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THE INTEGRAL OPERATOR ON THE SH () CLASS
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ABSTRACT. In this paper we present a convexity condition for a integral
operator F' defined in formula (2) on the class SH ().
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1. 1.INTRODUCTION

Let U = {z € C,|z| < 1} be the unit disc of the complex plane and de-
note by H (U), the class of the olomorphic functions in U. Consider A =
{feHU),f(z) =2+az*+azz*+ ...,z € U} be the class of analytic func-
tions in U and S = {f € A: f is univalent in U}.

Denote with K the class of the olomorphic functions in U with f(0) =
f'(0) — 1 =0, where is convex functions in U , defined by

Zf” (Z)
f'(2)

K:{feH(U);f(O):f’(O)—lzo,Re{ +1}>0,26U}.

In the paper (3) J. Stankiewicz and A. Wisniowska introduced the class of
univalent functions SH (f3), define by the next inequality:

Q) e
o V2

for some 3 > 0 and for all z € U.

2f' (2) -
<Re{\/§f(z) }+25(\/§ 1), (1)

!Supported by the GAR 14,/2006.



D.Breaz, N. Breaz - The integral operator on the SH (/) class

We consider the integral operator

F(z) :/Oz (flt(t)>a1 o (f”t(t)>% dt (2)

and we study your properties.

Remark. We observe that for n = 1 and a; = 1 we obtain the integral
operator of Alexander.

2.MAIN RESULTS

Theorem 1.Let a;,i € {1,...,n} the real numbers with the properties a; >
0 forie{l,..,n} and
: v
Z (87 S .
i=1 20 (\/§ - 1) +2

We suppose that the functions f; € SH () fori={1,..,n} and 8 > 0. In
this conditions the integral operator defined in (2) is convex.

(3)

Proof. We calculate for F' the derivatives of the first and second order.
From (2) we obtain:

P (AO) L (£2)”

) =Y a (fi i@)‘”‘l <zf,~’ (Zf@]; (z)) 0 ( f (Z)>aj

i=1 z

and

Q) (0, L, (B kG,

F'(z) 2f1(2) 2fn(2)
S (i) (E o

Multiply the relation (4) with z we obtain:
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ZF” (

LeliG Y edE om0

’L

The relation (5) is equivalent with

2F" (2) - 2 () ”a.
F,(Z>+1 Z ) ;zﬂ. (6)

We multiply the relation (6) with /2 and obtain:

() 21 (2)
\/§<F,<Z) ) zf A fz VB ™)

The equality (7) is equivalent with:

V2 (52 +1) = al\/_jfl((j +2mB (V2—1) + ..
—|-(Jén\/§Zf”(( + 20,0 (\/_ — 1) -
" 20,03 (\/5 —1) = V25 0 + V2.

We calculate the real part from both terms of the above equality and obtain:

V2Re (z () 4 1) = (Re{\/_z;f{((;)} +28 V2 - 1)) L
o (Re {VEA ) + 20 (vE-1)
L2083 (V2 - 1) = V2SI, s + V2.

Because f; € SH ((3) for i = {1,...,n} we apply in the above relation the
inequality (1) and obtain:

\/_Re<z (?-1—1) zf1(zz))_2ﬁ(\/§_1>’+
+au, j:())—25<\/§_1>‘_
i1 2053 (\/5—1) — V2 o+ V2

Because «; (\/_ 1)‘ > 0 for all i € {1,...,n}, obtain that

ViRe (§(<>> F1) > -0 (VE-1) - VISt VE ()
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Using the hypothesis (3) in (8) we have:

Re (ZFU () | 1) >0 9)

F' (2)
so, F' is the convex function.

V2
28(V2-1)+v2’
We suppose that the functions f € SH (3) and 3 > 0. In this conditions the

integral operator F (z) = [ (@)a dt is convez.

Corollary 2. Let a the real numbers with the properties 0 < a <

Proof. In the Theorem 1, we consider n =1, a; = a and f; = f.
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