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1. INTRODUCTION

As the development of singular integral operators, their commutators and mul-
tilinear operators have been well studied (see [1-7]). From [2][13], we know that
the commutators and multilinear operators generated by the singular integral oper-
ators and the Lipschitz functions are bounded on the Triebel-Lizorkin and Lebesgue
spaces. The purpose of this paper is to introduce some multilinear operators as-
sociated to some multiplier operators and the Lipschitz functions, and prove the
boundedness properties for the multilinear operators on the Triebel-Lizorkin and
Lebesgue spaces.

2. PRELIMINARIES AND THEOREMS

First, let us introduce some notations. Throughout this paper, () will denote a
cube of R" with sides parallel to the axes. For a locally integrable function f, let

f(Q) = fQ f(z)dz, fo = Q|1 fQ f(x)dx and

# _ L _ d
@) = s /Q F(y) — foldy.
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It is well-known that(see [14][15])

f#(2) ~ sup inf @ /Q () — cldy.

Qoz c€C

Forl1<p<ooand 0 <9 <n, let

1 1/p
M;sp(f) (2 ZSUP</ fly ”dy) ,
p()() S \ g Jo 1f (W)
which is the Hardy-Littlewood maximal function when p =1 and ¢ = 0.

For >0 and p > 1, let Fpﬁ’OO(R”) be the homogeneous Triebel-Lizorkin space
(see [13]). The Lipschitz space Ag(R™) is the space of functions f such that

il = s A7 ()| /) < o,
z,h € R"

h#0

where AF denotes the k-th difference operator (see [13]).

In this paper, we will study a class of multilinear operators associated to some
multiplier operators as follows.

A bounded measurable function k defined on R™\ {0} is called a multiplier. The
multiplier operator T associated with k is defined by

A~

T(f)(x) = k(z)f(x), for f € S(R"),

where f denotes the Fourier transform of f and S (R™) is the Schwartz test function
class. Now, we recall the definition of the class M(s,l). Denote by |z| ~ t the
fact that the value of z lies in the annulus {x € R" : at < |z| < bt}, where
0 <a<1<b< o are values specified in each instance.

Definition 1. ([11]) Letl >0 be a real number and 1 < s < 2. we say that the
multiplier k satisfies the condition M (s,l), if

</ ‘Dak(f)\sd€> " < Cpn/slel
l¢l~R

for all R > 0 and multi-indices « with || <1, when [ is a positive integer, and, in
addition, if

1

(/ |Dk(€) — Dk(S — z>\8d6> " <odypioe
l¢I~R R
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for all |z| < R/2 and all multi-indices o with || = [l], the integer part of l,i.e., [l] is
the greatest integer less than or equal to I, and | = [l] + v when [ is not an integer.

Denote D(R") = {¢ € S(R") : supp(¢) is compact} and Do(R") = {¢ € S(R") :

¢ € D(R™) and ¢ vanishes in a neighbourhood of the origin}. The following bound-
edness property of T' on LP(R™) is proved by Stromberg and Torkinsky (see [11-14]).

Lemma 1.([11]) Let k € M(s,1),1 < s <2, andl > %. Then the associated
mapping T, defined a priori for [ € ﬁo(R”), T(f)(x) = (f * K)(af:),v extends to a
bounded mapping from LP(R™) into itself for 1 < p < oo and K(x) = k(x).

Definition 2.([11]) For a real number [>0and1 <35 < oo, we say that K

verifies the condition M(5,1), and write K € M(3,1), if
1

</ DdK(a:)|gdac> < CRYS1al R
|z|~R

for all multi-indices ]0;\ <1 and, in addition, if

(/ |DYK (z) — DK (z — z)]%:) < C(’;')”R?"u, if 0<wv<l,
z|~R

i
(/ o |DAK (z) — DK (z — z)]‘gdw> < C(’ZR‘)(log‘Z)Rg_”_“, if v=1,
for all |z| < %,R > 0, and all multi-indices & with|&| = w, where u denotes the

largest integer strictly less than [ with | =u+v.

Lemma 2. ([11]) Suppose k € M(s,l), 1 <s <2. Given 1 <3 < oo, letr > 1
be such that + = max{1,1—1}. Then K € M(3,1), where | =1—"2 .

T

Lemma 3. Let 1 < s <2, suppose thatl is a positive real number with | > n/r,
1/r =max{1/s,1—1/5}, and k € M(s,l). Then there is a positive constant a, such
that

</ K Kz —2) = K(zq - Z)lgd2> v < Cc27ka(2kp) /%,

Proof. We split our proof into two cases:

Case 1. 1 < s<2and 0 <l—n/s <1. We choose a real number 1 < § < oo
such that s < §, and set [ = [ — %> 0. Since k € M(s,1), then by Lemma 3, there
is K € M(3,1).
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Whenl =1— = < 1, noting that [ is a positive real number and [ > Z. Applying
the condition K € M(3,1) for v =1 — % and u = 0, one has

%
(/ |K(x —2) — K(zq — z)|§dz> < C27 k=) (2kp) =%,
Qk

let a=1-2,
S

(/ |K(z—2)— K(zq — z)\%iz)é < 027k (2kp) =T,

k

When [ = -2 =1, we choose 0 < £ < 1, such that t! ¢ log(1/t) < Cfor 0 < ¢t < 1/2.
Noting that K € M(3,1), by Definition 2, for u = 0,v = 1,

(/k (K (z —2) = K(zq - z)lgcw)é

ly — zq] ¢ ly — zq 1-¢

C2fk§(2kh)fn/§/’

2kh n/s—nm
PR

IN

let a = &, then

W=

(/ K (x — 2) — K (2o — z)|§dz> < 2 he(2k Ry~
k

Case 2. 1 <s<2and!l—n/s>1. Setd=[—n/s],if l —n/s > 1is not an
integer, and d =1 —n/s —1if l —n/s > 1 is an integer. Choose Iy = | — d; then
0<li—n/s<land0<l <I. So, from k € M(s,l) we know k € M(s,l1). Set
[=1 — n/s; by Lemma 3, K € M(3, Z) Repeating the proof of Case 1, except for
replacing [ by l1, we can obtain the same result under the assumption [ —n/s > 1.
We omit the details here.

Certainly when 0 < § < s, which is the same as the above.

Now we can define the multilinear operator associated to the multiplier operator
T. Let m; be the positive integers(j = 1,---,1), mq +---+my = m and A; be the
functions on R™"(j =1,---,1). Set

1 o «
Rm]-+1(Aj;$ay) = Aj(w) - Z JD Aj(y)<33 —y).
loj<m;
By Lemma 1, T(f)(z) = (K * f)(z) for K(z) = k(z). The multilinear operator
associated to T is defined by
Hé’:l ij-'rl(Aj; z, y)
R |z —y|™

T4(f)(@) = K(z —y)f(y)dy.
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Note that when m = 0, T4 os just the multilinear commutators of T and A (see
[20-21]). While when m > 0, it is non-trivial generalizations of the commutators. It
is well known that multilinear operators are of great interest in harmonic analysis
and have been widely studied by many authors (see [4-8][10]). The purpose of this
paper is to study the boundedness properties for the multilinear operator T4. We
shall prove the following theorems in Section 3.

Now we can state our theorems as following.

Theorem 1. Let 0 < § < min(1/l,a/l) and D*A; € Ag(R") for all a with
la| =m; and j =1,---,1. Then T is bounded from LP(R™) to le,ﬁ’oo(R”) for any
1 <p<oo.

Theorem 2. Let 0 < 3 <1 and D*A; € Ag(R") for all a with |a| = m; and
j=1,---1. Then T4 is bounded from LP(R™) to LY(R™) for any 1 < p < n/l3 and
1/p—1/q=1p/n.

3. PROOF OF THEOREM

To prove the theorem, we need the following lemmas.

Lemma 4(see [13]). For 0 < <1, 1< p < oo, we have

1
sng/QU(x)—fmda: suplnf|Q|1+ﬂ/n/ |f(x) — c|dx

Lemma 5(see [13]). For 0 < 8 < 1,1 < p < oo, we have

1 1/p
011, s1p oz | 1) = bl sup i (o0 [ [b(e) — bl

Lemma 6(see [1]). Suppose that 0 < 6 < n, 1 < r < p < n/d and 1/q =
1/p—§6/n. Then

110 =

Lp Lp

M (f)llza < C[lfI]Le-

Lemma 7(see [5]). Let A be a function on R"™ and D*A € LY(R"™) for |a| =m
and some q > n. Then

1/q
[Rm (A; 2, )| < Clz —y[™ ( / | D> A( )|qdz> :
|azm |Q z,y)| JQzw)

where Q(z,) is the cube centered at x and having side length 5v/n|z — y|.
Lemma 8 (see [16]). Forbe Ag, 0 < <1,0<d <n and1 <r < oo, we have

16— b@) fxqllLr < ClIbl 4, lQI /=01 Mj ().
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Lemma 9.([3]) Let T' be the multiplier operator. Then, for every f € LP(R™),1 <
p <0,

T (H)llLe < ClIf] e

Proof of Theorem 1. We first prove the sharp estimate for 74 as following

l
g rTA<f><x>—co|dxscH( )3 HD%‘AJ-HBMO) ML(f)(@).

7=1 \|ej|=m;

for 1 < s < p and some constant Cy. Without loss of generality, we may assume
[ = 2. Fix a cube Q = Q(z0,d) and ¥ € Q. Let Q@ = 5,/n@Q and A( )
Aj(x) — X i(DaAj)on‘, then Ry, 11(Aj;7,y) = R, +1(Aj;2,y) and DYA;

al=m;

D*A; — (D*A;)g for |af = m;. We write, for fi = fxg and f = Xrm\ o

H?:l Rm]‘-i-l (A]) x, y)

P = [ R SRR () fly)dy
2 N.-
+ Hj:l ij (A]a z, y)K(l' _ y)fl(y)dy
Rn \w —y|™
mg A 3 — ) o T
> /n 2|xm—y’y)|(’f g D** Ay (y) K (z — y) f1(y)dy
| |= ml
m1 A > — )% oo
> ! / n ﬁxx_y;‘(:f U= p *As(y) K (z — y) f1(y)dy
|a2|—m2
! (z — y)*+e2D% A, (y) D2 Ay (y)
+ |a1|:m;a2:m2 al!O[Q! /n ‘$ _ y‘m
K(z —y)fi(y)dy,
then

Gz [, T0E) = T o) | do
H?:l ij (A]a €L, y)

Rn |z —y|™

+!Q\lf?ﬁ/"/ > /n ma(driz ) =) D Ay (y) K (z — y) f1(y)dy| dz

|011‘_m1 |':E - y|m

K(z —y) fi(y)dy| dzx

1
‘Q|1+2ﬁ/n 4

C m1 A ,$ @2 oo A
v | X[, T pes ) K (o - ) )| da

P —y|™
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(x — y)*1to2 D1 A (y) D2 Ay (y)
>

O /
1+28/n
’Q‘ Q |a1]=m1, |az2|=m2

1 pe -
g, [T - T4 o) do
=h+L+1I3+ 14+ Is.

Now, let us estimate I7, Is, I3, I; and I5, respectively. First, by Lemma 7 and
Lemma 5, we get, for x € Q and y € Q,

[Rin(Ajiz,y)] < Clo—y[™ Y sup |D*A;(x) — (D*4;) 4]
|a|=m z€Q

< Cla—yI™QI"™ > 1ID*A15,.

laj=m

A

Now, by the Holder’s inequality and L®-boundedness of T', we obtain

e

1
I C D% Al — T d
c= Il X Il o L T @)de
2 1 1/s
C D% Al ; — T 5d
< Il{ 3 1o, (a7 [, @)
2 1 1/s
< C DY A | [ = sd
< cll I%ijn illas <|Q’/Q|f($)l az)
2
< ¢TI = D4y, | M),

<.
Il
—

lovj|=m;

For I, by Lemma 8, we get

« —06/n 1 a1 A
b 0 X Dm0 o [0 A e

|aa|=me |t |=ma Q@

< C Y DA, > 1QIYTAIT(DM A - (D™ A)g) )| e
|az|=m2 |1 |=ma

< Y ID™ A, QI Y (D™ A — (D A)g) il
|z |=m2 |t |=m
2

< CII{ X IDY9A;lla, | Ms(f)(2).
=1 \la;|=m;
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For I3, similar to the proof of Is, we get
2
H > IIDYA |5, | Ms(F)(@).
J=1 \lay|=m;

Similarly, for Iy, set s = pgs with p,q1,q2,93 > 1 and 1/q1 +1/q2 + 1/q3 = 1, we
obtain

hso L x |Q|1+w/n/ [T(D* A D2 As fi) ()| dx
laz|=m1,|az|=m2
~ ~ 1/p

< C Z QI 26/n (M/ T (Da1A1Da2A2f1)(x)‘pdx>

|t |=m1,|ag|=m2

7 ~ 1/p

< C Z |Q|—2ﬁ/n—1/p (/n DmAl(l‘)Da?Az(x)fl(x)]pdx>

‘a1|:m17|012\:m2 R

- 1 1/pgs

<Cc X e ( / |f<:v>|p%d:c>

Jt |[=m, oz |=ms Q] /Q

1/pg2

1 5 1/PQ1 1 B
R D% A ra1 g i D% A Paz 4
- (\Qr el ) (11 1o o)

2
< H( > IlDajAleﬁ) M, (f)(3).

=1 \laj|=m;

For I5, we write

TA(f2)(x) = TA(f2) (o) 2

= J (o - ) LT R, (A ) ooy

+/Rn (Bons (A3 2, ) = Ryny (A1 20,)) W (0 — y) f2(y)dy

+ /R (Bma(Azs2,y) = Riny(Asiz0,y)) w (20 — ) f2(y)dy
-z g RO

Y [Rmz (Aﬁfiyy)ﬁ — 9 (g — g — T (‘42{;;0’_3’;('?”0 ~9" k(@ — )| dy



X. Zhou, L. Liu - Boundedness for multilinear operators of multiplier...

DI AR RO

|ag|=ma
. Nas - e
| Fn A S - B 0“0
= =l 70—l
1 (.73 _ y)a1+a2 (1'0 _ y)a1+a2
i / K(z—-y)— ——K(z0 —
|C¥1|_m§a2_m2 al!OéQ! n [ ’{E — y|m ( y) |$0 — y|m ( 0 y)

x D A1 (y) D Az(y) f2(y)dy
Y+ P+ 1+ Y+ 1Y+ 1.

By Lemma 8 and the following inequality, for b € Ag(R™),

1
)~ bal < 57 /Q 611,12 — y1Pdy < b5, (|2 — zo| +d)°,

we get

R, (Ajiz,y)| < > HDaAjHM(\x_y‘JFd)mﬁﬂ_

loo|=m;

Note that |z — y| ~ |zo — y| for z € Q and y € R™\ Q, we obtain, by Lemma 2 and

3,

15|

R .
< —y) = K(@o =yl [] 1R, (4j; 2, d
< Z g K =)~ Koo y>l|x_y|m1:11|R (A )| )l dy

+z::/2k+1Q~\2kQ
00 5 1/s
c H ( > ||D%‘Aj|m) Qe ( L rf<y>18dy)

ovj|[=m; @

1
|z —y[™ |z — y\m

2
\ 1K (20— )| T] 1Ron, (A 2, 9)]1£ )]y
j=1

IA

1/s
X ([w@\gk@ |K(z —y) = K(zo —y)| dy)

o0 1/s
oAl k+1/7128/no—k s
+CH( > 1D AJHAB);Oz QR ([ 1wy

o [=m;

1/s
X (/ o [K(=o —y)\sdy>
2k+1Q\2kQ

H ( > ||DajAj||Aﬁ> |Q|Qﬁ/”2(2k(25_“) + 2k(26-1))

lovj|[=m; k=1

IN
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1 1/s
(m Lo ) dy>

< H( ) ||D%‘Aj|uﬁ) QP M, (1) ().

=1 \layj|[=m;

For I, é2), by the formula (see [5]):

_ 5 1 s
ij(Aj;x7y)_ij(Aj;x07y) = Z —!ij,M(D”Aj;x,xo)(x—y)"

[nl<m;

and Lemma 4, we get

7 < 0H< > |rDaAjuAﬁ)Zr2’f+1@Pﬁ/"
|o|=m; k=0
|z — x|
. — d
o oK = ) )l
2 0o 2/ 1/s'
<o Dl | et ([ KGa)
i mzm Lgp> 2H1Q\24Q
1/s
(g 01 )
2 00 1/s
< CII( X IID%ll4, }: e *dy
j:1 |a|:mj = 2Q|
2
< CII| X IID*4lla, | Q"M (f)(E).
J=1 \la|=m;
Similarly,

2
H ( > HDO‘AJ'HAB) QP My (f)(2).

loo|=m;

(1)

For 15(4), similar to the estimates of Iy’ and 15(2), we obtain,

<oy [

lo1|=ma

X | Ry (Aa; 2, ) | D™ A1 ()] £ (y)ldy

YUK —y)  (zo—y)" K(xo—y)

fﬂc—y’m lzg — y|™
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+C Z R \Q m2 A27 x 3/) ng ("2127 x()?y)‘
o1 [=m1

o [(x0 —y)** K(z0 — y
|zg — y|™

( > HD“AAW) Q9/m 3 (M=) gD

|oe|=m; k=0

1 . 1/s
« (m@ Lo F) dy)

> HDaAjHAﬁ> QPP M, (f)(&).

N D Ay )17 (9) g

VAN
Q
T

INA
Q
[N
—

Similarly,

2
P <cI] ( 3 HD“AJ-HN;) QI28/m M,(f)(&).

J=1 \la|=m;
For Iéﬁ), we get

(z—y)F K@ —y) (10 —y)* K (20 —y)

|z —ym lzo — y|™

o < c /|
R™\@Q

\al\—ml |z |=m2

IDO‘lAl( NID Aa(y)|1f () dy

< cH ( > |D%Ajm> QP13 (24e9-0) 4 i)
laj[=m; k=0
)
(2 G heoV de)
< f[<| - ||DajAjH/'\[3> Q1P M (f)(2).
Thus ~ ~
ITA(f2)(x) — T (f2) (z0)| < C z;m 1D A5, |QIP" My(f) (%)
and "

I; <C Y [[D*Allj, Ms(f)(Z)-

|a|=m
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We now put these estimates together, and taking the supremum over all ) such that
T € @, and using Lemma 4 and 6, we obtain

ITA() | aooe

IN

cll

2
1

( > HDajAjHA@) || M ()] e

J o [=m;

2
11 ( > HD%AJ-HAB) 1 f]]zo-

7=1 Aoy =m;

IN

This completes the proof of the theorem.
Proof of Theorem 2. By using the same argument as in proof of Theorem 1,
we obtain, for 1 < s < p,

B 2
al \TA(f)(a:)—TA(fz)(ﬂfo)\deCH( > HDafAjHAﬂ) Mas.o(1),

J=1 \|ejl=m;

thus, we get the sharp estimate of T4 as following

(T4t <c]]

2
1

( > HDajAjH/\g) Map,s(f)-

J oy |=m;

Now, using Lemma 6, we get

2
IT4()llpe < CH(TA(f))#HLqSCH( > HDajAjH/'\g) [[Map.r(F)]|2a

7=1 ey |=m

IN

2
CH( > |’DajAj\|Aﬁ) | f1lLe-

7=1 \loyl=m;

This completes the proof of the theorem.
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