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CONVERGENCE THEOREMS FOR UNIFORMLY L-LIPSCHITZIAN
ASYMPTOTICALLY NONEXPANSIVE MAPPINGS

ARIF RAFIQ

ABSTRACT. Let K be a nonempty closed convex subset of a real Banach space E,

T : K — K a uniformly L-Lipschitzian asymptotically pseudocontractive mapping

with sequence {kp}n>0 C [1,00), lim k, = 1such that p e F(T)={z € K : Tz =
- n—oo

z}. Let {an}n>0,{bn}, =0, {cn}, 5, De real sequences in [0, 1] satisfying the following

conditions: (i) an + by +c¢, = 1; (ii) > ,,5¢ bn = 005 (iii) ¢, = 0(by); (iv) lim b, = 0.
= n—oo

For arbitrary xz¢ € K let {z,}n>0 be iteratively defined by

Tpal = ApZp + b T"a, + cpun, n >0,

where {uy,}n>0 is a bounded sequence of error terms in K. Suppose there exists a
strictly increasing function % : [0, 00) — [0, 00), 9(0) = 0 such that

(T"x —p, j(@ = p)) < knllz = pl* = ¥(llz - pll), Yz € K.

Then {x, }n>0 converges strongly to p € F(T).
The results proved in this paper significantly improve the results of Ofoedu [11].
The remark 3 is important.

2000 Mathematics Subject Classification: Primary 47H10, 47TH17: Secondary
54H25.
1.INTRODUCTION

Let E be a real normed space and K be a nonempty convex subset of E. Let J
denote the normalized duality mapping from E to 27 defined by

J(@) = {f* € B": (z, f*) = [[l|* and ||f*]| = [[«]l},

where E* denotes the dual space of E and (-,-) denotes the generalized duality
pairing. We shall denote the single-valued duality map by j.
Let T : D(T) C E — E be a mapping with domain D(T) in E.
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Definition 1 The mapping T is said to be uniformly L-Lipschitzian if there exists
L > 0 such that for all x,y € D(T)

[T"x = T"y|| < Lz -yl

Definition 2 T is said to be nonexpansive if for all x, y € D(T), the following
inequality holds:

|2~ Tyl < lle —y || for all z, y € D(T).

Definition 3 T is said to be asymptotically nonexpansive [6], if there exists a se-
quence {kp}n>0 C [1,00) with lim k, =1 such that

n—oo

|72 = T < ko llz —y | for all@, y € D(T), n > 1.

Definition 4 T is said to be asymptotically pseudocontractive if there exists a se-
quence {kp}n>0 C [1,00) with lim k, =1 and there exists jx—y) e J(x—vy) such
that e

(T"z =Ty, j(x = y)) < kallz =y [|I* for allz, y € D(T), n> 1.

Remark 1 1. It is easy to see that every asymptotically nonexpansive mapping s
uniformly L-Lipschitzian.

2. If T is asymptotically nonexpansive mapping then for all x, y € D(T) there
exists j(x —y) € J(x —y) such that

(T"x — Ty, j(z — y)) [T"z — T"y| |z —y ||

<
< knllz—y l*, n>1.

Hence every asymptotically nonexpansive mapping is asymptotically pseudocontrac-
tive.

3. Rhoades in [12] showed that the class of asymptotically pseudocontractive
mappings properly contains the class of asymptotically nonexpansive mappings.

The asymptotically pseudocontractive mappings were introduced by Schu [13]
who proved the following theorem:

Theorem 1 Let K be a nonempty bounded closed convex subset of a Hilbert space H,
T : K — K a completely continuous, uniformly L-Lipschitzian and asymptotically
pseudocontractive with sequence {k,} C [1,00); qn = 2k, —1,Vn € N; Y2(¢2 — 1) <
oo; {an}, {6} C [0,1]; € < ap, < B,, < b, ¥n € N, and some ¢ > 0 and some
be (0,L72[(1+ L%z —1)); 21 € K for alln € N, define

Tyl = (1 —ap) T + @ T"ay,.

Then {z,} converges to some fixed point of T.
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The recursion formula of theorem 1 is a modification of the well-known Mann
iteration process (see [9]).

Recently, Chang [1] extended Theorem 1 to real uniformly smooth Banach space;
in fact, he proved the following theorem:

Theorem 2 Let K be a nonempty bounded closed convex subset of a real uniformly
smooth Banach space E, T : K — K an asymptotically pseudocontractive mapping
with sequence {ky}n>0 C [1,00), lim k, =1, and 2* € F(T) ={z € K : Tz = z}.
Let {a,} C [0,1] satisfying the fgﬁoo;mg conditions: lim o, = 0, > a,, = oo. For
arbitrary xo € K let {x,} be iteratively defined by T

Tpy1 = (1 —ap) xy + Ty, n > 0.
If there exists a strictly increasing function 1 : [0,00) — [0,00), 1¥(0) = 0 such that
(T"x — a*, j(x — ) < knllz — 2| — (|| — z¥||), Vn € N,
then x, — z* € F(T).

Remark 2 Theorem 2, as stated is a modification of Theorem 2.4 of Chang [1] who
actually included error terms in his algorithm.

In [11], E. U. Ofoedu proved the following results.

Theorem 3 Let K be a nonempty closed convex subset of a real Banach space E,

T : K — K a uniformly L-Lipschitzian asymptotically pseudocontractive mapping

with sequence {kp}tn>0 C [1,00), lim k, = 1 such that z* € F(T) = {x € K :
- n—oo

Tz = z}. Let {antn>0 C [0,1] be such that 3 sqon = 00, >, a? < oo and

n

> >0 An(kn — 1) < oco. For arbitrary xo € K let {zy}n>0 be iteratively defined by
Tpy1 = (1 —ap) xp + Ty, n > 0.

Suppose there exists a strictly increasing function 1) : [0,00) — [0,00), ¥(0) = 0 such
that
(T2 — 2", j(x — %)) < kalle — 27| = o (||lz — 2*]), Vo € K.

Then {xy}n>0 is bounded.
Theorem 4 Let K be a nonempty closed convex subset of a real Banach space E,

T : K — K a uniformly L-Lipschitzian asymptotically pseudocontractive mapping
with sequence {kp}tn>0 C [1,00), lim k, = 1 such that z* € F(T) = {x € K :
- n—oo
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Tx = x}. Let {antn>o C [0,1] be such that 3 sqan = 00, >, g a? < oo and
> >0 An(kn — 1) < o0o. For arbitrary xo € K let {zy}n>0 be iteratively defined by

Tn1 = (1 — an) Tn + anT"zy, n > 0.

Suppose there exists a strictly increasing function v : [0,00) — [0,00), 1(0) = 0 such
that
(T — 2%, (@ — 7)) < kalle — 2712 — (|Jz — 27])), Yz € K.

Then {xy}n>0 converges strongly to x* € F(T).

Theorem 5 Let K be a nonempty closed convex subset of a real Banach space E,

T : K — K a uniformly L-Lipschitzian asymptotically pseudocontractive mapping

with sequence {ky}n>0 C [1,00), lim k,, =1 such that z* € F(T) ={x € K : Tx =
- n—oo

w}. Let {antn>0, {bn},50s {n},so be Teal sequences in [0,1] satisfying the following
conditions:

i) an+by+c,=1;
i) > 50(bn +cn) = 003
iii) 32,5000 + cn)? < oo;
iv) > 50(bn + cn)(kn — 1) < 005 and
V) ano Cn < 00.
For arbitrary xo € K let {xy,}n>0 be iteratively defined by
Tna1 = Ty + b T 2y + cptin, n >0,

where {upn>0 is a bounded sequence of error terms in K. Suppose there exists a
strictly increasing function v : [0,00) — [0,00), ¥(0) = 0 such that

(T — o, iz — 2%)) < Fallz — 2|2 = (1 — 2°])), Vo € K.
Then {xy }n>0 converges strongly to z* € F(T).

Remark 3 One can easily see that if we take in theorems 3 and 4, oy, = n%; 0<
o <1, then 3 oy = 00, but . a2 = co. Hence the conclusions of theorems 3, 4 and

5 can be improved. The same argument can be applied on the results of [5].
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In this paper our purpose is to improve the results of Ofoedu [11] in a significantly
more general context by removing the conditions > o ,a2 < oo and Y, g an(kn —
1) < oo from the theorems 3 — 4. We also significantly extend theorem 2 from
uniformly smooth Banach space to arbitrary real Banach space. The boundedness
assumption imposed on K in the theorem is also dispensed with.

2.MAIN RESULTS
The following lemmas are now well known.

Lemma 6 [14] Let J : E — 2% be the normalized duality mapping. Then for any
z,y € FE, we have

lz +ylI? < |l2[1* + 2y, j(z + ), Vi(z+y) € J(a+y).
Suppose there exists a strictly increasing function 1 : [0,00) — [0, 00) with ¥ (0) = 0.

Lemma 7 [10] Let {0,} be a sequence of nonnegative real numbers, {\,} be a real
sequence satisfying

oo
0<A <1, ) Ap=o0
n=0

and let 1 € U. If there exists a positive integer ng such that
9721+1 < 9% - /\nT/’(Qn—H) + On,
for all n > ng, with o, > 0, Vn € N, and o, = 0(\,), then lim,,_, 6, = 0.

Theorem 8 Let K be a nonempty closed convex subset of a real Banach space F,

T : K — K a uniformly L-Lipschitzian asymptotically pseudocontractive mapping

with sequence {kn}n>0 C [1,00), lim k, =1 such thatp € F(T) ={x € K : Tx =
- n—oo

w}. Let {antn>0, {bn},50s 1n},so be Teal sequences in [0,1] satisfying the following
conditions:

i) ap + by +cp =1,

i) Y00 bn = 003
iii) ¢, = o(by);

iv) nli_)rgobn =0.
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For arbitrary xo € K let {xy,}n>0 be iteratively defined by
Tpt1 = Ty + b T 2y + cptin, n >0, (2.1)

where {upn>0 is a bounded sequence of error terms in K. Suppose there exists a
strictly increasing function v : [0,00) — [0,00), ¥(0) = 0 such that

(T"a —p, j(& = p)) < kallz —pl* = ¥(llz - pll), Vo € K. (2.2)
Then {xy}n>0 converges strongly to p € F(T).

Proof. From the condition ¢, = o(b,) implies ¢, = t,b,, where t,, — 0 as n — oo.
Since p is a fixed point of T, then the set of fixed points F(T') of T' is nonempty.
Since the sequence {uy }n>0 is bounded, we set

M = sup [lun, — pl|.
n>0

By lim b, = 0= lim ¢, imply there exists ng € N such that Vn > ng, b, < §;
n—oo

1 ¢~ (ao)
18[¢ " (a0)]?" 2(2 + L)¢~ ' (ag) + M

$(2¢ (o))
12(1+ L)p™(ao) [2(2 + L)~ (ag) + M] |’

9

0 < 5:min{

and
; $(2¢" (a0))
"7 1207 (ao) (M + 267 (a0))”

Define ag := ||, — T2, |||Tne — Pl + (Eng — 1)||Zne — pl|>. Then from (2.2), we
obtain that ||2z,, — p|| < ¢ *(ao).

CLAIM. |z, — p| <20 (ag) Vn > ny.

The proof is by induction. Clearly, the claim holds for n = ng. Suppose it holds
for some n > ng, i.e., ||z, — p|| < 267 (ap). We prove that ||z,41 — p|| < 20 (ap).
Suppose that this is not true. Then ||z,+1 —p| > 26 (ag)), so that ¢(||z,.1—pl|) >
(26 (ap)). Using the recursion formula (2.1), we have the following estimates

[0 = T"2n|l < lzn = pll + [lp = T"zn||
< (4 D)jzn —pll
<

2(1+ L)¢ ™ (ao),
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lzni1 —pll = lanzn + b, T 0 + cpun — p|

lxn —p = bp(zn — T"xn) + cn(un — x4n)|

|Zn — pll + bn |20 — T 20|l + cp lun — 20|

26~ (ao) + 2(1 + L)¢ ™ (ag)byn + (M + 26 (ap))cn
20" (a0) + [2(2 + L)¢ ™ (ao) + M]bn

3¢ (ap).

ININ IN TN

With these estimates and again using the recursion formula (2.1), we obtain by

lemma 1 that

|Znt1 — pl?
where
”xn—l-l - an

IN

IN

IN

VAN VAN VAN

|@ny + b T + cnuy, — ||

|20 —p = bp(xn — T"xp) + cn(un — )|

|2 — p||2 = 2bp (@ — T"2n, j(Tn+1 — p))

+2¢n (U — Tn, J(Tnt1 — p))

|27 — p||2 + 200 (T" Ty 11 — P, j(Tny1 — P))

—2by(Tnt1 — D, J(Tntr1 — D))

+2bp (T"xp — T" T 41, §(Tns1 — p))

+2bn(Tpt1 = T, §(Tnt1 — )

+2¢n(Uun = Tn, j(Tnt1 — p))

20 = Pl + 260 (Knllzn41 = plI* = S(/[zn41 = pl]))
—2bp |Zn41 — p||2 + 26 [T 20 — T g1 || |41 — Pl
+2bp [|Tn41 — Zal| [|Tn+1 — pl|

+2en(M + |lzn — pl]) [|n41 — pl|

lzn = plI* + 265 (kn = Dl |241 = plI* = 2600(||ns1 — pll)
+2b, (1 + L) [|zn11 — ol [|2n+1 — pl|

20 (M + ||lzn — pll) lZns1 — pll

lanzy, + b, T 20 + crtn, — ||
1on,(T" 0, — Tp) + cn(Un — )]

bnllzn — T xn|| + cn lun — 20|

2(1+ L)¢ ™ ag)by + (M + 26 (ao))cn
2(2+ L)¢~(ag) + Mby,.
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Substituting (2.4) in (2.3), we get

|z = 2> < g = pl* = 2626(20 " (a0))
+18[¢™" (a0)]*(kn — 1)bn
+6(1+ L)¢ ™ (a0)[2(2 + L) (ao) + M]b;,
+66 " (a0) (M + 207 (a0))cn
< o, - p”2 + (kn — 1) — ¢(2¢71(a0))bn-
Thus
¢(2¢~ " (a0))bn < ||z = plI* = |21 — plI* + (ka — 1),

implies

J J J
6207 (a0)) D bu < Y (lon = pl? = llzars = plP) + Y (kn = 1)
J
= Jzn —pl” + Z(kn_l)a

so that as j — oo we have

00 J
6(267(a0) 3 b < ang —pl? + 3 (k= 1) < o0,

n=ng n=ng

which implies that 3" b, < oo, a contradiction. Hence, |z,11 — 2*| < 267 (ag);
thus {x,} is bounded.
Now with the help (2.4) and the condition ¢, = o(by,), (2.3) takes the form

Zni1 —pI* < lza —pl* = 2b00(|zns1 — D))
+2by [4[¢™ " (a0) ] (kn — 1)
+2(1+ L)¢~ " (a0)[2(2 + L)¢~ ' (ao) + M]by,

+2¢71(a0)(.7\/[ + 2¢571(a0))tn]. (2.5)
Denote

On = |[lzn—pll,

An = 2by,,

on = 2bu[4[¢" " (a0))* (kn — 1)
+2(1+ L) (ag)[2(2 4+ L) (ao) + M]b,
+2¢~ 1 (a0) (M + 29~ (ao) )tn).
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Condition lim b, = 0 assures the existence of a rank ng € N such that \,, = 2b, <1,
n—oo

for all n > ng. Now with the help of ano b, = oo, ¢, = o(by), lim b, = 0 and

Lemma 2, we obtain from (2.5) that
lim ||z, —p|| =0,
n—oo

completing the proof. W

Corollary 9 Let K be a nonempty closed convex subset of a real Banach space F,

T : K — K a uniformly L-Lipschitzian asymptotically pseudocontractive mapping

with sequence {kn}n>o0 C [1,00), lim k, =1 such thatp € F(T) ={x € K : Tx =
- n—oo

z}. Let {an}n>o0 C [0,1] be such that ), <o an =00 and lim oy, = 0. For arbitrary

n—oo

xo € K let {xp}n>0 be iteratively defined by
Tnt1 = (1 — )z + @, T 2y, n > 0.

Suppose there exists a strictly increasing function ) : [0,00) — [0, 00), ¥(0) = 0 such
that

(T"x — p, j(x —p)) < kullz — p||* = ¥(||z — p||), Vo € K.

Then {xy }n>0 converges strongly to p € F(T).
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