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ABSTRACT. The main object of the present paper is to derive subordination
property of the class which was very recently P74(\, «, 8,7) introduced by Muru-
gusundaramoorthy and Joshi (J. Math. Ineq., 3(1)(2009), pp. 293-303).
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1. INTRODUCTION AND PRELIMINARIES

Let A be the class of analytic functions of the form
f(z):z+2akzk (ze A:={zeC]|z| <1}) (1.1)
k=2

which are analytic and univalent in the open unit disk. If i/ = {z € C' : |z| < 1} is
given by (1.1) and g € A is given by

g(2) =2+ ba" (1.2)
k=2
the Hadamard product (or convolution ) (f * g) of f and g is given by

(f*g)(z):z+§:akbkzk,zeu (1.3)
k=2

49



V. G. Gupta, B. Shrama - Subordination results for certain classes of ...

Very recently, by using Hadamard product (or convolution) Murugusundaramoorthy
and Joshi [5], introduced the subclass Py (A, o, 8, y) of A consisting the functions of
the form (1.1) and satisfying the following inequality,

Jga(z) =1
29(Jga(2) — ) = (Jga(2) — 1)

<BA>0,0<a<1,0<6<1,2€C)

where Jy5\(z) = (1—)‘)(f*9)(:)+/\z(f*g) 0 <~ <1,and (f *g)(z) is given by (1.3)

and g is fixed function for all z € Y. We further assume that P7 4()\, o, 3,7) =
Py(\, «, 8,7) NT, where

:{fEA:f(z):z—iMMZk,ZGU} (1.4)

k=2

is a subclass of A introduced and studied by Silverman [6].

We observe that several known operators are deducible from the convolution.
That is, for various choices of g in (1.3), we obtain some interesting operators studied
by many authors. For examples, we illustrate the following two operators.

At first, for complex parameters aq, ...qq and
Bi,...0q, (B € C\Zy; Zy ={0,—-1,-2,...... };7 =1,2,3.....) consider the function g
defined by

c(a)gy gk

g( )—Z+Z ﬁlk 1 (/BCI)k 1(k ne
(l§q+1 q,sGNo =NU{0};z €ld)

(1.5)

where(v), is the well known Pochhammer symbol.

Then for functions f € A, the convolution (1.3) with the function g defined by (1.5)
gives the operator studied by Dziok and Srivastava ([2], see also | 3,4]).

Next, if we define the function g by

+Z<1+l> Fm>0,l€e 2). (1.6)

Then for functions f € A, the convolution (1.3) with the function g defined by (1.6)
reduces to the multiplier transformation studied by Cho and Srivastava [1]. In the
present paper, we will obtain subordination property for the subclass P74(\, o, 8, 7).
To prove it, we need following definitions and lemma which are given below.

Definition 1.1 (Subordination Principle).For the two functions f and g ana-
lytic in U, we say that the function f(z) is subordinate to g(z) in U and denoted
by f(z) < g(z) z € U, if there exists a Schwarz function w(z) analytic in U with
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w(0) = 0, and |w(z)| < 1 such that f(z) = g(w(z))z € U. In particular, if the
function g(z) is univalent in U, the above subordination is equivalent to f(0) = g(0)
and JU) € g(Uh)

Definition 1.2 (Subordinating factor sequence, see [7]). A sequence {by}re,
of complex number is called a subordinating factor sequence if, whenever f(z) =

o0
> axz®(a1=1) is analytic, univalent and convex in U, we have the subordination
k=1
given by
oo
> apbez® < f(2) (z €U) (1.7)
k=1
Lemma 1.1 (see [7]). The sequence {by}r- is a subordinating factor sequence if
and only if

o0

Re{1+22bkzk}>0 (z€l) (1.8)
k=1

To prove our main result, we shall required the following lemma due to Murusun-

daramoorthy and Joshi.

Lemma 1.2 (see [5]). Let the function f be defined by (1.4) then PTy4(\, 0, 3,7) if
and only if

YA+ Ak = D)1+ 2y — Darbe < 267(1 — ) (1.9)
k=2
2. SUBORDINATION THEOREM
Theorem 2.1.Let the function f € PT (A, «, 3,7) satisfy the inequality (1.8), and

K denote the familiar class of univalent and convex functions in U. Then for every
g € K, we have

142 [148(2y—1)]b
T s e * #)(2) < 0(2),

2.1
(z€Ubp>by>0k>2);7veC\{0};0<a<1) (1)

and
[(L+ N[+ B2y = 1)]b2 +267(1 — )]

21+ N[+ 62y = 1)]b2

The following constant factor 2[(H/\)([llfg(%j_ﬁgﬂ,;ggi(l_a)], in the subordination re-

sult (2.1) is the best dominant.
oo

Proof. Let f(z) satisfy the inequality and let ¢(z) = z + 3. 12" € K, then
k=2

Re{f(z)} > — (zel) (2.2)

(14 N[+ B2y — Dby
200+ N[+ B2y = 1)]b2 +267(1 - o))

(f *0)(2) (2.3)
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(L+ N[+ B(2y — 1)]by = k
= z+ agcpz”).
S+ N+ 5@y — Dt + 2001 )] 2 )
By invoking definition (2.2), the subordination (2.1) our theorem will hold true if
the sequence

1+ N[+ B2y — Db >
af (2.4)
2[(1+ N[+ B2y = Db +26v(1 = a)] 4y
is a subordination factor sequence. By virtue of Lemma (1.1), this is equivalent to
the inequality

1+ X1+ B2y —1)]b2
Re{l—l-z 1+ M) 1+5( —1)]b2 +267(1 — a)]

Since by, > by > 0 for k > 2, we have
S (A+X)[14+8(2y—1)]b k
Re {1 + L A - Dlbsr25(=a)] }

S 1 (N+BEy=D]by
[N H+B(2y~1)b2+28v(1=a)]

1 &3]
— (HNHB2y—D]b2+267(1-a)] kz::2 (L AL+ 52y = Dlbaayr®

akzk} >0 (2.5)

r

S (EN4B2y=Dby
[N+ —1)es+257(T—a)] "

— PR =D 25 (=] g::Q (T4 X(k = 1)1+ B(2y — 1)]bgagr*.

By using Lemma 1.2, we can easily seen that

(I+M)[14+8(2y=1)]bo
[(A-+N[I+B2y—1)]b2+287(1—a)]
28y(1—a

~ [A+NI+BEY-Db2+267(1-a)]

>1- r

r>0, (|z]=r<1).

This establishes the inequality (2.5), and consequently the subordination relation
(2.1) of Theorem 2.1 is proved. The inequality (2.2) follows from (2.1), upon setting

¢(z):1fzzzz”ez< (z €U), (2.6)
n=1
and
267(1 — @) 2 (zel), (27)

o) = T+ Ay — Db + 281 — )
which belongs to P7,(\, a, 3,7). Using (2.1), we infer that

(T+ N[+ 62y —1)]by fol2) < z
[(1+ N[+ B2y — b2 +26v(1 — )] "° 1—2

(2.8)
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It can be easily verified for the function fy(z) defined by (2.7) that

, 1+ N[+ 62y —1)bs 1
MinRe d (i s D e o) Ty 9

which completes the proof of theorem.
By substituting A = 0 , in Theorem (2.1), we easily get
Corollary 2.2.Let the function f(z) € P14(0,«, 3,7) satisfy the inequality

i 1+ 32y — D]arbe < 287v(1 — ) (2.10)

and K denote the familiar class of univalent and convex functions in U. Then for
every ¢ € K , we have

1+8(2y—1)]b
Tl (f % 6)(2) < (2)

(2.11)
(z€eU,bpy >by >0(k>2);7v€C/{0};0<a<])

and [1 + /3(27 — 1)]1)2 + Qﬂ’}’(l - Oz)]
2[1 4 B(2y — 1)]be

The following constant factor 2[1+5gﬁ(12)]7bﬁ)2]%(1_a>; in the subordination result

(2.11) is the best dominant. By setting ¢(z) = =, =1and A =0,
Corollary 2.3.Let the function f(z) € P14(0,,1,7) satisfy the inequality

Re{f(2)} > -

(2.12)

i 2va < 2(1 — ) (2.13)
k=2

and K denote the familiar class of univalent and convex functions in U. Then for
every ¢(z) € K, we have

5o (f x 0)(2) < ¢(2)

(zel, bkZb2>0(k22);’}’60/{0};0§a<1) (2.14)

and

Re{f(2)

The following constant factor =5 , in the subordination result (2.14) is the best
dominant.

(2.15)

3. FURTHER REMARKS AND OBSERVATION

53



V. G. Gupta, B. Shrama - Subordination results for certain classes of ...

Using Hadamard Product (or convolution) defined by (1.2) and using Wilf lemma,
we obtained the subordination results for the subclass P74(X, o, 3,7) of A. If we
replace g (z) in Theorem 2.1 defined by the functions in (1.5) and (1.6) , we get the
corresponding results of the Theorem 2.1.
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