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1. PRELIMINARIES

Sawano and Tanka(see [13]) introduced the Morrey spaces on the non-homogeneous
spaces and proved the boundedness of Hardy-Littlewood maximal operators, Calderén-
Zygmund operators and fractional integral operators in Morrey spaces. On the base
of the above results, Yang and Meng(see [14]) considered the boundedness of the
commutators generated by Calderén-Zygmund operators or fractional integral oper-
ators with RBMO() in Morrey spaces. Motivated by these results, in this paper,
we will introduce the multilinear commutator related to the singular operator on ho-
mogeneous spaces, and prove the boundedness properties of the operator in Morrey
and Morrey-Herz spaces on homogeneous spaces.

Give a set X, a function d : X x X — R is called a quasi-distance on X if the
following conditions are satisfied:

(i) for every z and y in X, d(x,y) > 0 and d(z,y) = 0 if and only if x =y,
(ii) for every x and y in X, d(z,y) = d(y, x),
(iii) there exists a constant { > 1 such that

d(z,y) < U(d(z, 2) + d(z,y)) (1)

for every =,y and z in X.

Let 1 be a positive measure on the o-algebra of subsets of X which contains the
r-balls By(z) = {y : d(z,y) < r}. We assume that p satisfies a doubling condition,
that is, there exists a constant A such that
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0 < p(Bar(z)) < Ap(By(x)) < 00 (2)

holds for all z € X and r > 0.

A structure (X, d, u), with d and p as above, is called a space of homogeneous
type. The constants k and A in (1) and (2) will be called the constants of the space.

A homogeneous space (X, d, i) is said to be normal if there exist positive con-
stants ¢1, co and a > 0 such that ;7 < p(B,(x)) < cor® for every z € X and
every r satisfying that pu(z) < r < p(X).

By [11], we know that for any homogeneous space (X, d, i), there exists a normal
homogeneous space (X, 0, i) such that 6 and d are topologically equivalent.

Then let us introduce some notations(see [1][4][11]). In this paper, B will denote
a ball of X, and for a ball B and a function b, let bg = pu(B)™! [5b(x)du(z) and
the sharp function of b is defined by

b7 (x) = sup
B3z N

/w ) — bildu(y)

It is well-known that (see [4])

b#(z) ~ sup inf / b(y) — Cldu(
(z) Bagcecﬂ |b( [ du(y).

We say that b belongs to BMO(X) if b* belongs to L>(X) and define |[b||pro =
|[67||L. It has been known that(see [4])

16— bar || Bro < Ck|[b]|Bro-

Definition 1. Suppose b; (i = 1,---,m) are the fized locally integrable functions
on X. Let T be the singular integral as

T(f)(w) = [ K@)l @)dut).

where K is a locally integrable function on X x X \ {(z,y) : x = y} and satisfies the
following properties:

C
(VK@) < i Ba.dw )

(2) |K (z,y) — K(z, )| + |K(y,2) — K(y/,2)| < C (dy,y")°

w(B(y, d(z,y)))(d(z,y))°"
when d(z,y) > 2d(y,y’), with some § € (0,1].
The multilinear commutator of the singular integral is defined by

= [ TL0:@) = b)) K (@)1 ()dn(w)
=1
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Given a positive integer m and 1 <14 < m, we denote by C]" the family of all finite
subsets o = {o(1),---,0(i)} of {1,---,m} of i different elements. For ¢ € C"*,
set 0¢ = {1,---,m}\ 0. For b = (by,---,by) and o = {o(1),---,0(i)} € C™, set
bo = (bo(1)s s bo(i))s o = bo(1)**+ bs(iy and |[bs|[Bvo = ||bo)||BMO + * |[bs (3| BMO-

Fixed zg € X, B, = {z € X : d(xo,2) < 2%}, A, = By, \ By_1, for any k € Z.
The notation x%(z) = x4, (z) is the characteristic function of the set A;. In addition,
for a function f € L} (X), denote fr = fxk-

In what follows, C' > 0 always denotes a constant that is independent of main
parameters involved but whose value may differ from line to line. For any index
p € [1,00], we denote by p’ its conjugate index, namely, 1/p+ 1/p’ = 1.

2. BOUNDEDNESS ON GENERALIZED MORREY SPACE

In this section, the generalized Morrey spaces will be introduced and the bound-
edness in generalized Morrey spaces for the multilinear commutator of the singular
integral will be discussed.

Definition 2. For a positive growth function ¢ on X, which satisfies ¢(2r) <
Do(r) for all r > 0 with D > 0 being a constant independent of r. The generalized
Morrey space LP'® with 1 < p < oo is defined as follows:

LPA(X) ={f € L} (X) : || fllppe < 00}

loc

where

1/p
llgne = sup (1 /. T(x)lf(y)lpdu(y)> .

zeX,r>0 (25(7')
Remark. If ¢(r) = r%, § > 0, then LP® = LPY which is the classical Morrey
space(see[12]).
Lemma 1. Let 1 <r < o0, b € BMO(X) fori=1,---,k and k € N. Then,
we have

1 i k
TR b; — (b;)B|d <C b;
w(B) /191:1—[1’ (y) — (bi)Bldpu(y) g ||| Bao
and
1 k 1/r k
w(B) bi(y) — (bi) B|"dp(y <C bil|Byio-
(mB)/BE'””' v) T
Lemma 2. (see[3]) Let (X,d, u) be a normal homogeneous space and p € (1,00),

1 < D < 2% If a sublinear operator T is bounded on LP(X) and for any f € L'(X)
with compact support and x ¢ cosuppf,

i@ <o [ O g0,

X M(B(l', y))
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where ¢y > 1 and ¢ > 0 are positive constants and B(x,y) is the ball {z € X :
d(z,z) < d(z,y)}, then T is also bounded on LP*(X).

Theorem 1. Let b; € BMO(X) for j =1,---,m, p € (1,00), (X,d,n) be a
normal homogeneous space and T be the singular integral as Definition 1. Suppose
¢ 1s the function as in Definition 2 with 1 < D < 2% Then T} is bounded on
LP?(X).

Proof. Without loss of generality, we may assume ¢y = 1. For any xg € X, r > 0,
and any complex-valued measurable function f on X, we write

F@) = (FxByy o) @) + 2 (FXB (o)\Bye, (20)) = foW) + D fr(y),

k>N k>N

where N is a positive integer to be chosen. When m = 1, set b, = u(B(x0)) !
fBT(xO) b1 (y)du(y), it is to see

1/p 1/p
( / |Tb1f<x>|pdu<x>> < ( / Tblfo<x>\pdu<x>>
Br(z0) By (zo)

1/p
+ ( /B (o) ITblfk(@lpdu(m)) =T+1II

k>N

For I, we have

1/p
I = ( /. . \Tblfo(x)\pdﬂ($)>

1/p
- ( L] e - (y))K(az,y>f0<y>du<y>|Pdu<x>>
Br(zo) /X

IN

1/p
O [ uBya) [ (bae) = ba) )] )
Br(wo) B,n . (z0)

1/p
Cp( B, (o)™ ( Ly ( [, o @) =~ @I ) rpdmy)) du<x>)

1/p
CM(B2Nr($o))1[< Lo |bl<x>—br|pdu<x>) ( Lo !f(y)!dﬂ(y)>

(B zo)"” [

Byn (%o

IN

IN

: b1(y) — bl f(y)|du(y)

= v+ e
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For vy, we get

) (B (x0)) 1“’( 1 " x)””
L2 () ST oy 118~ Bl (2)

1/p
x ( /. e |f<y>|pdu<y>>

C|1b1l|saro| | fl] oo d'/P (2N r)
CDN||b1||Brol| f]] e d™P(7)
C|lb1||Baol| fll Lo

VAN VAN VAN

For v», by Holder’s inequality, we get

(Br (o)) o\ by )
vy < Cm </BQNT(:L=0) b1(y) — by du(.u)) </192Nr(xo) |f(y)] dﬂ(?J))

M<Br<xo>>1/pu<Bzwr<xo>>”q( 1 .y )w
‘ p(Bawy (20)) p(Ban . (z0)) /BQNT(xo)|b1(y) brl*dp(y)

|| f1| rs 8" /P(2N7)
CN|[b1|| oDV (| f|] pow &P (r)
CllbrllBaoll fll pos-

For II, k > N, we have

1/p
( | m fk<x>\pdu<x>)
B'r(xO)

[ba(2) — b1 ()IIf (v)] ’ p
< C</Br(xo) </sz+1r($0)\szT(xo) w(B(z,y)) Clﬂ(?/)) du(:c)) .

Similar to [3], we choose N be a fixed large positive integer such that

IN

VANVA

1 I1+1 50
2 2N
and there is an integer ko € [1, N] satisfying

1 _l+1

27k <« o
2 2N]
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For these kg and N chosen, we claim that B(zq, 2 *0r) C B(x,y) for any x € B,(z0)
and y € Bokt1(x) \ Bok,(20) if k = N, N + 1, N + 2,---. Therefore, we obtain that

1/p
( [, fk<a:>pdu<m>>
By (z0)

1 P 1/p
= </BT<IO> (/A(Byckw(wo)) /B2k+1r<xo> Ib1() = )l (y”d“(y)) d“(:”))
C ) 1/p
= By, () l (/BT@()) ) =] W)) ( /B - If(y)ldu(y)>
B @) [ o) = bl 7))
Bk, (zo
= 51+ 5o.

For S1, we have

1(By(20))"/Pu(Bors1, (0)) /4 1 o 1/
S £ C M(sz,k()r(xo)) (M(Br(l'o)) /BT(IO) |b1($) br| du(l')>

1/p
y ( / e !f(y)!pdu(y)>

Cro/P (@) =8 by g0 d P (2510 || s )

D\ (k+1)/p
c( ) 1] 531062 ()1 1| ot

IN

20
For S», by Holder’s inequality, we have

M B e (L -y )”q
S O o) B o g 10 1)

1/p
X (/BQMT(%) \f(y)\pdu(y)>

D\ k+1)/p
< () Hibrllmos @) e

Thus

1/p
2 ( L |Tb1fk<x>rpdu<x>>

E>N
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(k+1)/p
< 0 (2a> (k+ Dllbr] [ Brod™ P ()| f 1 10e (x)

k>N
Cllbr||Baol| fllLrs (x)

IN

This completes the proof of the case m = 1.

Whenm > 1,set by = ((01) B, (zg)s* *» (i) B, (o)) Where () 5, (zg) = (B (20)) "
IB,(20) b

i(y)dp(y), 1 <i <m, it is easy to see

1/p 1/
</Br(z0) T;f () Ipdu(x)> < </B,«(z0) T, fo() |pdu(x)>

Since

SO

IN

IN

k>N

150 = [ 100 = o) K e w)aty)
= [ T [05@) = (43)5,000) = B3(6) = B1), )] K (@ = ) 0)dily)
=1
= 3 X ) B [ ()~ B K ) )ty
1=00ceC™ X
H1 (iL’)
1/p
(,g IYbﬁﬂx)Wdu0@>
(7o)
1/p
([, o TT00) - 1t <>wm4>)
Oi @ZZ DBl mewmww)wm)
1=0 ceC™
m 1/p
1 - - p " - 7
Chl By, (a0)) ;%%Q%&wmwmwmﬁ [ CORS

1/p
+Z<Amymwwwﬂ —H + H

1/p

oo [f () |du(y)

11(Br(20)) /P pu(Byn . (20)) /1 & 1 B . 1/p
‘ Z ( /Br(xo) ‘(b(x) - br)g‘ du(m))

p(Ban (20)) i0oecm \H(Br(z0))
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1 . . . 1/q , 1/p
x (M(BQN(%))/B . [(b(y) = br)oe] du(y)> (/B%(xo) 1f ()] du(y>>

IN A

IN

and

IN

IN

IN

<

<

2

Cllbo|BroN™[Boc || Br10d P2V 1) fll oo x)
ON™D¥|1bl[sarol | f| wsx)
Clibllsmoll fllLv.o

1/p
> ( Lo ’Tgfk(fﬂﬂpdﬂ(x))

k>N
N 1/p

C’kg\[ </Br (o) ’/X I:I(bz(af) - bz‘(y))K(x,y)fk(y)dﬂ(y)’pdu(x)>

Ck;\f </ B (o0 <1Z(:]o€zc;m ol )U’ /ng+1r(Z0)\BQkT(£BO) [(by) = br)oc]

p 1/p
< K )£l dity) du(l‘))

1/p
CZ 1(Byr—kop(20)) Z Z </Br xo) ) ) Pdp( ))

k>N =0 ceC™

[ 1B) ~ Bl ) duy)
Byk+1,.(%0)

BQk ko p (x0))

k>N 1=00eC]"

1 . . . 1/q , 1/p
X <(B2k+l(mo)) /BQ;€+1T(:L”0) ‘( (y) - br)o'C| d,u(y)> </BQk+1T(a¢0) |f(y)| dﬂ(y))

(k+1)/p N Y
cY (2)  E B0 Il e

k>N
CllBllzarollf |y

This finishes the proof of Theorem 1.

3. BOUNDEDNESS ON HOMOGENEOUS MORREY-HERZ SPACE

In this section, the homogeneous Morrey-Herz spaces will be introduced and the
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boundedness in homogeneous Morrey-Herz spaces for the multilinear commutator
of the singular integral will be discussed.

Definition 3. Leta € R, 0 < A< o0, 0 <p< xwandl < q < oo. The
homogeneous Morrey-Herz space MK;;;;‘(X) 1s defined by

O\
MEGNX) = {f € LYX\ {20} ¢ 1]l gep < 00},
where
ko 1/p
iz = s Bl ™ | 30 wBO7 Il
k=—o0
with the usual modifications made when p = oco.
Compare the homogeneous Morrey-Herz space MK g;qA (X)) with the homogeneous

Herz space K(‘;“Z’(X)(see [9]) and the Morrey space Mé\ (X)(see [10]), where Kg"p(X)
is defined by

1/p
Rev(X) = f e LI (X \ {xo}) : (Z u(B | Pl ) <oot;

k=—o00
and Mq)‘(X ) is defined by

M) (X) = {fGLzoc(X) sup ! /( y)<t\f(y)\qdﬂ(y)<00}-

-0 tA
Obviously, MK$:2(X) = K&P(X) and Mp'(X) C MES(X).
We can see that when A = 0, M Kz‘j‘?’qo(X ) is just the homogeneous Herz space.
So in this paper, we only give the results when A > 0.

Theorem 2. Let T be the singular integral as Definition 1, b; € BMO(X) for
i=1,---,m,0<A<o0, 0<p<oo, 1<g<ooand —1/g+ A< a<l/qd+\ If
T; is bounded on L(X), then Ty is also bounded on MK;;;IA(X).

Proof. Let f € MKg’qA(X) and write it as

S f@g@= Y fie

j=—o0 j=—o0

When m =1

1/p
HTbl(f)HM['(g”q)‘(X) = sup ,U/(Bko ( Z 12 Bk apHTbl( )XkHIEq(X))

k=—o00
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1/p

py 1/p
< C sup u(By,)~ Z p(B)*” Z [1T5, (f)xkl | Lo +
kocZ k=—o0 j=—00
ket py 1/p
< C sup p(Bg,)~ Z p(By)*? Z o, () Xk Lo x) +
ko€Z k=—00 J=k—2

P
< C sup u(Bg,)~ Z w(By)? Z oy (f)xkllLa(x)
ko€Z k=—0o0 Jj= =k+3

= Fi+ Es+ Es.

We first estimate Ey. Note that j—k < —3 and x € Ay, denote b; = u(B)~! [5b(y)du(y),
where B means the smallest doubling ball which is like 2*B(k € N U {0}).

| T, (fi)xkllLe =

<

IN

IN

IN

IN

IN

where we used the condition |K(x,y)|

q 1/q
{/ (/ |b1(9€)—bl(y)f(y)K(x,y)ldu(y)> du(:p)}
Ay A;j
a 1/q
¢ { /. ( /., In@) - bl(y)Hf(y)HK(:v,y)ldu(y)> du(x)}

q 1/q
C{ B w(B(z,d(z,y)))™* (/ !b1(fﬂ)—bl(y)!f(y)dﬂ(y)> du(w)}
k Aj

Cu(By)! { /. ( /., @) - bl(y)\lf(y)ldu(y)> du(:r)}

1/q
st ([, 1) - i)

1/q'
+1u(Br) " (Br) | £]| o (/.Ibl(y)—bjlq'du(yv }

CLu(B) M il o (B4 (B br | aso
+u(Be) " p(Bi) (B || fil [l b1 ro |

1(B;)
¢ <M(Bk)

1/q

1/q
) Iillsler o,

C
<
— w(B(z,d(z,y

) and Holder’s inequality.
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Note that a < 1/¢' + \, we get

_ p) /P
Ey < Csup pu(By)~ { Z 11(By)® Z ( ) ||f]”L‘1]}

ko€Z

k=—o0 j=—
r k-3
< cpmpum{ 3 oy > () B (3w isiy) ]

- k=3 / p) 1/P
< C sup u(By,)~ { Z ,UBk Z 2(J—kz)(A—a+1/q)WHMKEA }

kocZ k=—o00 - j=—00

< Ol llyrgeo

Next we estimate Fs, by the LI(X) boundedness of Tj,, we have

k+2 1/p
> (Y ) }

Ey < Csup p(By,)~ {
k=—o00 j=k—2

ko€EZ

IN

1/p
C sup p(By,)~ { Z w(Be) || f5117 }

ko€Z k=—o00
Ol

Finally, we estimate Fs3. Similar to the proof of Fq, we easily obtain

T, () xlle = {/A (/A
a 1/q
C {/A </A |b1(x) — bl(y)Hf(y)HK(a:,y)|du(y)> d,u(a:)}

q 1/q
c{ / (/ \zn(as)b1<y>||f<y>|u<B<x,d(a:,y»)—ldu(y)) du(w)}
A, \J 4,

q 1/q
CM(BJ')_I{/A (/A‘Ibl(w)—b1(y)||f(y)|dﬂ(y)> du(fﬂ)}
1/
C{M(Bj)_lllfjl\y (/Ak b1 () —bj|qdu(l‘)> '

/ 1/¢'
(B3 (B o ( JRCORE du(y)> }

CLu(By) 1 il lan(B) Y u(Bi) Y| ba] | B3o

IN

q 1/q
b1 () — bl(y)f(y)K(fv,y)ldu(y)> du(%)}

IN

IN

IN

IN

IN
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+u(By) " u(Bi) Y u(BH)Y || £l a1 \BMO}

1/q
B
< o(424) Islulinliano

Note that & > —1/g+ X and k — 7 < —3, we get

< n 1/q+a— )\ ap :|
< C:OLépuBko {kz_oou Bp)* - k+3(“(B)) (ZZ_:OOM L£511% ) |
' p) /P
< Csupp Bko { Z 2 Bk Z Q(k_J)(l/q+a_>\)||f”M[(a»)‘} }
ko€EZ k——o0 L iZkt3 P,q
<

CHfHMngq)\(X)'

This completes the proof of the case m = 1.

When m > 1,
1/p
TPy geor = sup p(Brg)~ Z 1(Br) || T(£) x4
Pq koEZ k=—00
k3 py1/p
< C sup p(Bg)~ Z w(By) Z [[T5(f)xkl|La +
koeZ k=—o00 Jj=—00
bt py 1/p
< C sup pu(Bk,)~ { Z p(By)P Z | T5(f)xkl Lo } +

ko€Z k=—o00 j=k—2

ko - py 1/p
< C sup M(Bko)_’\{ Z p(By)? Z | T5(f )Xkl o }

ko€Z k=—o0 j=k+3
= G+ G2+ Gs.

For G4, similar to the proof of Ey, set b = (by, - - -, by,), where b; = pu(B;)~! I, bi(y)du(y),
1 <1t < 'm, we have

il = {/ (/, e (y)K(Jfay)|du(y))qdu(a:)}l/q

le
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< B) — B 1 } B) ~ Bl 7wl (y)
SRR o
< (B (B ol ron (B4 e sl o

C (M(BJ)

1/q ) .
52| £l o || ,
BE) R Bl s

thus, notice @ < 1/¢' + A,

\ ko k-3 /L(Bg) e p) /P
Gi1 < Csup u(By,)~ Bap[ 2 ]
1 sup p(B,) {kz_wm ) j;w(u(Bk)) [1£3l12o
k-3
p(Bj)\1/d —a+x
< Csup u(B (Bp) [ 2m
ko€Z Iu kO {k_z_:oolu k j:z—:oo M(Bk)>
1/p
a l/pp
(3 By ]}
l=—00

/ p) /P
Z 1% Bk [ Z 2(] Y(A— oc+1/Q)k,2me||MKa)\:| }
p,q

k=—o00 Jj=—00

< O sup pu(By,)~
ko€Z

< ClMfllygon-

For Gg, similar to the proof of Es, by the L4(X) boundedness of 15, we get

k+2 1/p
> wm( Y Willn) }

Gy < Csup pu(Byy)~ {

koeZ k=—o00 j=k—2
1/p
< C sup p(By,)~ { Z w(Be) || f5117 }
koeZ k=—o0

< Cllfllysgy-

For G3, similar to the proof of G1, we have

Hithdler = {/ (/. Tl - s <x,y>|du<y>)qdu<x>}l/q

Jz 1
< |(b(z) — b)o|*dp(x } (B(y) — B)oel| f(y)|dply)
{‘/Akzzgaézc;m / :
< Cu(B)  u(Bi) Y™ by || Brrop(B) YT K™ |boe| | Barol| f5]] o
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1(Bj)
thus, notice a > —1/q + A,

1/q
B .
c(“( “) B2 £l Bl s

0 P 1/p
> (M) g }

Gs < Csup u(By,)~ { Z (1(By,)*?
j=k+3 )
(

ko€Z

k=—o00

)\p 2m (M Bk) 1/q+a—X
= ey 2 ] £ G
1/p
S wBILIE,) ]}
l=—00
ko 00 D 1/p
< Csup M(Bk()/\{ > M(Bk)’\p[ > Q(kj)(l/qm/\)kaHfHMKw] }
ko€Z k=—o00 j=k+3 e

< Cllfllyrio

The estimates for G1, G2 and Gy indicate that ||T3|, zox < C|f]|, ;e And
p,q p,q
we complete the proof of the Theorem 2.
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