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1. Introduction

As the development of singular integral operators, their commutators and mul-
tilinear operators have been well studied (see [1-7]). From [2][13], we know that
the commutators and multilinear operators generated by the singular integral oper-
ators and the Lipschitz functions are bounded on the Triebel-Lizorkin and Lebesgue
spaces. The purpose of this paper is to introduce some multilinear operators as-
sociated to some multiplier operators and the Lipschitz functions, and prove the
boundedness properties for the multilinear operators on the Triebel-Lizorkin and
Lebesgue spaces.

2. Preliminaries and Theorems

First, let us introduce some notations. Throughout this paper, Q will denote a
cube of Rn with sides parallel to the axes. For a locally integrable function f , let
f(Q) =

∫
Q f(x)dx, fQ = |Q|−1

∫
Q f(x)dx and

f#(x) = sup
Q3x

1
|Q|

∫
Q
|f(y)− fQ|dy.
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It is well-known that(see [14][15])

f#(x) ≈ sup
Q3x

inf
c∈C

1
|Q|

∫
Q
|f(y)− c|dy.

For 1 ≤ p < ∞ and 0 ≤ δ < n, let

Mδ,p(f)(x) = sup
Q3x

(
1

|Q|1−pδ/n

∫
Q
|f(y)|pdy

)1/p

,

which is the Hardy-Littlewood maximal function when p = 1 and δ = 0.
For β > 0 and p > 1, let Ḟ β,∞

p (Rn) be the homogeneous Triebel-Lizorkin space
(see [13]). The Lipschitz space ∧̇β(Rn) is the space of functions f such that

||f ||∧̇β
= sup

x, h ∈ Rn

h 6= 0

∣∣∣∆[β]+1
h f(x)

∣∣∣ /|h|β < ∞,

where ∆k
h denotes the k-th difference operator (see [13]).

In this paper, we will study a class of multilinear operators associated to some
multiplier operators as follows.

A bounded measurable function k defined on Rn \{0} is called a multiplier. The
multiplier operator T associated with k is defined by

T (f)(x) = k(x)f̂(x), for f ∈ S(Rn),

where f̂ denotes the Fourier transform of f and S(Rn) is the Schwartz test function
class. Now, we recall the definition of the class M(s, l). Denote by |x| ∼ t the
fact that the value of x lies in the annulus {x ∈ Rn : at < |x| < bt}, where
0 < a ≤ 1 < b < ∞ are values specified in each instance.

Definition 1. ([11]) Let l ≥ 0 be a real number and 1 ≤ s ≤ 2. we say that the
multiplier k satisfies the condition M(s, l), if

(∫
|ξ|∼R

|Dαk(ξ)|sdξ

) 1
s

< CRn/s−|α|

for all R > 0 and multi-indices α with |α| ≤ l, when l is a positive integer, and, in
addition, if (∫

|ξ|∼R
|Dαk(ξ)−Dαk(ξ − z)|sdξ

) 1
s

≤ C(
|z|
R

)γR
n
s
−|α|
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for all |z| < R/2 and all multi-indices α with |α| = [l], the integer part of l,i.e., [l] is
the greatest integer less than or equal to l, and l = [l] + γ when l is not an integer.

Denote D(Rn) = {φ ∈ S(Rn) : supp(φ) is compact} and D̂0(Rn) = {φ ∈ S(Rn) :
φ̂ ∈ D(Rn) and φ̂ vanishes in a neighbourhood of the origin}. The following bound-
edness property of T on Lp(Rn) is proved by Strömberg and Torkinsky (see [11-14]).

.
Lemma 1.([11]) Let k ∈ M(s, l), 1 ≤ s ≤ 2, and l > n

s . Then the associated
mapping T , defined a priori for f ∈ D̂0(Rn), T (f)(x) = (f ∗ K)(x), extends to a
bounded mapping from Lp(Rn) into itself for 1 < p < ∞ and K(x) = ǩ(x).

Definition 2.([11]) For a real number l̃ ≥ 0 and 1 ≤ s̃ < ∞, we say that K
verifies the condition M̃(s̃, l̃), and write K ∈ M̃(s̃, l̃), if

(∫
|x|∼R

|Dα̃K(x)|s̃dx

) 1
s̃

≤ CRn/s̃−n−|α̃|, R > 0

for all multi-indices |α̃| ≤ l̃ and, in addition, if

(∫
|x|∼R

|Dα̃K(x)−Dα̃K(x− z)|s̃dx

) 1
s̃

≤ C(
|z|
R

)vR
n
s̃
−n−u, if 0 < v < 1,

(∫
|x|∼R

|Dα̃K(x)−Dα̃K(x− z)|s̃dx

) 1
s̃

≤ C(
|z|
R

)(log
R

|z|
)R

n
s̃
−n−u, if v = 1,

for all |z| < R
2 , R > 0, and all multi-indices α̃ with|α̃| = u, where u denotes the

largest integer strictly less than l̃ with l̃ = u + v.

Lemma 2. ([11]) Suppose k ∈ M(s, l), 1 ≤ s ≤ 2. Given 1 ≤ s̃ < ∞, let r ≥ 1
be such that 1

r = max{1
s , 1− 1

s̃}. Then K ∈ M̃(s̃, l̃), where l̃ = l − n
r .

Lemma 3. Let 1 ≤ s ≤ 2, suppose that l is a positive real number with l > n/r,
1/r = max{1/s, 1− 1/s̃}, and k ∈ M(s, l). Then there is a positive constant a, such
that (∫

Qk

|K(x− z)−K(xQ − z)|s̃dz

)1/s̃

≤ C2−ka(2kh)−n/s̃′ .

Proof. We split our proof into two cases:
Case 1. 1 ≤ s ≤ 2 and 0 < l − n/s ≤ 1. We choose a real number 1 < s̃ < ∞

such that s ≤ s̃, and set l̃ = l − n
s > 0. Since k ∈ M(s, l), then by Lemma 3, there

is K ∈ M̃(s̃, l̃).
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When l̃ = l− n
s < 1, noting that l is a positive real number and l > n

s . Applying
the condition K ∈ M̃(s̃, l̃) for v = l − n

s and u = 0, one has(∫
Qk

|K(x− z)−K(xQ − z)|s̃dz

) 1
s̃

≤ C2−k(l−n
s
)(2kh)−

n
s̃′ ,

let a = l − n
s , (∫

Qk

|K(x− z)−K(xQ − z)|s̃dz

) 1
s̃

≤ C2−ka(2kh)−
n
s̃′ .

When l̃ = l−n
s = 1, we choose 0 < ξ < 1, such that t1−ξ log(1/t) ≤ C for 0 < t < 1/2.

Noting that K ∈ M̃(s̃, l̃), by Definition 2, for u = 0, v = 1,(∫
Qk

|K(x− z)−K(xQ − z)|s̃dz

) 1
s̃

≤ C(
|y − xQ|

2kh
)ξ(

|y − xQ|
2kh

)1−ξ(log
2kh

|y − xQ|
)(2kh)n/s̃−n

≤ C2−kξ(2kh)−n/s̃′,

let a = ξ, then(∫
Qk

|K(x− z)−K(xQ − z)|s̃dz

) 1
s̃

≤ C2−ka(2kh)−n/s̃′ .

Case 2. 1 ≤ s ≤ 2 and l − n/s > 1. Set d = [l − n/s], if l − n/s > 1 is not an
integer, and d = l − n/s − 1 if l − n/s > 1 is an integer. Choose l1 = l − d; then
0 < l1 − n/s ≤ 1 and 0 < l1 < l. So, from k ∈ M(s, l) we know k ∈ M(s, l1). Set
l̃ = l1 − n/s; by Lemma 3, K ∈ M̃(s̃, l̃). Repeating the proof of Case 1, except for
replacing l by l1, we can obtain the same result under the assumption l − n/s > 1.
We omit the details here.

Certainly when 0 < s̃′ < s, which is the same as the above.
Now we can define the multilinear operator associated to the multiplier operator

T . Let mj be the positive integers(j = 1, · · ·, l), m1 + · · ·+ ml = m and Aj be the
functions on Rn(j = 1, · · ·, l). Set

Rmj+1(Aj ;x, y) = Aj(x)−
∑

|α|≤mj

1
α!

DαAj(y)(x− y)α.

By Lemma 1, T (f)(x) = (K ∗ f)(x) for K(x) = ǩ(x). The multilinear operator
associated to T is defined by

TA(f)(x) =
∫

Rn

∏l
j=1 Rmj+1(Aj ;x, y)

|x− y|m
K(x− y)f(y)dy.
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Note that when m = 0, TA os just the multilinear commutators of T and A (see
[20-21]). While when m > 0, it is non-trivial generalizations of the commutators. It
is well known that multilinear operators are of great interest in harmonic analysis
and have been widely studied by many authors (see [4-8][10]). The purpose of this
paper is to study the boundedness properties for the multilinear operator TA. We
shall prove the following theorems in Section 3.

Now we can state our theorems as following.

Theorem 1. Let 0 < β < min(1/l, a/l) and DαAj ∈ ∧̇β(Rn) for all α with
|α| = mj and j = 1, · · ·, l. Then TA is bounded from Lp(Rn) to Ḟ lβ,∞

p (Rn) for any
1 < p < ∞.

Theorem 2. Let 0 < β ≤ 1 and DαAj ∈ ∧̇β(Rn) for all α with |α| = mj and
j = 1, · · ·, l. Then TA is bounded from Lp(Rn) to Lq(Rn) for any 1 < p < n/lβ and
1/p− 1/q = lβ/n.

3. Proof of Theorem

To prove the theorem, we need the following lemmas.

Lemma 4(see [13]). For 0 < β < 1, 1 < p < ∞, we have

||f ||
Ḟ β,∞

p
≈
∣∣∣∣∣
∣∣∣∣∣sup

Q

1
|Q|1+β/n

∫
Q
|f(x)− fQ|dx

∣∣∣∣∣
∣∣∣∣∣
Lp

≈
∣∣∣∣∣
∣∣∣∣∣sup
·∈Q

inf
c

1
|Q|1+β/n

∫
Q
|f(x)− c|dx

∣∣∣∣∣
∣∣∣∣∣
Lp

.

Lemma 5(see [13]). For 0 < β < 1, 1 ≤ p ≤ ∞, we have

||b||∧̇β
≈ sup

Q

1
|Q|1+β/n

∫
Q
|b(x)− bQ|dx ≈ sup

Q

1
|Q|β/n

(
1
|Q|

∫
Q
|b(x)− bQ|pdx

)1/p

.

Lemma 6(see [1]). Suppose that 0 ≤ δ < n, 1 ≤ r < p < n/δ and 1/q =
1/p− δ/n. Then

||Mδ,r(f)||Lq ≤ C||f ||Lp .

Lemma 7(see [5]). Let A be a function on Rn and DαA ∈ Lq(Rn) for |α| = m
and some q > n. Then

|Rm(A;x, y)| ≤ C|x− y|m
∑
|α|=m

(
1

|Q̃(x, y)|

∫
Q̃(x,y)

|DαA(z)|qdz

)1/q

,

where Q̃(x, y) is the cube centered at x and having side length 5
√

n|x− y|.
Lemma 8 (see [16]). For b ∈ ∧̇β, 0 < β < 1, 0 ≤ δ < n and 1 < r < ∞, we have

||(b− bQ)fχQ||Lr ≤ C||b||∧̇β
|Q|1/r+β/n−δ/nMδ,r(f).
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Lemma 9.([3]) Let T be the multiplier operator. Then, for every f ∈ Lp(Rn), 1 <
p < ∞,

||T (f)||Lp ≤ C||f ||Lp .

Proof of Theorem 1. We first prove the sharp estimate for TA as following

1
|Q|1+lβ/n

∫
Q
|TA(f)(x)− C0|dx ≤ C

l∏
j=1

 ∑
|αj |=mj

||DαjAj ||BMO

Ms(f)(x̃).

for 1 < s < p and some constant C0. Without loss of generality, we may assume
l = 2. Fix a cube Q = Q(x0, d) and x̃ ∈ Q. Let Q̃ = 5

√
nQ and Ãj(x) =

Aj(x) −
∑

|α|=mj

1
α!(D

αAj)Q̃xα, then Rmj+1(Aj ;x, y) = Rmj+1(Ãj ;x, y) and DαÃj =

DαAj − (DαAj)Q̃ for |α| = mj . We write, for f1 = fχQ̃ and f2 = fχRn\Q̃,

TA(f)(x) =
∫

Rn

∏2
j=1 Rmj+1(Ãj ;x, y)

|x− y|m
K(x− y)f2(y)dy

+
∫

Rn

∏2
j=1 Rmj (Ãj ;x, y)

|x− y|m
K(x− y)f1(y)dy

−
∑

|α1|=m1

1
α1!

∫
Rn

Rm2(Ã2;x, y)(x− y)α1

|x− y|m
Dα1Ã1(y)K(x− y)f1(y)dy

−
∑

|α2|=m2

1
α2!

∫
Rn

Rm1(Ã1;x, y)(x− y)α2

|x− y|m
Dα2Ã2(y)K(x− y)f1(y)dy

+
∑

|α1|=m1, |α2|=m2

1
α1!α2!

∫
Rn

(x− y)α1+α2Dα1Ã1(y)Dα2Ã2(y)
|x− y|m

·K(x− y)f1(y)dy,

then
1

|Q|1+2β/n

∫
Q

∣∣∣TA(f)(x)− T Ã(f2)(x0)
∣∣∣ dx

1
|Q|1+2β/n

∫
Q

∣∣∣∣∣
∫

Rn

∏2
j=1 Rmj (Ãj ;x, y)

|x− y|m
K(x− y)f1(y)dy

∣∣∣∣∣ dx

+
C

|Q|1+2β/n

∫
Q

∣∣∣∣∣∣
∑

|α1|=m1

∫
Rn

Rm2(Ã2;x, y)(x− y)α1

|x− y|m
Dα1Ã1(y)K(x− y)f1(y)dy

∣∣∣∣∣∣ dx

+
C

|Q|1+2β/n

∫
Q

∣∣∣∣∣∣
∑

|α2|=m2

∫
Rn

Rm1(Ã1;x, y)(x− y)α2

|x− y|m
Dα2Ã2(y)K(x− y)f1(y)dy

∣∣∣∣∣∣ dx
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+
C

|Q|1+2β/n

∫
Q

∣∣∣∣∣∣
∑

|α1|=m1, |α2|=m2

∫
Rn

(x− y)α1+α2Dα1Ã1(y)Dα2Ã2(y)
|x− y|m

K(x− y)f1(y)dy

∣∣∣∣∣∣ dx

+
1

|Q|1+2β/n

∫
Q

∣∣∣T Ã(f2)(x)− T Ã(f2)(x0)
∣∣∣ dx

:= I1 + I2 + I3 + I4 + I5.

Now, let us estimate I1, I2, I3, I4 and I5, respectively. First, by Lemma 7 and
Lemma 5, we get, for x ∈ Q and y ∈ Q̃,

|Rm(Ãj ;x, y)| ≤ C|x− y|m
∑
|α|=m

sup
x∈Q̃

|DαAj(x)− (DαAj)Q̃|

≤ C|x− y|m|Q|β/n
∑
|α|=m

||DαAj ||∧̇β
.

Now, by the Hölder’s inequality and Ls-boundedness of T , we obtain

I1 ≤ C
2∏

j=1

 ∑
|αj |=mj

||DαjAj ||∧̇β

 1
|Q|

∫
Q
|T (f1)(x)|dx

≤ C
2∏

j=1

 ∑
|αj |=mj

||DαjAj ||∧̇β

( 1
|Q|

∫
Rn
|T (f1)(x)|sdx

)1/s

≤ C
2∏

j=1

 ∑
|αj |=mj

||DαjAj ||∧̇β

( 1
|Q̃|

∫
Q̃
|f(x)|sdx

)1/s

≤ C
2∏

j=1

 ∑
|αj |=mj

||DαjAj ||∧̇β

Ms(f)(x̃).

For I2, by Lemma 8, we get

I2 ≤ C
∑

|α2|=m2

||Dα2A2||∧̇β
|Q|−β/n

∑
|α1|=m1

1
|Q|

∫
Q
|T (Dα1Ãf1)(x)|dx

≤ C
∑

|α2|=m2

||Dα2A2||∧̇β

∑
|α1|=m1

|Q|−β/n−1/s||T ((Dα1A− (Dα1A)Q̃)f1)||Ls

≤ C
∑

|α2|=m2

||Dα2A2||∧̇β
|Q|−β/n−1/s

∑
|α1|=m

||(Dα1A− (Dα1A)Q̃)f1||Ls

≤ C
2∏

j=1

 ∑
|αj |=mj

||DαjAj ||∧̇β

Ms(f)(x̃).
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For I3, similar to the proof of I2, we get

I3 ≤ C
2∏

j=1

 ∑
|αj |=mj

||DαjAj ||∧̇β

Ms(f)(x̃).

Similarly, for I4, set s = pq3 with p, q1, q2, q3 > 1 and 1/q1 + 1/q2 + 1/q3 = 1, we
obtain

I4 ≤ C
∑

|α1|=m1,|α2|=m2

1
|Q|1+2β/n

∫
Q
|T (Dα1Ã1D

α2Ã2f1)(x)|dx

≤ C
∑

|α1|=m1,|α2|=m2

|Q|−2β/n
(

1
|Q|

∫
Rn
|T (Dα1Ã1D

α2Ã2f1)(x)|pdx

)1/p

≤ C
∑

|α1|=m1,|α2|=m2

|Q|−2β/n−1/p
(∫

Rn
|Dα1Ã1(x)Dα2Ã2(x)f1(x)|pdx

)1/p

≤ C
∑

|α1|=m1,|α2|=m2

|Q̃|−2β/n

(
1
|Q̃|

∫
Q̃
|f(x)|pq3dx

)1/pq3

×
(

1
|Q̃|

∫
Q̃
|Dα1Ã1(x)|pq1dx

)1/pq1
(

1
|Q̃|

∫
Q̃
|Dα2Ã2(x)|pq2dx

)1/pq2

≤ C
2∏

j=1

 ∑
|αj |=mj

||DαjAj ||∧̇β

Ms(f)(x̃).

For I5, we write

T Ã(f2)(x)− T Ã(f2)(x0)

=
∫

Rn

(
K(x− y)
|x− y|m

− K(x0 − y)
|x0 − y|m

) 2∏
j=1

Rmj (Ãj ;x, y)f2(y)dy

+
∫

Rn

(
Rm1(Ã1;x, y)−Rm1(Ã1;x0, y)

) Rm2(Ã2;x, y)
|x0 − y|m

K(x0 − y)f2(y)dy

+
∫

Rn

(
Rm2(Ã2;x, y)−Rm2(Ã2;x0, y)

) Rm1(Ã1;x0, y)
|x0 − y|m

K(x0 − y)f2(y)dy

−
∑

|α1|=m1

1
α1!

∫
Rn

Dα1Ã1(y)f2(y)

×
[
Rm2(Ã2;x, y)(x− y)α1

|x− y|m
K(x− y)− Rm2(Ã2;x0, y)(x0 − y)α1

|x0 − y|m
K(x0 − y)

]
dy
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−
∑

|α2|=m2

1
α2!

∫
Rn

Dα2Ã2(y)f2(y)

×
[
Rm1(Ã1;x, y)(x− y)α2

|x− y|m
K(x− y)− Rm1(Ã1;x0, y)(x0 − y)α2

|x0 − y|m
K(x0 − y)

]
dy

+
∑

|α1|=m1, |α2|=m2

1
α1!α2!

∫
Rn

[
(x− y)α1+α2

|x− y|m
K(x− y)− (x0 − y)α1+α2

|x0 − y|m
K(x0 − y)

]

×Dα1Ã1(y)Dα2Ã2(y)f2(y)dy

= I
(1)
5 + I

(2)
5 + I

(3)
5 + I

(4)
5 + I

(5)
5 + I

(6)
5 .

By Lemma 8 and the following inequality, for b ∈ ∧̇β(Rn),

|b(x)− bQ| ≤
1
|Q|

∫
Q
||b||∧̇β

|x− y|βdy ≤ ||b||∧̇β
(|x− x0|+ d)β ,

we get
|Rmj (Ãj ;x, y)| ≤

∑
|α|=mj

||DαAj ||∧̇β
(|x− y|+ d)mj+β .

Note that |x− y| ∼ |x0 − y| for x ∈ Q and y ∈ Rn \ Q̃, we obtain, by Lemma 2 and
3,

|I(1)
5 | ≤

∞∑
k=0

∫
2k+1Q̃\2kQ̃

|K(x− y)−K(x0 − y)| 1
|x− y|m

2∏
j=1

|Rmj (Ãj ;x, y)||f(y)|dy

+
∞∑

k=0

∫
2k+1Q̃\2kQ̃

∣∣∣∣ 1
|x− y|m

− 1
|x0 − y|m

∣∣∣∣ |K(x0 − y)|
2∏

j=1

|Rmj (Ãj ;x, y)||f(y)|dy

≤ C
2∏

j=1

 ∑
|αj |=mj

||DαjAj ||∧̇β

 ∞∑
k=0

|2k+1Q̃|2β/n
(∫

2k+1Q̃
|f(y)|sdy

)1/s

×
(∫

2k+1Q̃\2kQ̃
|K(x− y)−K(x0 − y)|s′dy

)1/s′

+C
2∏

j=1

 ∑
|αj |=mj

||DαjAj ||∧̇β

 ∞∑
k=0

|2k+1Q̃|2β/n2−k
(∫

2k+1Q̃
|f(y)|sdy

)1/s

×
(∫

2k+1Q̃\2kQ̃
|K(x0 − y)|s′dy

)1/s′

≤ C
2∏

j=1

 ∑
|αj |=mj

||DαjAj ||∧̇β

 |Q|2β/n
∞∑

k=1

(2k(2β−a) + 2k(2β−1))
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·
(

1
|2kQ̃|

∫
2kQ̃

|f(y)|sdy

)1/s

≤ C
2∏

j=1

 ∑
|αj |=mj

||DαjAj ||∧̇β

 |Q|2β/nMs(f)(x̃).

For I
(2)
5 , by the formula (see [5]):

Rmj (Ãj ;x, y)−Rmj (Ãj ;x0, y) =
∑

|η|<mj

1
η!

Rmj−|η|(D
ηÃj ;x, x0)(x− y)η

and Lemma 4, we get

|I(2)
5 | ≤ C

2∏
j=1

 ∑
|α|=mj

||DαAj ||∧̇β

 ∞∑
k=0

|2k+1Q̃|2β/n

·
∫
2k+1Q̃\2kQ̃

|x− x0|
|x0 − y|

|K(x0 − y)||f(y)|dy

≤ C
2∏

j=1

 ∑
|α|=mj

||DαAj ||∧̇β

 ∞∑
k=0

|2k+1Q̃|2β/n2−k

(∫
2k+1Q̃\2kQ̃

|K(x0 − y)|s′dy

)1/s′

×
(∫

2k+1Q̃
|f(y)|sdy

)1/s

≤ C
2∏

j=1

 ∑
|α|=mj

||Dαbj ||∧̇β

 ∞∑
k=0

2k(2β−1)

(
1

|2kQ̃|

∫
2kQ̃

|f(y)|sdy

)1/s

≤ C
2∏

j=1

 ∑
|α|=mj

||DαAj ||∧̇β

 |Q|2β/nMs(f)(x̃).

Similarly,

|I(3)
5 | ≤ C

2∏
j=1

 ∑
|α|=mj

||DαAj ||∧̇β

 |Q|2β/nMs(f)(x̃).

For I
(4)
5 , similar to the estimates of I

(1)
5 and I

(2)
5 , we obtain,

|I(4)
5 | ≤ C

∑
|α1|=m1

∫
Rn\Q̃

∣∣∣∣(x− y)α1K(x− y)
|x− y|m

− (x0 − y)α1K(x0 − y)
|x0 − y|m

∣∣∣∣
×|Rm2(Ã2;x, y)||Dα1Ã1(y)||f(y)|dy
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+C
∑

|α1|=m1

∫
Rn\Q̃

|Rm2(Ã2;x, y)−Rm2(Ã2;x0, y)|

×|(x0 − y)α1K(x0 − y)|
|x0 − y|m

|Dα1Ã1(y)||f(y)|dy

≤ C
2∏

j=1

 ∑
|α|=mj

||DαAj ||∧̇β

 |Q|2β/n
∞∑

k=0

(2k(2β−a) + 2k(2β−1))

×
(

1
|2kQ̃|

∫
2kQ̃

|f(y)|sdy

)1/s

≤ C
2∏

j=1

 ∑
|α|=mj

||DαAj ||∧̇β

 |Q|2β/nMs(f)(x̃).

Similarly,

|I(5)
5 | ≤ C

2∏
j=1

 ∑
|α|=mj

||DαAj ||∧̇β

 |Q|2β/nMs(f)(x̃).

For I
(6)
5 , we get

|I(6)
5 | ≤ C

∑
|α1|=m1,|α2|=m2

∫
Rn\Q̃

∣∣∣∣∣(x− y)α1+α2K(x− y)
|x− y|m

− (x0 − y)α1+α2K(x0 − y)
|x0 − y|m

∣∣∣∣∣
×|Dα1Ã1(y)||Dα2Ã2(y)||f(y)|dy

≤ C
2∏

j=1

 ∑
|αj |=mj

||DαjAj ||∧̇β

 |Q|2β/n
∞∑

k=0

(2k(2β−a) + 2k(2β−1))

·
(

1
|2kQ̃|

∫
2kQ̃

|f(y)|sdy

)1/s

≤ C
2∏

j=1

 ∑
|αj |=mj

||DαjAj ||∧̇β

 |Q|2β/nMs(f)(x).

Thus
|T Ã(f2)(x)− T Ã(f2)(x0)| ≤ C

∑
|α|=m

||DαA||∧̇β
|Q|2β/nMs(f)(x̃)

and
I5 ≤ C

∑
|α|=m

||DαA||∧̇β
Ms(f)(x̃).
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We now put these estimates together, and taking the supremum over all Q such that
x̃ ∈ Q, and using Lemma 4 and 6, we obtain

||TA(f)||
Ḟ 2β,∞

p
≤ C

2∏
j=1

 ∑
|αj |=mj

||DαjAj ||∧̇β

 ||Ms(f)||Lp

≤ C
2∏

j=1

 ∑
|αj |=mj

||DαjAj ||∧̇β

 ||f ||Lp .

This completes the proof of the theorem.
Proof of Theorem 2. By using the same argument as in proof of Theorem 1,

we obtain, for 1 < s < p,

1
|Q|

∫
Q
|TA(f)(x)− T Ã(f2)(x0)|dx ≤ C

2∏
j=1

 ∑
|αj |=mj

||DαjAj ||∧̇β

M2β,s(f),

thus, we get the sharp estimate of TA as following

(TA(f))# ≤ C
2∏

j=1

 ∑
|αj |=mj

||DαjAj ||∧̇β

M2β,s(f).

Now, using Lemma 6, we get

||TA(f)||Lq ≤ C||(TA(f))#||Lq ≤ C
2∏

j=1

 ∑
|αj |=mj

||DαjAj ||∧̇β

 ||M2β,r(f)||Lq

≤ C
2∏

j=1

 ∑
|αj |=mj

||DαjAj ||∧̇β

 ||f ||Lp .

This completes the proof of the theorem.
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