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ABSTRACT. In this paper we study the first and the second variation of slant
and semi-slant submanifolds in Sasaki manifolds. We define the notions of Legendre,
Hamiltonian and harmonic variations in the case of these submanifolds and we study
some problems of minimality and stability.
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1. INTRODUCTION

The differential geometry of slant submanifolds has intensely been studied since B.
Y. Chen defined and studied slant immersions in complex manifolds. J. L. Cabrerizo,
A. Carriazo, L. M. Fernandez and M. Fernandez [2] studied and characterized slant
submanifolds in the case of K-contact and Sasaki manifolds. The notion of semi-slant
submanifold was introduced by N. Papaghiuc [14] in the case of the almost Hermitian
manifolds and the class of slant submanifolds appears as a particular case of semi-
slant submanifolds. Finally, we study some aspects concerning variational problems
for slant and semi-slant submanifolds in Sasaki manifolds. Similar problems were
studied by H. B. Lawson [9], H. B. Lawson and J. Simons [10], B. Y. Chen, P.
F. Leung and T. Nagano [6], Y. G. Ohnita [11] , B. Palmer [12], [13] for Lagrange
submanifolds and B. Y. Chen, J. M. Morvan [7] and others for isotropic submanifolds
in Kahler manifolds.

2. PRELIMINARIES

Let M be an almost contact manifold, C*°—differentiabile with dimension 2m+1.
Let (F,&,n,g) its almost contact structure, where F' is a tensor field

of type (1,1), n is a 1-form and ¢ is a Riemannian metric on M, all these tensors
satisfying the following conditions:

FP=_T4+nQ¢ n&) = 1; (1)
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g(FX, FY) = g(X,Y) = n(X)n(Y) (2)

for all X,Y € x(M), where x(M) is the set of all vector fields. We consider €2
the fundamental (or the Sasaki) 2—form of M, given by Q(X,Y) = g(X, FY). If we
denote by

Np(X,Y)=F?[X,Y]+ [FX,FY] - F[FX,Y] - F|X,FY] (3)
the Nijenhius tensor of F', then we consider the tensor field
NO = Np@2dp ¢ (4)
We know that the almost contact manifold M is Sasaki if and only if
dn=Q; N® =0 (5)

or equivalently

(VxF)Y = g(X,Y)¢ = n(Y)X (6)

for all X, Y € x(M), where V is the Levi-Civita connection associated to the metric
g. From (1), (4) and (6), it results the well-known equality:

Vxé=—-FX. (7)

Let M be a submanifold of the Sasaki manifold M , V the Levi-Civita connection
induced by V on M, V+ the connection in the normal bundle T(M), h the second
fundamental form of M and Az the Weingarten operator. We recall the Gauss-
Weingarten formulas on M:

VxY = VxY +h(X,Y) (8)

Vit = —Az X + Vxil (9)

for all X,Y € x(M) and 7 € x*(M).
The submanifold M of M, tangent to &, is a slant submanifold if

0 =ZL(FX,,T,M) = constant (10)

for all x € M, X, € T, M, X, non collinear with &. Taking into account the
definition of the angle between a vector and a subspace in the Euclidean space, this
is equivalent with

g(FX)Y)

cosf) = ————
EX| Y]

= constant (11)
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forallY € x(M), X € D, X, Y nowhere zero, where D is the orthogonal distribution
of & in x(M). In this case, 6 is the slant angle of the submanifold M and the
distribution D is the slant distribution of M. -

The submanifold M of the Sasaki manifold M is a semi-slant submanifold if
there are Dy, Dy two distributions on M so that:

i) X(M) =D ®Dsy® <E >

i) Dy is invariant, i.e. FDy = Dy

iii) Do is slant with the slant angle 6.

For M a slant or semi-slant submanifold in a Sasaki manifold M , we consider
the decompositions

FX =TX +NX; Ffi=ti+ni (12)

for all X € x(M), @i € x*~(M), where TX is the tangent component and NX the
normal component of F'.X and ¢7 is the tangent component and ni is the normal
component of F'7i in x(M).

Moreover, if M is a semi-slant submanifold of a Sasaki manifold M , then we
consider

X =PX+PX+n(X)§ (13)

for all X € x(M), where P is the projection on D; and P, is the projection on Ds.
We recall some known results for slant and semi-slant submanifolds [2], [3]:

Proposition 2.1. Let M be a submanifold of the almost contact manifold M
tangent to the Reeb vector field & € x(M). Then M is slant if and only if there is
A € 10,1] so that:

T? = X1 —n®E). (14)

Moreover, in this case, the slant angle 0 of M satisfies the condition A\ = cos® 6.

__ Proposition 2.2. Let M be a slant submanifold in an almost contact manifold
M with the slant angle 6. Then:

g(TX,TY) = cos” 0g(X,Y) — n(X)n(Y)] (15)
and

g(NX,NY) =sin®0[g(X,Y) — n(X)n(Y)] (16)
for all X, Y € x(M).
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Proposition 2.3. Let M be a semi-slant submanifold of the almost contact
manifold M with the slant angle 6. Then:

g(TX, TPY) = cos® Og(X, P,Y) (17)
and
g(NX,NPY) = sin? g(X, RY) (18)

for all X, Y € x(M).

3. FIRST ORDER DEFORMATIONS FOR SLANT AND SEMI-SLANT SUBMANIFOLDS

Let M be a n—dimensional slant submanifold of the Sasaki manifold M , D the
slant distribution and 6 the slant angle. We consider

B ={e1,e2,...,en—1,&} (19)

a local orthonormal basis in x(M), so that {ej,ea,...,e,—1} is a basis in D. From
(16) we obtain

g(Ne;, Nej) =sin®0[g(e;, e5) — nlei)n(e;)] =0, i#j, i,j=1n—1,

that is {Ne;},_;,, are liniar independent. Moreover, g(Ne;, Ne;) = sin? 6. Let

Nen_
€ntl = gﬁ,...,egn_l = anel and TNFTM =< epq1,...,€2,—1 > be the subspace

spanned by €, 1, ..., 2,_1. We observe that TNFTM C x*(M) and {en41, ..., €21}
is a basis in TNFTM. Moreover, g(entj,e;) = 0, for j = 1,n—1,i = 1,n.
Let I'(7(M)) be the orthogonal complement of TNFTM in y*(M) and B;(M) =
{€an, .y €am+1} a local orthonormal base in I'N FT M. We obtain that

By ={e1,.cn-1,& €ntly s €2n—1, €2, ooy €211} 1S & basis in X(M).

If M is a semi-slant submanifold of the Sasaki manifold M, with D; the invariant
distribution, Dy the slant distribution with slant angle 6, then we consider {eq, ..., e,}
abasisin Dy, {€p41, ..., n—1} a basis in Dy so that BM = {eq, ..., ep, ept1, ...y €n—1,6n = &}
is a local orthonormal basis in x(M). Also, we consider

N€p+1 Nen—l
sy €2n—p—1 =

[ = — N .
et sin 6 sin ¢

Taking into account Proposition 2.3, we deduce that {e,y1,...,€2n—p—1} are or-

thonormal vectors. Let 'NF' Dy =< €y,41, ..., €2,—p—1 > be the subspace spanned by

{€n+1, s €2n—p—1} and T'(7(M)) the orthogonal complement of ' NF Dy in x*(M),
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so that {ean—p,...,e2m41} is a basis in I'(7(M)). Thus, in the case of semi-slant
submanifolds in Sasaki manifolds, we have:

x(M) = x(M)&TNFDy & T(1(M)).

If M is a slant or a semi-slant submanifold of the Sasaki manifold M , then we
consider the dual 1-form to the vector 7 € x (M), defined by

oz i x(M) = F(M),  ax(X) = g(Fii, X) (20)
for all X € x(M) and we denote by
L= {ﬁEXL(M) ZdOéﬁ:O} (21)
the set of Legendre variations, by
E= {ﬁeXL(M) : (EI)fEF(M):aﬁ:df} (22)
the set of Hamiltonian variations and by
H:{ﬁGXJ‘(M):daﬁ:(Saﬁ:()} (23)
the set of harmonic variations.

Example: We consider a slant submanifold in R® [2] and we find harmonic varia-
tions.

Let M = R with local coordinates (x!, 22 y',%2, 2) and the Sasaki structure given
by

1 1 1 2 2
n 2(dz y do —y dz®); & 5

1
g=n®n+ 1(dac1 @ da' 4 da® @ da® + dy' ® dy' + dy? @ dy?);
and F : x(R%) — x(R®) a tensor field of type (1,1) so that

o _ 0. .0 o .0

(@) oy (@) o F(&)

o, 0 10 9 9
(Tyl)*ﬁ‘i‘y%v Fli=)= +y
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where {i 0, 0 0, Q} is a base in x(R®). The matrix of g is

i w2 g o b
0 0 1+ 0 0
0 0 0 % 0
y! v 0 0 1
4 4 4

For 6 € [0, §] we consider the submanifold
M : z(u,v,t) = (2ucosf,2usinb, 2v,0, 2t)

with
zt(u,v,t) = 2ucosf; x*(u,v,t) = 2usinb;

yl(u,v,t) =205 Y (u,v,t) =0;  2z(u,v,t) = 2t.
We have
0 0 0 0

2 = 2cos€i+2sin0 9

9u a1 a2 a0 o ot ler &

Using (11), it results that M is a minimal slant submanifold with the slant angle 6
and slant distribution D, having the local orthonormal basis

U] = 2'17 _ 9 +21)(:086é
YT ou ot ]
Moreover, x(M) = D@ < & > and from the definition of Sasaki structure on R?, we
obtain that

R o . 0 0 .0
{n1—28y2,n2—2sm08$1 2COSHW+4USIHH&2'}

is an orthonormal basis in x(M). We also consider a,;; : x(M) — F(M); a,;; =
g(Fni, X)and o = x(M) — F(M); cu, = g(Fna, X) for all X = a101+b1v3+c1€ €
x(M). Using the definition of Sasaki structure on R®, we obtain a,; (X) = by sinf
and o, (X) = —ay sin6.

Taking into account the decomposition of Lie derivative for a vector field in a local
chart of M, the definition of the exterior derivative of a 1-form and the definition
of the co-differential operator, we obtain that 77 and n5 are harmonic variations.
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Proposition 3.1. Let M be a slant (or semi-slant) submanifold of the Sasaki
manifold M with its slant angle 6. Then oy is closed if and only if
9(Az X, TY) = g(AzY, TX) = g(Vxii,NY) — g(Vyii, NX) (24)
for all X, Y € x(M).
Proof. We consider X,Y € x(M). From the definition of the exterior derivative and
1-form «, we obtain
= —X(g(71,FY)) +Y(9(i, FX)) + g(7i, FVxY — FVy X).

Using (6) and the properties of Levi-Civita connection we obtain

(doq)(X.Y) = —g(Vxii, FY) = g(, Vx(FY)) + g(Vyii, FX)
+ g(1, Vy(FX)) 4+ g(i, FVxY) — g(ii, FVy X).
From Gauss-Weingarten formulas, (8), (9) and (6) we obtain
(doy)(X,Y) = g(AzX,FY) — g(AzY, FX) — g(V%7, FY) + g(Vyit, FX)
9(X,Y)g(ii,€) + n(Y)g(7i, X) — g(it, FVXY) + g(X,Y)g(7i.£)
— n(X)g(ii,Y) + g(i, FVy X) + g(it, FVXY) — g(ii, FVy X)
= g(AX,FY) - g(A;Y,FX) — g(V%7i, FY) + g(Vyit, FX)

and then (24). ]

Proposition 3.2. Let M be a slant (or semi-slant) submanifold with slant angle
0 of the Sasaki manifold M. Then:

i) D(r(M)) C L;

it) HC L;

i) EC L.
If M s slant then we have

w) F(gradf)irnrrym C E;

v) Let M* be a totally geodesic hypersurface of submanifold M and 7i the unit
vector field normal to the hypersurface M*. The normal component N7l of F'ii is a
Legendre variation if and only if

9(VxNii,NY) = g(VyNii, NX)

or equivalently
n(Vxi)n(Y) —n(Vyi)n(X) = g(i1, [Y, X])
for all X,Y € x(M*).
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Proof. i) We consider 77 € I'(7(M)) si X € x(M). We have

9(Vyii, NX) = —g(7i, FM(Y, X)) + g(A7Y, TX) (25)
and

9(Vxi,NY) = —g(l, Fi(X,Y)) + g(Az X, TY) (26)

for all X,Y € x(M),7 € I'(7(M)). From (25) and (26) we obtain (24), that is i).
From (21), (22), (23) and the properties of the exterior derivative it results ii)
and iii).

iv) We consider f € F'(M). Then gradf =1, 975 O8I 0. where (g), is

Ox? OxI i,j=1,n
the inverse matrix of (gij); ;_15 = (g(a‘;’:“ 8?c,)) ij=Tm- For X € D we obtain:
aF(gmdf)|rNFTM(X) = - ]Z:I &rl 855] , X)
n
= Y At xt =) 1)
ik=1

Where X* are the components of the vector field X with respect to the natural basis
P }Z in . Because ap(gradp)rnvrra(§) = 0 and using (27) we obtain iv).
V) Using (12), (6),(8),(9), for X € x(M™*) we obtain:

Vx(N7i) = —(VxT)it + NV xii — n(it) X. (28)

Now, from Weingarten formula

Vx(N7) = —AniX + Vi (N7) (29)

it follows:
AN X = —(VxT)ii — n(@)X; Vx(NA) = NVxi. (30)
But N7iis a Legendre variation and then from Proposition 2.3 we obtain v). O

Let M be a slant (or a semi-slant) submanifold with slant angle 6 of the Sasaki
manifold M and 7 € x+(M). The first variation of the volume form of M, relative
to the normal vector field 77 (that is the value at t = 0 of the first derivative of V (17))
can be expressed under the form [4]

’

V' (i) = —n /Mg(ﬁ, H)du (31)
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where H is the mean curvature vector field of M. Then M is:

i) l-minimal if V'(7i) = 0, for all 77 € L

ii) e-minimal if V(1) =0, for all 7 € E

iii) h—minimal if V'(i7) = 0, for all @7 € H.
We also observe that:

a) If the slant (or semi-slant) submanifold M is minimal, then M is [,e and
h—minimal.

b) If the slant (or semi-slant) submanifold M is e-minimal or A—minimal, then
M is l-minimal.

Theorem 3.3. Let M be a compact slant (or semi-slant) submanifold of the
Sasaki manifold M. Then:

i) M is l-minimal if and only if H € TNFTM and ag = Zu Ju®,, where
fu€ F(M) and ®, are co-exact 1-forms.

ii) M is e-minimal if and only if H € TNFTM and ap is co-closed.

i11) M is h—-minimal if and only if H € TNFTM and g is the sum of an exact
1—form and a co-exact 1-form.

Proof. 1) 7 =7 We suppose that 7i € L. Because M is [-minimal, then from (31) it
results g(H,7) = 0 for all 77 € L. Taking into account Proposition 3.2 i) we obtain
g(H,7) =0 for all @ € I'(7(M)), that is H € TNFTM.

On the other hand, since oy is a 1-form, it results that xay is a (n — 1)—form and
taking into account the definition of the * operator and the properties of the exterior
product, we obtain:

(az A xap) (X1, ..., Xpn) = g(7, H)dv(X, ..., X3)

for all X1, Xo,...,.X,, in x(M), that is az A xag = g(7i, H)dv = 0.
From the definition of the scalar product <, >, defined on the real space of all
2—forms on M, we obtain:

< ap,oag >= / agz N xag = 0.
M
Because < aj,ap >= 0 and since M is compact, we have ap = Zu fu®,, where
fu € F(M) and ®, are co-exact 1-forms on M.

7 <7 We suppose that H € TNFTM and ag = Zu fu®u, ®, are co-exact 1-forms.
For 7 € L we have

<o ag >=<ag, ¥ f[uly >=<oaz Y fubd, >=Y  <dog, fupy >=0
p p 1
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and then
V(i) = / g(H,m)dv = / ap N *xag =< ag,ag >=0.
M M

ii) 7 = ” We suppose that M is [-minimal. Then from i) we have H € TNFTM.
But 77 € E implies that aj is exact, that is there exists f € F(M) so that az = df.
Thus doy = d?f =0 and < ag, 00 >=
< daj,ag >= 0, that is agy is a co-closed 1-f-orm.

7 <7 We suppose that H € TNFT M and ag co-closed. Now, we consider 77 € E.
Then it exists f € F(M) so that az = df. We obtain
< ap,ag >= < df,ag >=< f,0ayg >= 0 and then

V/(ﬁ):/ g(H,ﬁ)dU:/ ap Nxag =< ag,ag >=10
M M

that is M e—minimal.
iii) 7 = 7 We consider that M is h-minimal. From Proposition 3.2 iii), i) we
have that M is [-minimal and H € TNFTM . For n € H we have

< ap, Aapg >=< Aaz,ag >=0

that is Aag = 0 or there are an exact 1-form w; and a co-exact 1-form w9y so that
ag = wi + wsy.

7« 7 We suppose that H € INFTM, ag = w1 +wy, w1 = df , wo = dw, w a
2—form. For © € H, we have daz = 0 and

< ag,oapg > = <adf +dw>=<daz, f >+ <daz,w>=0.
Thus
V(i) = / g(H,m)dv = / ap N xag =< ag,ag >=0
M M
, that is M h—harmonic. O

Theorem 3.4. Let M be a compact slant(or semi-slant) submanifold of the
Sasaki manifold M. If H is a Legendre variation of M, then:

i) M is l-minimal iff M is minimal.

it) M is e-minimal iff H is an harmonic variation.

iit) M is h-minimal iff H is an Hamiltonian variation.

Proof. Because the argument is the same for the proof of all afirmations we only
prove i).
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7 = ” We suppose that H is a Legendre variation. Then dag = 0. Because M is
[-minimal, then from Proposition 3.2 we have H € TNFTM and

<o o >=<ag, Y fu®uy >=<om, Y 0¢, >=<dom, Y  fupy >=0
I 1 u

that is oy = 0 and then H = 0.
7 <7 We consider H = 0. Then from (31) we have V(i) = 0 for all 7i € L, that is
M is l-minimal. O

Proposition 3.5. Let M be a slant submanifold of the Sasaki manifold M such
that [h(X,TY) = h(Y,TX) for all X,Y € x(M) and the mean curvature vector H
of M is parallel. Then:

i) H is a Legendre variation;

it) H is e-minimal iff

n—1

Z g(AHei, T@Z‘) = 0

i=1

Proof. 1) Writing (24) for 7 = H and taking into account the fact that H is parallel,
we have day = 0, that is H is a Legendre variation. Using (6) for X = e, and
Y = H we have (VeaF)H = 0 for e, € {e1, ..., en_1}. Moreover, taking into account
the definition of the co-derivative operator of the 1-form a, (6) and (9), we deduce

n
(5OJH = — Zg(AHei, Tei).
i=1
Now, our affirmation results because T¢ = 0. O

4. SECOND ORDER DEFORMATIONS OF SLANT SUBMANIFOLDS

Let V" (i) be the second variation of the volum form of a n—dimensional slant sub-
manifold M in the Sasaki manifold M. By [4] this is given by

Vr(R) = /M{HvLﬁz—nAﬁH?}dv

- / {n292<H,ﬁ>—ng(H,vﬁm—Zﬁ<ﬁ7ea,ﬁ,ea>}dv (32)
M a

=1

where 7 € y=(M) and R is the Riemann Christoffel tensor of the manifold M.
Then:
i) M is stable if V(i) > 0, for all @ € xy-(M);
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ii) M is l-stable if V" (1) > 0, for all 7 € L;

iii) M is e-stable if V" (7i) > 0, for all 7i € E;

iv) M is h—stable if V" (i) > 0, for all 7 € H.
Example: If we consider the minimal slant submanifold M of R® with 0 < v < %
and its harmonic variation 71 = 28%2, taken in the Section 3, then we have:

cos2 0

2 sin%6
4 '

T

lAa | = | vt

Using the properties of the Riemann Christoffel tensor INB, we obtain:

R(ity, o, 71, 01) = 05 R(7i1, &, 701, §) = 1
R(7y, Uy, 711, To) = cos? 0(320° + 160 — 160% — 2v — 3).

From (32) and these last relations we have:

29
V() = COZ /M(—64v5 — 320* + 320° + 4v + 5)dv

- COZQ o /M[4v {v*[9 — (40 + 1) + 1} + 5]dv

that is V7 (n1) > 0.

From Proposition 3.2 ii), iii) we have:

Proposition 4.1. Let M be a slant submanifold of the Sasaki manifold M.
Then:

i) if M is l—stable then M is h—stable and e—stable.

i1) if M is h—unstable or e—unstable then M is l-unstable.

Proposition 4.2. If M s a totally geodesic slant submanifold of the Sasaki
manifold M with negative defined Riemann Christoffel tensor R then M is stable.

Lemma 4.3. If M is a slant submanifold with slant angle 6 of the Sasaki
manifold M then:
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i) For i € TNFTM we have:

9 n n— 1
HvLﬁ = = 92; Ve, (t71), ) + g(h(ea, e), nil)
=1b=1
n 2m+41
+ g(h(eq,Teyp),m —I-Z Z Ve, (ti1), te;) 4—g(VL (nm), nej)
a=1 j=2n
b glh(eas 11),ne5) — g(h(ea, tes), nid)? (3)

and

14517 = > g*(h(ea,en), )

a,b=1
= > [9(Ve,(Tep), tii) — g(h(ea, tii), Ney)
a,b=1
+ 9(Ve, Ney,nii) — n(es)g(Nea, i)]? (34)

it) For i € T'(1(M)) we have

. 9 1 n n—1 . s
vl = — [9(h(ear ), niT) + g(h(cas Ter), )]
sin” 6 ==
n 2m+41
+ Z [9(Ve, (1), tej) + (Ve (nii), ne;)
a=1 j=2n
+  g(h(eq,tit),nej) — g(h(ea,tej),nﬁ)]2 (35)

and
147l° = > [9(Ve,Tey, tii) + g(hea, Tey), nii)

b=1
— g(h(ea,tit), Ney) + g(Ve Ney, nit)]. (36)
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Proof. i) We have

[v4a" = S |vial = S avia via

a=1 a=1
n n—1 Ne 2m—+1
— b
= DD SV )+ Y (Ve ie)]
a=1 b=1 Jj=2n
1 n n—1 n 2m+41
- _29[2292 LNe)l +> Y PA(Vaie)  (37)
Sin a=1 b=1 a=1 j=2n

From (6), (8) ,(9) and (12) we obtain:
9(Ve, i, Ney) = —g(Ve, (t1), €a) + g(h(eas 0), @) + g(h(ea, Tey), i)
For e; € I'(1(M)), j =2n,2m + 1 , using (6), (8), (9), (12) it results
9(Vaiive) = g(Ve,(tii),te;) + g(h(ea, ti1), ne;)
= g(h(ea,te;), nil) + g(VZ, i, ne;)

From these last two relations we obtain (33).
Also, by a similar argument, we obtain (34) and for 7 € I'(7(M)) we deduce (35)
and (36). O

Proposition 4.4. Let M be a slant umbilical submanifold of the Sasaki manifold
M so that the mean curvature vector of M is parallel with respect to the Levi-
Civita connection V. If M is l-minimal and the Riemann Christoffel tensor of M
1s negatively defined, then

V"(it) > 0. (38)
for all i e T'(T(M)).
Proof. Because M is umbilical, we have:
145]* = ng?(H, ). (39)

From Teorema 3.3 i) and taking into account the properties of the Levi-Civita con-
nection, we obtain:

V7 (#)

2
/Hv%H—@%mm+ﬁfmﬁ)
M



M. Cirnu - Stability of slant and semi-slant submanifolds in Sasaki manifolds

and then (38). O
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