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1. INTRODUCTION

Let S be the class of functions f normalized by
f(z)=z+ Z anz" (1)
n=2

which are analytic and univalent in the open unit disc i = {z : |z| < 1}. As usual,we
denote by S7 and CV the subclasses of S that are respectively, starlike and convez.
For functions f € S given by (1) and g(z) € S given by

g(z) =z + Z bp2", (2)
n=2

we recall that the Hadamard product (or convolution) of f(z) and g(z) written
symbolically as f * g defined (as usual)by

Fra)E) =243 anbus”, z€U. 3)
n=2
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In terms of the Hadamard product (or convolution), we choose g as a fixed
function in S such that (f % ¢g)(z) # 0 for any f € S.For various choices of g we
get different linear operators which have been studied in recent past. To illustrate
some of these cases which arise from the convolution structure (3), we consider the
following examples.

(1) For

n

B PO W N
9(z) = +nz::2(51)n—1...(5m)n—1 (n—1)! +;Fn .

where
(@1)n-1--- ()1 1

(ﬁl)n—l ce. (/Bm)n—l (n - 1)"

we get the Dziok—Srivastava operator

Aag, o, a3 Br, Bay - Bmi 2) [(2) = HE f(2) i= (f % 9)(2),

introduced by Dziok and Srivastava [4]; where a1, a9, - aq, 51,82, .., Om
are positive real numbers, §; ¢ {0,—1,-2,---} for j = 1,2,---,m, [ < m +
1,I,m € N U{0}. Here (a), denotes the well-known Pochhammer symbol (or
shifted factorial).

r,=

Remark 1. When ! = 1,m = 1;a; = a,as = 1;8; = ¢ then the Dizok-
Srivastava operator gives the operator due to Carlson-Shaffer operator [1],
L(a,c)f(z) == (f * g)(2). The operator

(a)n
(©)n

anz" (c#0,—1,-2,--+),
(5)

L(a,c)f(z) = 2zF(a,1;¢;,2) x f(2) ==z + Z
n=2

where F'(a, b; c; z) is the well known Gaussian hypergeometric function.

Remark 2. When! =1,m =0;01 = v+ 1,3 = 1; 81 = 1 then the Dizok-
Srivastava operator yields the Ruscheweyh derivative operator [6] defined by

n—1

DVf(z) = (fx9)(x) =2+ > ( vrnd ) (6)
n=2

(2) Furthermore, if

=z oon DK Jz" ;o
o)==+ Lon (i) (w20 0e), g
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we get the operator, Z(u, o) which was studied by Cho and Kim [2] and Cho
and Srivastava [3].

(3) Lastly,if

00 k
g(z):z+z(”+“) (A0, ke Z), (8)

we get multiplier transformation J(u, k) := (f % g)(z) introduced by Cho and
Srivastava [3].

Remark 3. When p = 0, then the operator defined with (8) gives the Salagean
operator

g(z):z—i—anz" (k>0), 9)
n=2
which was initially studied by Saldgean [8].

Definition 1.For 0 < A < 1, 0 < v < 1 we let ST (g, \,7) be the subclass of S
consisting of functions f(z) of the form (1) and satisfying the analytic criteria

Re { 2(fxg) } >

A =N(fx9)(z) + A2(fxg)(z) ) —

where (f x g)(2) as given by (3) and g is fixed function for all z € U.

zel, (10)

We also let
T(g, A7) = ST (9, A7) (T (11)

where 7 the subclass of S consists functions of the form
f(z):z—Z\an\z", zel (12)
n=2

was introduced and studied by Silverman [9].

We deem it proper to mention below some of the function classes which emerge
from the function class 7*(g, A,) defined above. Indeed, we observe that if we
specialize the function g(z) by means of (4) to (9), and denote the correspond-
ing reducible classes of functions of S, (g; A, b), respectively, by T (X, ), T2(\,7),
T(N7), T7 (A7), %k()\,v),and T*(X,7) then it follows that viz.

(1) f(2) € Tp(A9)

2(HL, (ar, Br) f(2))
- e { (1= NHb (a1, B1)f(2) + Az(Hh, (e, B1) f(2))

}2% zeU. (13)
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(2) f(2) € T4 (A7)

z(L(a,c)f(2))
= Re {(1—)\)£(a,c)f(z)+)\z(£(a7 C)f(z))’} >y, zZz€U. (]_4)
(3) 1) € T" (A7)
(D f(2))
= e {(1—)\)va(z)—i—/\Z(va(z))/} >, z€U. (15)
(4) f(z) € T7(A\7)
2(Z(p,0)f(2))
= Re {(1 —ANZ(u,0)f(z) + )\Z(I(,u,a)f(z))’} >y, z€U. (16)

(5) f(2) € TF(A7)

2(J (1, k) f(2))
= Re {<1 —NT (k) f(2) + A2(T (1, k) f ()

(6) f(z) € T*(A\.)

}>7, zelU. (17)

DM f(2)
= Re { (1 — NDFf(2) + AzDFLf(2)

}Z'y, zeU. (18)

In the following section we obtain coefficient inequalities and distortion bounds
for functions in the class 7*(g, A,7) .

2.COEFFICIENT ESTIMATES AND DISTORTION BOUNDS

First we obtain the coefficient inequalities for f € 7*(g, \,7).
Theorem 1.If f € S satisfies
Z[n* (1+nA = A)ylanb, <1 -7~ (19)
n=2
then f € ST*(g, A, 7).
Proof.  Assume that the inequality(19)holds and let |z| = 1. Then,

z+ § napbpz"
- 1' = _n=2 -1
z4+ Y (14 nX = Nay,byz"

n=2

2(f xg)
(1 =N(f*9)(2) + Az(f x g)'(2)

§ napbyz""1 — § (14+nXA — Napb,z" !
n=2

n=2

IN

1-— %O: (14 nX— Naybpzn—1

n=2
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Letting z — 1 we have

%o: nanpby, — ioz (1 +nX\— Napb,
n=2 n=2
1— 3 (147X — A)anbn

n=2

The above expression is bounded above by 1 — ~ that is ,

> napb, — Y (14 nX = Napb,
n=2 n=2 <1_
) > -
1= Y (14+nA—XNayb,
n=2
2(fxg)’

Thi‘s sbows that TN T0) () (5] 1 lies in a circle centered at w = 1 whose
radius is 1 — «v.Which completes the proof.
Theorem 2.Let the function f be defined by (12). Then f € T*(g,\,7) if and

only if

o0

Y [ = (1+nA = Mlanb, < (1—7) (20)

n=2
The result is sharp for the function
(1 — ’7) n

f(z)=2— e (l—l—n)\—)\)’y]bnz , n>2. (21)

Proof. In view of Theorem 1, we need only to prove the necessity. If f(z) €
T*(g,\,7v) and z is real then assume that the inequality(19)holds and let |z| = 1.
Then,

o0
zZ— Y napbpz™

z(f*g) } n=2
Re { = Re = -1
(1= N(f x9)(2) + Az(f % 9)'(2) 2= 3 (141X = Napbp2"
n=2
z € U. Choose the values of z on the real axis so that(17/\)(f*g’igski);z(f*g),(z) is real
and upon clearing the denominator in the above inequality and letting z = 17,

through the real values we get

1-— Z napbpz""1 >~ {1 — Z(l +n\— )\)anbnznl}

n=2 n=2
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which yields (20). The result is sharp for the function given by(21).
Corollary 1.If f(z) of the form (12) is in T*(g,\,7), then
(1—7)
n < ) > 2, 22
B P T W N S (22)
with equality only for functions of the form (21).

Now we state coefficient inequalities for other subclasses defined in this paper,as
a corollary.

Corollary 2.4 function f € T (X, ~) if and only if

o0

Z[n — (I+nA—=Ayla, I <1 —7,

n=2

(a1)n—1(a2)n—1,..,(1)n-1

wheT’e Fn - (Bl)nfl(52)”717“'7(5"”)"*1(”71)!.

Remark 4. For specific choices of parameters [, m, a1, (as mentioned in the
Remarks 1 and 2 ), Corollary 2, would yield the coefficient bound inequalities for
the subclasses of functions 7.*(\,7), 7V (A,~) of functions respectively.

Corollary 3.A function f € 17 (\,7) if and only if

(o ¢] n+/j/ o
—(1 A= A)y]a, <1 —7.
Son(Trg) ek <1

Corollary 4.4 function f € ’];Lk()\,w) if and only if

0 k
,;(TID = (1+nA— Malan, <1-7. (23)

Remark 5. When =0, (23) would give the coefficient bound inequalities for the
subclass T*(\, ) of functions.

Theorem 3.(Distortion Bounds) Let the function f(z) defined by (12) belong
to T*(g,\,7). Then for |z| <r,
(1—7) 2

P BTG S S e o)
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and
2(1 — ) ) 2(1—19)
e arm S TPIE e 29)
for z e U.
Proof.  In the view of (20), we have
2 — (14 N)v]be Z ap = %2[11 — (1 4+nX = N)vanby,
n=2 n=
< (1—=7)
which is equivalent to
LT S (26
Using (12) and (26) we obtain
f) = 2l =127 Y an
n=2
2 (1-19)
= e,
(=9
> B - pmaerm ) 27
and
(1-7)
G < {1+ s ) (25)
From (27) and (28) with |z| <, we have (24). Again using (12) and (26) we have,
If'(2)] = 1-22] ) an
n=2
2(1 )
SRPE Y 2
and
/ 2(1—9)
P 1+ g (30)

From (29) and (30) with |z| < r, we have (25).
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3. EXTREME POINTS AND CLOSURE THEOREMS

In this section we discuss the closure properties.
Theorem 4.(Extreme Points) Let

fi(z) =z and
fn(Z) =z — m%ﬂ n 2 2, (31)

for 0 <~y <1, A >0. Then f(z) is in the class T*(g, \,v) if and only if it can be
expressed in the form

f(z) = Z pin fn(2), (32)
n=1

o0
where by, >0 and > pn, = 1.
n=1
Proof.  Suppose f(z) can be written as in (32). Then

fz) = Z_Zun[ (1-7) 2"
n=2

n—(1+nX— )b,
Now,

00 [n— (14 nA—MN)]b, (1—7) B 00 -
nz=:2 (1= Pl =@+ nh— Vb, n;ﬂn—l—mg.

Thus f € T7*(g,A,7). Conversely, let us have f € 7*(g, \,). Then by using (32),

we set

[n— (1 +nX— )b,
(1—=7)

and p1 =1 — 3% 9 pt,. Then we have f(z) = Y o2 pnfn(z) and hence this com-

pletes the proof of Theorem 4.

Mn = ap, N 2>2

Theorem 5.(Closure Theorem )  Let the functions fj(z) be defined for j =
1,2,...,m defined by

[e.e]
fi(z) =2 — Z an 2", an; >0, zelU (33)
n=2

be in the class T*(g,\,v;) (j = 1,2,...m) respectively. Then the function h(z)
defined by
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is in the class T*(g, \,), where y = min {v;} where 0 <~; < 1.
1<j<m

Proof.  Since f;(z) € T*(g,\, ;) (jizi 1,2,3,...m) by applying Theorem 2, to
(33) we observe that

> [n—(L+nx— Ay ( Zaw)
n=2
Z(Z n—(14+n\—X\y ]bnan7j>
=1 \n=2
;il_% )<1—1v

which in view of Theorem 2, implies that h(z) € 7*(g,A,7) and so the proof is
complete.

Theorem 6.The class T*(g,\,) is a convex set.

Proof.  Let the functions defined by (33) be in the class 7*(g, A, 7). It sufficient to
show that the function h(z) defined by

h(z) = pfi(2) + (L= p) fa(z), 0<p <1,

is in the class 7*(g, A, 7). Since

o0

h(z) = 2= 3 [nans + (1 — paga)2",
n=2

an easy computation with the aid of Theorem 2 gives,

i[n — (1 +nX = X)y|pbran1 + i[n — (L 4+nA =21 — w)bpan 2
n=2 n=2

Spl =)+ 1= —)

<l-n

which implies that h € 7*(g, A,y). Hence 7*(g, A, ) is convex.
4. RADII OF STARLIKENESS AND CONVEXITY

In this section we obtain the radii of close-to-convexity, starlikeness and convex-
ity for the class 7*(g, A\, 7).
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Theorem 7.Let the function f(z) defined by (12) belong to the class T*(g, A, 7).

Then f(z) is close-to-convex of order p (0 < p < 1) in the disc |z| < 1, where

(L= p) [ = (1+nA = Aylby |77
n (1—=7)

The result is sharp, with extremal function f(z) given by (31).
Proof.  Given f € 7, and f is close-to-convex of order p, we have

[f'(z) =1 <1-p. (35)
For the left hand side of (35) we have

ry = (n>2). (34)

o0
() = 1 < D naglz" .
n=2

The last expression is less than 1 — p if

[e.e]

n —
Z ] _pan\z|" <1

n=2

Using the fact, that f € 7*(g, \,7) if and only if

= [n—= (14 nX = A)v]b,
T; T an <1,

We can say (35) is true if

n
L—p

’Z‘nfl < [TL— (1+n)‘_)‘)’7]bn
- (1—=7)
Or, equivalently,

21 = Kl ; p) n—(1 (T?v; A)7]bn

which completes the proof.
Theorem 8.Let f € T*(g,\,7). Then
(1) f is starlike of order p(0 < p < 1) in the disc |z| < rq; that is,

Re {zf/(Z)} >p, (Jz| <re; 0< p<1), where

f@)
. 1—p\ [n—(14+nA—X)7b, =
r2=lof [(n—p> (1—7) ' (3)
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(ii) f is convex of order p (0 < p < 1) in the unit disc |z| < r3, that is

Re {1 + ZJJ:,(S)} > p, (|z] <r3;0 < p<1), where

r3 = inf
n>2

Kn(ln__gp)> n—( (4171)‘7; A)y]bn 71

Each of these results are sharp for the extremal function f(z) given by (31).
Proof. (i) Given f € T, and f is starlike of order p, we have

2f'(2)
f(2)

For the left hand side of (38) we have

—1‘<1—p.

o S0

f(z) 1— % an |z|n1
n=2

The last expression is less than 1 — o if

00 n—p
Z . an |2|"7t < 1.
n=2 P

Using the fact, that f € 7*(g, \,7) if and only if

i [n— (14 n\—N)]

b, < 1.
= (1_7) anOp =

We can say (38) is true if

I I T e
— |z < .
1=, 1)

Or, equivalently,

’Z‘nfl _ [(1 p) [n - (1 +n)‘ B )‘)V]bn
n—p (1—=7)
which yields the starlikeness of the family.
(ii) Given f € T, and f is convex of order p, we have

2f"(2)
f'(2)

<1—p.
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For the left hand side of (39) we have

o
> n(n—1)ay |z]"_1
—2

NI
£l | =

[e.°]

1= 3 nay |zt
n=2

The last expression is less than 1 — p if

o0
3 Man 2|71 < 1.
I—p

n=2

Using the fact, that f € 7*(g, A,7) if and only if

anb, < 1.

> 1+n)\ A7)
2; )

We can say (39) is true if

Mn—mznq [n — (1+nX—A)y]b,
T, TS 1)

Or, equivalently,

‘Z|n71_ |:< 1_/) > [n_(1+n)‘_)‘)’ﬂbn
n(n —p) (1=1)
which yields the convexity of the family.

5. NEIGHBOURHOOD RESULTS

In this section we discuss neighbourhood results of the class 7*(g, A, 7). Following
[5,7], we define the — neighborhood of function f(z) € 7 by

Ns(f) := {heT h(z ._z—§:¢ﬂ and zymm—dﬂgé}. (40)

Particulary for the identity function e(z) = z, we have
Ns(e) :== {hGT g(z —Z—Zdnz and Znydn]<5} (41)
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Theorem 9.If

2(1-7)
0:= 42
2— 0+ Aih )
then T*(g, \,7y) C Ns(e).
Proof. For f € T*(g,\,7), Theorem 2, immediately yields
2—(14+A)y @§2%§1
so that ( )
an < . 43
2" B (1 AT 4
On the other hand, from (20) and (43) that
by nan < (1=7)+ 1+ Nvb2 > an
— n=2
(1—7)
< (=9 + @+ Xy
(=) + (4 Aty —
SR ko) I
2— (14 A)]
that is
}:mm_ 20=9) (44)

2= (1+ Ay

which, in view of the definition (41) proves Theorem 9.

Now we determine the neighborhood for the class 7*)(g, \,~) which we define
as follows. A function f € 7 is said to be in the class 7*()(g, X, 7) if there exists a
function h € T*)(g, A,~) such that

n=2

‘—1‘<1—p, (zeU, 0<p<1). (45)

Theorem 10.If h € T*) (g, \,~) and

02 = (1 + Mlbs
22 = (1 +Xbe — (1 =)

p=1-

then
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Proof.  Suppose that f € Ngs(h) we then find from (40) that

o0

Zn|an—dn| <

n=2

which implies that the coefficient inequality

= 4]

Next, since h € T*(g, \,7), we have

= , _ (1—7)
D i (VTS

so that
10y Sl
h(z) 1_ § d,
n=2
5 2 — (14 \)7]bo
= 2 (A7)
(5[2 — (1 + /\)’y]bg
2(2 = (L+M)b2 = (L =)
= 1—np.

provided that p is given precisely by (47). Thus by definition, f € T*)(g, \,~) for
p given by (47), which completes the proof.

6. PARTIAL SuUuMS

Following the earlier works by Silverman [10] and Silvia [11] on partial sums of
analytic functions. We consider in this section partial sums of functions in the class
ST*(g,A,v) and obtain sharp lower bounds for the ratios of real part of f(z) to

fe(2) and f'(z) to fi(2).

Theorem 11. Let f(z) € ST*(g,\,7). Define the partial sums fi(z) and fr(z),
by

k
fiz) =z and fu(z) =2+ Y auz", (k€ N/1) (48)
n=2
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Suppose also that

[e.e]

Z cnlan| <1,

n=2

where
n— (1+nX—X)v]b,

(1-7)

Cp =

Then f € ST*(g,\,7y). Furthermore,
1
Re{f(z)}>1— zeUkeEN
Ji(2) Cht1

fr(2) Chi1
Re{ f(z)}> 14+ cpr1

and

Proof.  For the coefficients ¢, given by (49) it is not difficult to verify that

Cnt+1 > Cp > 1.

Therefore we have

k 00 00
Z‘an’+ck+1 Z lan| < ch|an| <1
n=2 n=k+1 n=2

by using the hypothesis (49). By setting

91(2) = ek {j;((z)) - <1 - C;ﬂ)}

o0

Chy1 Y, ap2" !
- 14 n:kk+1
1+ Y apzn1
n=2
and applying (53), we find that
> anl
Cl+1 a
91(2’)—1’ < T
1 — n o0
g1(2) + 2-23 [anl —crsr 3 lanl
n=2 n=k+1
< 1, z€eU,
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which readily yields the assertion (50) of Theorem 11. In order to see that

ZkJrl
f(z) =2+ (56)
Ck+1
gives sharp result, we observe that for z = re™/* that J{;((ZZ)) =1+ Cil —1-— Cklﬂ
as z — 17. Similarly, if we take
fi(2) Ch+1 }
z) = (1+c¢ —
nle) = (o) {50 - e
[e.°]
(1+cns1) X anz" !
- 1_ O(;1:I<:—i-1 (57)
1+ Y apznt
n=2
and making use of (53), we can deduce that
[ee)
(1+cr1) > an
92(2) — 1 n=k+1
< (58)
g2(2) +1 k S
2-23% lan] = (1 =ck41) X |an
n=2 n=k+1

which leads us immediately to the assertion (51) of Theorem 11.
The bound in (51) is sharp for each k € N with the extremal function f(z) given
by (56). The proof of the Theorem 11, is thus complete.

Theorem 12. If f(z) of the form (1) satisfies the condition (22). Then

Re{f/(z)}21—k+l. (59)

f;’c(z) Clk+1

Proof. By setting

. f'z)  (, k+1
9(z) = Hl{fé(z) (1 Ck+1>}

[o¢] (o]
Ck+1 n—1 n—1
1+ Tl > napz + > napz
n=k+1 n=2

k
1+ > napzn!
n=2
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c = 1
;+1 E: na,z""
n=k+1

= 1+

k

1+ > napzn1
n=2
@ S nlayl
nla
g(Z) -1 ktl n=k+1 " (60)
223 nlan] ~ E S nfan|
n=2 " h k+1 "

n=

Now

‘9(2) —1‘ <1
9(z) +11 7
if
a Ck+1 i
Z nlay,| + nla,| <1 (61)
n=2 k+1 n=k+1

k
since the left hand side of (61) is bounded above by > ¢,|ay| if
n=2

k 0o

Ck
2 (ea=mlanl + 3 en— Zmlan] 20, (62)
n=2 n=k+1 +

and the proof is complete. The result is sharp for the extremal function f(z) =

k+1
z+ 2

Ct1

Theorem 13. If f(z) of the form (1.1) satisfies the condition (22) then

fe(2) Cht1
he { 7(2) } S Flton (63)

Proof. By setting

) = e+ +anl {5 -
(1 + ;’3_:11) nzik%+1 an2"

- 1-

k
1+ > napz"!
n=2

159



G.Murugusundaramoorthy - Certain classes of analytic functions ...

and making use of (62), we deduce that

oo
14 Sktd nla
‘g(z)—l‘ < ( k—H)n:Ek:-&—l lan]

<
_272§:n|a|—<1+ck“) % n|an| 1
n=2 " ktl +1 "

— )

which leads us immediately to the assertion of the Theorem 13.

Concluding Remarks. We observe that if we specialize the function g(z) by
means of (4) to (9) we would arrive at the analogous results for the classes 7, (), ),
T2 N), TN, TP (A7), ’Z;k()\,v) and 7%(\,~) (defined above in Section 1).
These obvious consequences of our results being straightforward, further details are
hence omitted here.
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