1<a<1, >0, ne Ny, zeU)}

(1.12)
() TS, (f,2 + 3 () #50.8) =

78, (e ) = L f e TiRe] ZUSE) 492G
=TS, (¢, B) {fGT'R {(1—7)ch(z)+vz(ch(Z))' }

"

2(Jef(2)) + 722 (Jef (2)

P =)0 () + 220 f ()

-1 ,Og'yg1,—1§a<1,620,c>—1,zeU};

(1.13)
where J; is a Bernardi operator [3], defined by

c+1 / o > [c+1
Jef(z) = g /t 1f(t)dt:z+z<c+k> apzt.

Note that the operator J; f(z) was studied earlier by Libera [9] and Livingston
[11];

(i) T, £z + 3 7 Sk

)flzk;oe,ﬁ) =TS, (1, X v, )
= { fel: Re{Z”A»uﬂz))'+wz2<n,uf(z));’, _a}

A=) I, uf(2)Fv2(In,  f(2)

1"

Z(IA,uf(Z)), + ’722(])\,“]%2))

- DD f() + 2 f@)

g

i

(O<’y<1,1<a<1,6>0,)\>1,u>0,z€U)}; (1.14)

where I , is a Choi-Saigo-Srivastava operator [6], defined by

oo
D f(2) Z )\+1k : a?® (A >—1; p>0);
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(iv) TS, (f,z+2(c L Gtk 0, B) = TS, (a,¢, A a, B)

. 2(IMa,0) f(2)) 4722 (I (a0) f(2)”
) { e Re{ﬂ—wma,c)f(z)ﬂz(ﬂ(mc)f(z»’ a}

!/ "

2(INa,0)f(2)) +722(I*(a,¢) f ()
(L= (a,0) f(z) +72(IMa, ) f(2)

g

(0<y<1, —1<a<1, B3>0, aceR\Z;, A>-1, z€U) }; (1.15)

where I*(a, c) is a Cho-Kwon-Srivastava operator [5], defined by

(o]
I)‘ac =z+ apz";
( Z; (a)k D1

(V) TSy (f, 2+ 2 etk 0, ) = TS, (ns 0, B)

I PO OOV (0) I 70 SN
= {fET- R {(17)Inf(z)+’72(lnf(2))/ }

"

2(Inf(2)) +72°(Inf(2))

>0 - —11,0<~y<,-1<a<1,02>20,n>-1,2z€U
(1 - V)Inf<z) + ’Vz(Inf(Z))
(1.16)
where I, is a Noor integral operator [15], defined by
o 2k k
+ — > —1).
> Gt (>
n [20], Silverman found that the function fa(z) = 2z — % is often extremal

over the family T'. He applied this function to resolve his integral means inequality,
conjectured in [21] and settled in [22], that

2 2

/‘f(rew))ncw < / ‘fz(rew)‘ndﬁ,

0 0
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forall f €T, n>0and 0 <r < 1. In [22], he also proved his conjecture for the
subclasses T*(«) and C(«) of T.

In this paper, we prove Silverman’s conjecture for the functions in the class
TSy(f,g;, ). By taking appropriate choises of the function g, we obtain the in-
tegral means inequalities for several known as well as new subclasses of uniformly
convex and uniformly starlike functions in U. In fact, these results also settle the
Silverman’s conjecture for several other subclasses of T.

2.LEMMAS AND THEIR PROOFS

To prove our main results, we need the following lemmas.
Lemma 1. A function f(z) of the form (1.1) is in the class T'Sy(f,g; o, B) if

SO+ 8) — (a+ B [1+ (k= D] [al by < 1 — o (2.1)
k=2

where —1 <a<1l,6>0and 0 <y < 1.

Proof. 1t suffices to show that

gl 2f# 9) () +122([x9)"(2) | g ) A0 ()42 (fx9)" ()

(L =)(f *9)(2) +72(f *9)'(2) (L= (f *9)(2) +v2(f *9)'(2)

<1-oa.

We have
gl 2 9 () +12(fx9)"(2) | g A ()4 (f29)"(2)

(L =(f *9)(2) +v2(f *9)'(2) (L=)(f*9)(2) +v2(f % 9)'(2)
| 2@+ g | AT DR Dl
N (1_’7)(f*g)(z)+72(f*9)l(z) N 1_ § [1 ‘|"Y(k_1)] ’ak’bk

k=2

This last expression is bounded above by (1 — «) if

D k14 8) = (a+ B[+ 7k — 1) g bp <1 - a,
k=2
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and hence the proof is completed.
Lemma 2. A necessary and sufficient condition for f(z) of the form (1.9) to be in
the class T'S,(f, g; o, ) is that

[e.9]

STk +B) = (a+ B [1+ Ak — D] agh < 1 -« (2.2)
k=2

Proof. In view of Lemma 1, we need only to prove the necessity. If f(z) € T'S,(f, g; @, B)
and z is real, then

1- io: k[1+~(k —1)] apbpz*! f:( — D) [1+~(k—1)] agbyz"!
kzoi —a>p k=2 =
1— ];2 [1+~(k —1)] agbg2zt~1 Z [14+~y(k — 1] agbyzF—1

Letting z — 17 along the real axis, we obtain the desired inequality

[e.9]

S kA+B) = (a+B)[L+v(k—D]agby <1 - .

k=2

Corollary 1.Let the function f(z) be defined by (1.9) be in the class T'S+(f,g;, 3).
Then

1l -«

R ) B ) Ty [T 23
The result is sharp for the function
. 1—« k
e N LTy S
Lemma 3. The extreme points of T'S,(f,g; ., 3) are
fi(z) =z and fi(z) = z— L« 2k for k=2,3,... .

[k(1+ B) = (o + B)] [L +~v(k = 1)] by
(2.5)
The proof of Lemma 3 is similar to the proof of the theorem on extreme points given
in [20] and therefore are omit it.
In 1925, Littlewood [10] proved the following subordination theorem.
Lemma 4. If the functions f and g are analytic in U with g < f, then for n > 0,
and 0 < r <1,
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27 27
/’g(rew)‘ndﬁ g/(f(rew)]"de. (2.6)
0 0

3.MAIN THEOREM

Applying Lemma 4, Lemma 2 and Lemma 3, we prove the following result.
Theorem 1. Suppose f € T'S,(f,g;,8), 1 >0, -1<a<1,0<~y<1,5>0
and fo(z) is defined by

l1-a 2
z
(2408 —a)(1+7v)be

Then for z =re?, 0 < r < 1, we have

fo(z) =2z —

2 27

/ F)do < / a2 do. (3.1)

0 0

oo
Proof. For f(z) =z — 3 agz® (ag > 0), (3.1) is equivalent to proving that
k=2

7

0

> l—« m
1-— apz" 1 d0</‘ z| df.
2o G-+

By Lemma 4, it suffices to show that

11—«
1-— apz" 1 <1 - z
;2 * (2+8—a)(1+7)bs

Setting

= _ l1-a
1—;2akzk T=1- (2+ﬁ—a)(1+7)b2w(z)’ (3.2)

and using (2.2), we obtain

o0 o0
(246 —a)(1+7)b b1 (246 —a)(1+7)by
< < .
,;_2 T a aRz < |7| kg_z o ar < |z]

This completes the proof of Theorem 1.
By taking different choices of g(z), «, # and ~ in the above theorem, we can state
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the following integral means results for various subclasses.

Remarks. (i) Taking g(z) = z + Z I';.2*, where T, is given by (1.11) in Theorem

1, we obtain the result obtained by AhuJa et al. [1, Theorem 3.1];
(ii) Taking g(z) = %7 and v = 0 in Theorem 1, we obtain the result obtained

z

by Ahuja et al. [1, Corollary 3.2];
(iii) Taking g(2) = 1% and v = 1 in Theorem 1, we obtain the result obtained
by Ahuja et al. [1, Corollary 3.4];
kE+X—
(iv) Taking g(z) = z+ Z < +)\ > k(A > —1) and v = 0 in Theorem 1, we
obtain the result obtained by Ahuja et al. [1, Corollary 3.6];

(v) Taking g(z) = z + Z (C'H) (¢ > —1) and v = 0 in Theorem 1, we obtain

ct+k
the result obtained by AhUJa et al. [1, Corollary 3.7];

(vi) Taking g(z )—z+2()ki 2% (a > 0; ¢ > 0) and v = 0 in Theorem 1, we

obtain the result obtained by Ahuja et al. [1, Corollary 3.8].
Corollary 2. If f € TSo(f,z+ Z knzk o, B) =TS (n,o,B) (-1 <a<1,3>0,
n € No and n > 0), then the assertwn (3.1) holds true, where

_ (1-a) 2
2o =2 i —a)”
Corollary 3. If f € TSo(f,z+ >, [L+ Xk —1)]"2%;a,8) = TSy (n,a, B) (—
k=2
a<l, >0, A\>0,n¢€ Ny and n > 0), then the assertion (3.1) holds true, where
1_
fo(z) =2z — (1-a) —22.

24+8—a)(1+N)

Corollary 4. If f € TS, (f.z+ 3. Eg:—izk;a,ﬁ) = TS(v,0,08) (0 <~ < 1,
k=2 -

—-1<a<1,>0,a>0,c>0andn >0), then the assertion (3.1) holds true,
where

B c(l—a) 9

e (=N
Corollary 5. If f € TSo(f,g(z);08) = Hr(g,,8) (-1 < a < 1, # > 0 and
n > 0), then the assertion (3.1) holds true, where

(1-a) 52
2+0—a)by”

fo(2) =z —
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Corollary 6. If f € T'S,(f,z+ Z "2k a,B8) =TS, (n,a,8) (0<y <1, -1<
a<l, f>0,ne Nyandn>0), then the assertion (3.1) holds true, where
l-«a
fQ(Z):Z— ( ) 2‘

22+ 8—a)(1+7) "
Corollary 7. If f € T'S,(f,z + i (EIIIJ 2% a,B) = TSy (c,a,5) (0 < v <1,
k=2

—1<a<1,8>0,¢c>—1 andn>0), then the assertion (3.1) holds true, where

0wty
falz) =2 (2+ﬁ—a)(1+v)(c+1)z
Corollary 8. I/ [ € TS, (2 + 55 2hs¥ia9) =TS, (1 Xia ) (07 < 1

-1<a<1,8>0,A>-1, 4> 0 cmd n > 0), then the assertion (3.1) holds true,
where

-0+,
2+B8—-a)I+y)p

Corollary 9. If f € TS,(f,z + E Z 11)&)%)"11 Fia,8) = TS, (a,c,\;, 3)

0<~y<1,-1<a<l,p>0a,c E R\ZO , A>—1 andn > 0), then the assertion
(3.1) holds true, where

fa(z) =

a(l—a) 2

falz) = 2 = 21 6-a) 1+ +1)"

Corollary 10. If f € T'S,(f,z + E n(i)lk 11 Ko, 8) =TS, (n,a,8) (0<v <1,

—1<a<1,8>0,n>—-1andn > O) then the assertion (3.1) holds true, where

__(-am+l
22+ B —a)(l+7)

fo(2) =
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