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ABSTRACT. Two distinct isotopy-isomorphy conditions, different from
those of J. M. Osborn and Wilson’s condition, for a weak inverse property
loop(WIPL) are shown. Only one of them characterizes isotopy-isomorphy in
WIPLSs while the other is just a sufficient condition for isotopy-isomorphy. Un-
der the sufficient condition called the 7 condition, Artzy’s result that isotopic
cross inverse property loops(CIPLs) are isomorphic is proved for WIP loops.
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1.INTRODUCTION

Michael K. Kinyon [13] gave a talk on Osborn Loops and proposed the
open problem : "Is every Osborn Loop universal?” which is obviously true for
universal WIP loops and universal CIP loops. A popular isotopy-isomorphy
condition in loops is the Wilson’s identity([5]) and a loop obeying it is called a
Wilson’s loop by Goodaire and Robinson [6,5] and they proved that a loop is a
Wilson loop if and only if it is a conjugacy closed loop(CC-loop) and a WIPL.
Our aim in this work is to prove some isotopy-isomorphy conditions, different
from those of J. M. Osborn [16] and Wilson [18](i.e the loop not necessarily
a CC-loop), for a WIPL and see if the result of Artzy [2] that isotopic CIP
loops are isomorphic is true for WIP loops or some specially related WIPLs(i.e
special isotopes). But before these, we shall take few basic definitions and
concepts in loop theory which are needed here.
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Let L be a non-empty set. Define a binary operation (-)on L : Iif z-y € L
forall x,y € L, (L,-) is called a groupoid. If the system of equations ; a-x =b
and y-a = b have unique solutions for x and y respectively, then (L, -) is called
a quasigroup. Furthermore, if there exists a unique element e € L called the
identity element such that forallz € L, z-e = e-x =z, (L, -) is called a loop.
For each x € L, the elements z*, 2" € L such that z2” = e = 2*z are called
the right, left inverses of = respectively. L is called a weak inverse property
loop (WIPL) if and only if it obeys the weak inverse property (WIP);

xy -z =eimplies x -yz = e for all x,y,z € L

while L is called a cross inverse property loop (CIPL) if and only if it obeys
the cross inverse property (CIP);

xy -z’ =y forall x,y,€ L.

But if L is a quasigroup, then it is called a weak inverse property quasigroup
(WIPQ) w.r.t. a permutation § on L if and only if it obeys the identity

x - (yx)d = yo for all x,y, € L.

According to [3], the WIP is a generalization of the CIP. The latter was
introduced and studied by R. Artzy [1] and [2] while the former was introduced
by J. M. Osborn [16] who also investigated the isotopy invariance of the WIP.
Huthnance Jr. [7] did so as well and proved that the holomorph of a WIPL is
a WIPL. A loop property is called universal(or at times a loop is said to be
universal relative to a particular property) if the loop has the property and
every loop isotope of such a loop possesses such a property. A universal WIPL
is called an Osborn loop in Huthnance Jr. [7] but this is different from the
Osborn loop of Kinyon [13] and Basarab. The Osborn loops of Kinyon and
Basarab were named generalised Moufang loops or M-loops by Huthnance Jr.
[7] where he investigated the structure of their holomorphs while Basarab [4]
studied Osborn loops that are G-loops. Also, generalised Moufang loops or
M-loops of Huthnance Jr. are different from those of Basarab. After Osborn’s
study of universal WIP loops, Huthnance Jr. still considered them in his thesis
and did an elaborate study by comparing the similarities between properties
of Osborn loops(universal WIPL) and generalised Moufang loops. He was able
to draw conclusions that the latter class of loops is larger than the former class
while in a WIPL the two are the same.
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But in this present work, two distinct isotopy-isomorphy conditions, dif-
ferent from that of Osborn [16] and Wilson [18], for a weak inverse property
loop(WIPL) are shown. Only one of them characterizes isotopy-isomorphy
in WIPLs while the other is just a sufficient condition for isotopy-isomorphy.
Under the sufficient condition called the 7 condition, Artzy [2] result that
isotopic cross inverse property loops(CIPLs) are isomorphic is proved for WIP
loops.

2.PRELIMINARIES

Definition 1. Let (L,-) and (G,0) be two distinct loops. The triple a =
(U,V,W):(L,-) = (G,o) such that U V,W : L — G are bijections is called a
loop isotopism < zU oyV = (x-y)W ¥V x,y € L. Hence, L and G are said
to be isotopic whence, G is an isotope of L.

Definition 2. Let L be a loop. A mapping o € S(L)(where S(L) is the group
of all bijections on L) which obeys the identity x¥ = [(za)P]a is called a weak
right inverse permutation. Their set is represented by S,(L).

Similarly, if o obeys the identity x* = [(xa)Na it is called a weak left
inverse permutation. Their set is represented by Sy(L).

If o satisfies both, it is called a weak inverse permutation. Their set is
represented by S’(L).

It can be shown that o € S(L) is a weak right inverse if and only if it is a
weak left inverse permutation. So, S'(L) = S,(L) = S\(L).

Remark 1. Every permutation of order 2 that preserves the right(left) inverse
of each element in a loop is a weak right (left) inverse permutation.

Example 1. If L is an extra loop, the left and right inner mappings L(x,y)
and R(z,y) ¥ x,y € L are automorphisms of orders 2 ([14]). Hence, they are
weak inverse permutations by Remark 1.

Throughout, we shall employ the use of the bijections; J, : x — x°,
Jy : x+— 2" L, : y— 2y and R, : y > yx for a loop and the bijections;
J, v af J. .z aN, Ly xyand R, : y s ya for its loop
isotope. If the identity element of a loop is e then that of the isotope shall be
denoted by €.
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Lemma 1. In a loop, the set of weak inverse permutations that commute form
an abelian group.

Remark 2. Applying Lemma 1 to extra loops and considering Example 1, it
will be observed that in an extra loop L, the Boolean groups Inny(L), Inn, <
S'(L). Innx(L) and Inn,(L) are the left and right inner mapping groups re-
spectively. They have been investigated in [15] and [14]. This deductions can’t
be drawn for CC-loops despite the fact that the left (right) inner mappings
commute and are automorphisms. And this is as a result of the fact that the
left(right) inner mappings are not of exponent 2.

Definition 3. (7 -condition)

Let (G,-) and (H, o) be two distinct loops that are isotopic under the triple
(A, B,C). (G,-) obeys the T, condition if and only if A = B. (G,-) obeys
the Ty condition if and only if J, = C~'J,B = A"'J,C. (G,-) obeys the Ts
condition if and only if J, = C~'J,A = B7'J,C. So, (G,-) obeys the T
condition if and only if it obey Ty and 75 conditions or T; and T3 conditions
since Ty = T5.

It must here by be noted that the 7-conditions refer to a pair of isotopic
loops at a time. This statement might be omitted at times. That is whenever

we say a loop (G, -) has the 7-condition, then this is relative to some isotope
(Hv o) of (Gv )

Lemma 2. ([17]) Let L be a loop. The following are equivalent.
1. L is a WIPL
2. y(xy) =2 VY x,y € L.
3. (zy)zr =y Va,yeL.
Lemma 3. Let L be a loop. The following are equivalent.
1. L is a WIPL
2. R,J,L,=J,¥y€L.
3. LyJ\R, = J\V x€L.
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3.MAIN RESULTS

Theorem 1. Let (G, +) and (H, o) be two distinct loops that are isotopic under
the triple (A, B, ().

1. If the pair of (G,-) and (H,o) obey the T condition, then (G,-) is a
WIPL if and only if (H,o) is a WIPL.

2. If(G,-) and (H, o) are WIPLs, then J\R,J,B = CJ\R, 4J;, and J,L,J\A
CJ L,gJ\ forallz € G.

T

Proof

1. (A4,B,C) : G — H is an isotopism < zAoyB = (v - y)C & yBL, , =

L,=BL. ,C". (1)

Also, (A, B,C) : G — H isanisotopism < AR, = vR,C & AR, 5 =
R,C & Rp=A"R,C%&
Ry - AR/BC_I. (2)

Y

Applying (1) and (2) to Lemma 3 separately, we have :

R,J,L,=J,, L,J\R,=J\= (AR, ;C "J,(BL,,C™") = J,
(BLL,CYI\N(AR,zC™Y) = Jy & AR, z,(C~'J,B)L. ,C' = ],
BL (CT'JZAR z,C = J\ &

L p(CTVI,B)L,, = AN J,C L (CT AR, = B (3)

Let J, = c'J,B=A"150C,J =C A= B'J,C. Then, from
(3) and by Lemma 3, H is a WIPL if B = 2A and J, = C~'J,B =
A1J,C or tA = 2B and J, = C'J\A = B'J,C & B = A and
J,=C"'J,B=A"J,Cor A= Band J, =C')A=B")C &
A= Band J, = c1'J,B=A"1Cor J, =C"1'A=B1J,C. This
completes the proof of the forward part. To prove the converse, carry out
the same procedure, assuming the 7 condition and the fact that (H,o)
is a WIPL.
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2. If (H, o) is a WIPL, then
R =T, YyeH (4)

while since G is a WIPL,
R,J,L,=J,VxeG. (5)

The fact that G and H are isotopic implies that

L,=BL,,C'VzeGand (6)
R,=AR ,C'Vzed. (7)
From (4),
R, =J L' J\VyeHand (8)
L,=J\R,'J)¥VyeH (9)
while from (5),
R, =J,L;'J\V 2 € G and (10)
L,=JR'J,Vzeq. (11)

So, using (9) and (11) in (6) we get
J\RyJ,B = CJ\R.,J, ¥ 2 €G (12)
while using (8) and (10) in (7) we get

JoLe A= CJ LI\ ¥z €G. (13)

xT

Remark 3. In Theorem 1, a loop is a universal WIPL under the T condition.
But the converse of this is not true. This can be deduced from a counter
example.

Counter Example Let G = {0,1,2,3,4,}. From the Table 1, (G,-) is a
WIPL.
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- Jofi[2]3[4)]

0[011]2[3]|4

1(1{3]0(4]|2

2121014113

313141210

4141213]0]1

Table 1: A commutative weak inverse property loop

Let

012 3 4 012 3 4
A:(l 30 4 2) ‘mdB:<2 041 3)
Then, (A, B,I) is an isotopism from (G,-) to itself. But A # B so the T
condition does not hold for (G,-).

We can go ahead to prove a generalization of the first part of Theorem 1 by
establishing that:

Theorem 2. If (G,-) and (H,o) are two distinct quasigroups that are isotopic
under the triple (A, B, C) and the pair of (G, ) and (H, o) obey the T condition,
then (G,-) is a WIPQ if and only if (H,o) is a WIPQ.

Proof
The proof is very similar to the proof of Theorem 1 by taking the advantage of
the fact that we did not use the identity elements in the proof and by simply
re-defining the 7 condition as follows:

Let (G,-) and (H,o) be two distinct quasigroups with bijective mapping
91 and dy respectively. Let them be isotopic under the triple (A, B,C). (G, )
obeys the 7; condition if and only if A = B. (G,-) obeys the 75 condition if
and only if 6 = C715,B = A715,C. So, (G,-) obeys the 7 condition if and
only if it obey 77 and 75 conditions.

Example 2. In Vasantha Kandasamy [19], the author gave a new method of
construction of loops as follows.

Let L,(m) = {e,1,2,--- ,n} be a set where n > 3, n is odd and m is a
positive integer such that (m,n) =1 and (m — 1,n) = 1 with m < n. Define
on L,(m) a binary operation e as follows:

e cej=jec=i foralli€ L,(m);
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(ole[1[2[3[4[5]6]7]
elle|l1]2|3/4|5]6]|7
11|e|d4]7[3/6|2]|5
2126 |e|5[1]4]7|3
31134 (7]e|6]2|5]1
4141251 |e|7]|3]6
505|736 [2]e|l1]4
6165|1473 ]e|?2
7713|6251 |4]e
Table 2: A weak inverse property loop
(olle[1[2[3[4[5[6]7]
el|7le|2[3]6|14]5
117|514 |2|e|6]3
21316 |7|2[1]4]5]|e
3141 |e|T7|5]6]3]|2
41621 |5|7|3]|el|4
5154 (6]e|3]T7|2]1
612|341 |e|b|T7]|6
Tlel|b|3]64]2|1]|7

Table 3: A weak inverse property quasigroup

o i>=jei=c forallie L,(m);
e jeoj =t wheret=(mj— (m—1)i) (mod n)

for alli,j € L,(m); i # j, i # e and j # e, then (L,(m),e) is a loop. She
further established that (L,(m),e) is a WIPL if and only if (m* —m +1) =
0 mod n. Thus, the loop (L(3),®) where L7(3) = {e,1,2,3,4,5,6,7} is a
WIPL. The multiplication table is given by Table 2.

Consider the quasigroup (L7(3),0) whose multiplication table is given by Ta-
ble 3.
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- Joft]2[3[4][5]6[7[8[9]10]11]
00123 |4]5]6]7|8]9]10]1
1 [ 1045237610118 |09
2 2[5 04|31 8 11,6109 7
35 3[4 (5 0|12 910|116 78
143125010978 11]6
552 (310411897610
6 6|8 |7 11|90 021|453
7 7106|9118 140|235
S| 8|6 910|711 2|05 3|14
9 [ 9[11[8 |7 |10]6 3|5 41|20
10107 118 69| 413|502
11119106 8|75 320 4]1

Table 4: A weak inverse property loop
(L7(3),0) is a WIPQ w.r.t. the permutation dy = < ? g Z; g S

e 1 7
6 2 4 )
Let

e 1 2 3 45 67 e 1 2 3 45 67
A_B_(47626135)a”dc_(74616253)'
Then, the triple a = (A, B,C') is an isotopism from (Lz(3), ) onto (L7(3),0)
under the T condition.

Example 3. Consider the WIPL (G,-), G = {0,1,2,3,4,5,6,7,8,9,10,11}
whose multiplication table is given by Table 4.

Consider the quasigroup (G, o) whose multiplication table is given by Table 5.

(G,0) is a WIPQ w.r.t. the permutation

5 — 012 3 4
2=\o12 35

= Ot
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lofof[1[2]3]4]5]6|7[8]9]10]11]
O| 8107|4119 |3]0]|5|1]2]|6
1111 (8|3 |6 |5|4]|2[10]9|0]7
2011082746 5] 103119
3163|111 |7]0[10,9|2|4]|5]38
4 | 71416108215 |3]0]9 11
5136 |5 (11|18 |2 |4,9|10]7]0
6119|5402 18|67 |11]3]10
7101211195468 11| 7]10] 3
81219350107 11,6 |8|1]14
950102 ]9 |3 |11 7|86 4]1
017,063 |11]9]10,4]2]|8]|5
14|11, 9 8|10, 703 |1]5]6]|2
Table 5: A weak inverse property quasigroup
01234567 8 9 10 11
Let A=B = < 76 5 4210311 9 10 8 )
and C 01 2 5 6 7 8 9 10 11 )
8 6 4 209 37 10 11
Then, the triple « = (A, B,C) is an isotopism from (G,-) onto (G,o) under

the T condition.

Remark 4. Example 2 and Example 3 are examples that illustrate Theorem 2.
In these examples, it will be observed that the co-domains (Lz(3),0) and (G,-)
are WIPQs and not WIPLs. These are okay by Theorem 2. But, it must
be mentioned that the choice of the mappings A = B and 6y determines if
the co-domain is a quasigroup or loop. The examples were gotten by manual
construction. The construction to get a co-domain that is not just a WIP(Q but
a WIPL(to illustrate the result in the the first part of Theorem 1) lies a lot on a
systematic choice of A = B and 6o which we think will be easier to do with the
use of some non-associative soft ware packages(e.g. LOOPS). Nevertheless,
there is no harm in getting a WIPQ as the co-domain since WIPQs are good
for cryptography. More WIPQs can thus be constructed by applying Theorem 2
to some non-commutative non-Moufang WIPLs constructed in Johnson and
Sharma [8].

28



T. G. Jaiyéola, J. O. Adéniran - Weak Inverse Property Loops and Some ...

Given a loop (L,0), a loop (L,0*) is called the opposite parastrophe(one
of the five parastrophes) of (L,0) if and only if x0y = y0*x for all x,y €
L. It is easy to show that (L,0) is a WIPL(or CIPL or IPL) if and only if
(L,0%) is a WIPL(or CIPL or IPL). Thus, (L,0) and (L, 8*) are anti-isotopic.
The anti-isotopism could be said to have the T condition when (L,0) is an
IPL(inverse property loop) but will only have the T condition when (L, 0) is a
WIPL(or CIPL) provided the left and right inverse permutation mappings in
(L, 0) coincide.

Theorem 3. Let (G,-) be a WIPL with identity element e and (H,o) be an
arbitrary loop isotope of (G,-) with identity element € under the triple a =

(A, B,C). If (H,0) is a WIPL then

c
1. (G,") = (H,o) & (J,LyJ\, J\RyJ,, I) € AUT(G, ) where a = ¢’ A~ b=
¢'B~'. Hence, (J\RyJ,, J,LyJ\, RyLy) € AUT(G,-). Furthermore, if
(G, ) is a loop of exponent 2 then, (R, Ly, R.Ly) € AUT(G,-).

c
2. (G,") = (H,o) & (J,LyJy\, \R,,J,, I) € AUT(H,0) where a' = eA, b =
eB. Hence, (J\R., J/’),J,’)LQ,J/’\,R;,LZ/) € AUT(H,o). Furthermore, if

(H,0) is a loop of exponent 2 then, (R.,, L;,, R, L;,) € AUT(H,-).

c
3. (G,) = (H,o0) & (Lb,Ra,[) € AUT(G,), a = A7 b = ¢B™! pro-
vided (v - y)? = 2? - y* or (x-y)) =2*-y” V 2,y € G. Hence, (G,-) and
(H, o) are isomorphic CIP loops while R,Ly, = I, ba = e.

c
4. (G,") ¥ (H,o) & (L;,, R.,, ) € AUT(H o), d = eA,b = eB provided
(x oy)p,—x” oy or(xoy)N =N oy’ Va,ye H. Hence (G,-) and
(H,o) are isomorphic CIP loops whzle R,L, =1 Vd =

Proof
Consider the second part of Theorem 1.

1. Let y = A in (12) and replace y by €’. Then J\Ry4-1J,B=C = C =
JzR.J,B = B = JyR;'J,C. Let y = zB in (13) and replace y by €.
Then J,Lop-1,A=C = C = J,LL A= A= J,L;'J,C. So, a =
(A, B,C) = (J,L; ' \C, \R;1J,C,C) = (J,L; ' Jn, IZNR; 1, 1) (C, C, C).

C
Thus, (J,LyJy, J\RaJ,, 1) € AUT(G,-) & (G,-) = (H, o).
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Using the results on autotopisms of WIP loops in [Lemma 1,[16]],

(J)\Ra(]p, I, Lb), (I, JprJ)\, Ra) = (JARGJP, JprJA, RaLb) € AUT(G, )
The further conclusion follows by breaking this.

2. This is similar to (1.) above but we only need to replace x by e in (12)
and (13).

3. This is achieved by simply breaking the autotopism in (1.) and using
the fact that a WIPL with the AIP is a CIPL.

4. Do what was done in (3.) to (2.).

Corollary 1. Let (G, -) and (H,o) be two distinct loops that are isotopic under
the triple (A, B,C). If G is a WIPL with the T condition, then H is a WIPL

1. there exists a, 3 € S'(G) i.e o and B are weak inverse permutations and
2. Jy=Jy & J,=Jy

Proof
By Theorem 1, A = B and J, = CtJ,B=A"1'Cor J = C LA =
Bilj)\c.

1. c'yB=A4"%4C<% JB=CA'C & J = CA'YCB! =
CA'J,CA™' = aJ,a where « = CA™! € S(G,-).

2. C_IJ)\A = B_IJ)\C s LA = CB_IJ)\C & Jy = CB_IJ)\CA_I =
CB-LI,\CB~! = 3,8 where 3 = CB~ € S(G,-).

3.0 = OB, J, = CULA. J, = J, & C LB = CUHA =
C_1JAB<:> Iy = Jp.

Lemma 4. Let (G,-) be a WIPL with the T condition and isotopic to another
loop (H,o). (H,o) is a WIPL and G has a weak inverse permutation.

Proof
From the proof of Corollary 1, a = 3, hence the conclusion.
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Theorem 4. With the T condition, isotopic WIP loops are isomorphic.

Proof
From Lemma 4, a = I is a weak inverse permutation. In the proof of Corol-
lary 1, a = CA™' =T = A= C. Already, A = B, hence (G,-) = (H, o).

Remark 5. Theorem 3 and Theorem 4 describes isotopic WIP loops that are
isomorphic by

1. an autotopism in either the domain loop or the co-domain loop and

2. the T condition(for a special case).

These two conditions are completely different from that shown in [Lemma 2,[16]]
and [Theorem 4,[18]]. Furthermore, it can be concluded from Theorem 3 that
1sotopic CIP loops are not the only isotopic WIP loops that are isomorphic as
earlier shown in [Theorem 1,[2]]. In fact, isotopic CIP loops need not satisfy
Theorem 4 (i.e the T condition) to be isomorphic.

4.CONCLUSION AND FUTURE STUDY

Karkliniish and Karklin [9] introduced m-inverse loops i.e loops that obey
any of the equivalent conditions

(zy) J)" - =y and  aJH (yx) Y = yJy

They are generalizations of WIPLs and CIPLs, which corresponds to m = —1
and m = 0 respectively. After the study of m-loops by Keedwell and Shcherba-
cov [10], they have also generalized them to quasigroups called (r, s, t)-inverse
quasigroups in [11] and [12]. Tt will be interesting to study the universality
of m-inverse loops and (r, s, t)-inverse quasigroups. These will generalize the
works of J. M. Osborn and R. Artzy on universal WIPLs and CIPLs respec-
tively.
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