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SOME SUBCLASS OF ANALYTIC FUNCTIONS

FirAS GHANIM AND MASLINA DARUS

ABSTRACT. In this paper we introduce a new class M*(«, 3,7, A, A) con-
sisting analytic and univalent functions with negative coefficients. The object
of the paper is to show some properties for the class M*(a, 3,7, A, A).
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1. INTRODUCTION

Let S denote the class of normalised analytic univalent function f defined by
f(z)=2z+ Z an 2" (1)
n=2

forze D={z:]z| < 1}.
Let T denote the subclass of S consisting functions of the form

f(z) =z — f: a2 2)

Further, we define the class M («, 5,7, A, A) as follows:
Definition. A function f given by (1.1) is said to be a member of the class
M(a, 8,7, A, \) if it satisfies
2f'(z) — f(z)
azf'(z) = Af(z) = (1 =A) (1 = A)vf(2)

where 0 <a<1,00<<1), -1<A<1,0<A<1and 0 <y <1 forall
z€D.
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Let us write
M*(a, 8,7, A,N) =Tn0 M(a, 3,7, A, \). (3)

We note that when A = —1 and \ = % the class of functions was studied by

Darus [5]. Under the same condition, if we replace Z}cég) with f'(z) we get

back to the class of L*(«) and various other subclasses of L* which have been
studied rather extensively by Kim and Lee [4], Uralegaddi and Sarangi [1], and
Al-Amiri [2]. If A =0, =1 and A = —1 the class of functions was given by
Silverman [3].

Next, our first result will concentrate on the coefficient estimate for the classes
M(a, 8,7, A, \) and M*(«, 3,7, A, \).

2.COEFFICIENT INEQUALITIES

In this section we will prove a sufficient condition for a function analytic in D
to be in M(«, 3,7, A, A).

Theorem 1. If f € S satisfies

S (1= 1+ B(na— A= (1—X) (1 - 4)7))|ag| <

n=2

Bla—A—-(1-XN(1-4)) (4)
where 0 < a<1,0< <1, -1<A<L,0< A< 1Tand 0 < v <1, then

f(z) € M(a,3,7,A,]).
Proof. Let us suppose that

i m—14+0na—A—(1-=X)(1—-A)7))|al

<Bla-A-(1-N(1-A)7y)eS.

It suffices to show that

2 ()_1

f(z)
7 <D, €D). 5
FTA-q-na-ay " Y @
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')
f(2)
Q) —A—(1-X)(1-A)y
> (n—1)a,z"
n=2

3, (1= 1)a
< —— :
0= A= (1=N) (1= A)y = 5 (= A= (1= 0 (1= 4)7) oo

from (5), the last expression satisfies

S (n— 1) |a]

n=2

<o(a=A--N-a)7- X A- 0= 0- )

that is

o0

> (=148 na—A— (1= (1-A4)7))la

n=2

<SPla-A-(1-A)(1-4))

which is equivalent to our condition of the theorem.
So that f € M(«a, 3,7, A, ). Hence the theorem.

Next we give a necessary and sufficient condition for a function f € T to be

in the class M*(a, 3,7, A, A).

Theorem 2. Let the function f be defined by (2) and let f € T. Then
fe M («a,B,v,AN). If and only if (4) is satisfied. The result (4) is sharp.
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Proof. With the aid of Theorem 1, it suffices to show the (only if) part.
Assume that f € M*(«, 3,7, A, ). Then

S
: f(z)
QL —A—(1-X)(1-A4)y
> (n—1)a,z"
_ n=2
a—A—(1-N1-A7—3 (na—A— (1= (1 — A)7) anzn
n=2
> (n—1) a|
< n=2 —
a—A-(1-N(1-A4)y= 3 (na—=A—(1=X)(1-A4)7)]anl

n=1

Similarly, the method in Theorem 1 applies and obtained the required result.
The result is sharp for function f of the form
fla-A-(1-N(1A-A4)y)="
() =2 — , >2. (6
) = T Ba— A= 1= N (1= A7) " (©)
Corollary 1. Let the function f be defined by (2) and let f € M*(«a, 3,7, A, ),
then

fla-—A-(1-N1-4))

m—14+0Fna—(1=X)(1-A)7)) n=2. (7)

ay <
3. GROWTH AND DISTORTION THEOREM

Growth and distortion properties for functions f in the class M*(a, 3,7, A, A)
are given as follows:

Theorem 3. If the function f be defined by (4) is in the class M*(«, 3,7, A, A),
then for 0 < |z| =r < 1, we have
Bla—A—(1-X1A-A)7y)r?

T+ BGa— A= (- N (- A =@
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Bla—A-(1-N(1-A4)y)r

ST U BRa—A— (1 -N(1-A)7)

with equality for

L Bla-A-a-N-4y= L
L T e VI M

and

(1+6Q2a-—A-(1-N)(1-A4)y) "

28a—A—-—(1-N1A=-A)y)r
S s A-a-Na-4))

with equality for

L Bla—A—(-N(-A)y o
) = A i Ba— A L= N A= A7) (2 = ir, £r).

Proof. Since f € M*(«, 3,7, A, \), Theorem 1 yields the inequality

3 Bla—A=(1-N(1-4)7
2 S T e A (- N - A7) (8)

Thus, for 0 < |z| = r < 1, and making use of (8), we have

FR)] <zl + D an |z <r+17> ay

n=2 n=2

rBla-—A-(1-N)(1-4))
I+52a-A-1-N(1—-4)7)

<r+4

and

If(2)] > |z|+Zan|z”| Zr—i—rQZan

n=2 n=2

rBla-A-(1-N)(1-4))

ST U a—A-(1-N(A-A)7)
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Besides, from Theorem 1, it follow that

00 Qﬁ(a—A—(l—A)<1_A)7)
nz::znanﬁ(l_l_ﬁ(Qa_A—(l—)\)(l—A)V))' ©)
Thus
|f’(2’)| < 1+inan‘z”—1‘ <
%0 2rf(a—A—(1-X)(1-A)7)
1—|—7“nz::2nan§ 1+ 1+B82a—A—(1-N(1-A4)7)
and

I (z)]>1— inan‘znfl‘ >

n=2

2rfla—A—(1-XN)(1—-A4)7)
(1+82a-A-(1-XN)(1-4)7)

l—anan21—
n=2

Hence completes the proof of Theorem 3.

4.RADII OF STARLIKENESS AND CONVEXITY

The radii of starlikeness and convex for the class M*(«, 3,7, A, \) is given by
the following theorem:

Theorem 4. If the function f be defined by (2) is in the class M*(«, 3,7, A, A),
then f(z) is starlike of order p(0 < p < 1) in the disk |z| < ri(a, 8,7, A, X, p)
where m(a, 8,7, A, \, p) is the largest value for which

r = T1<Oé,/6,/7,/4,)\,p)

:mf((1—p>[<n—1>+ﬁ<na—A—<1_A><1_A>v>1>n“
n>2 (n—p)ﬁ(a—A_(l_A)(l_A>7) .
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The result is sharp for function f,(z) given by (6).
Proof. 1t suffices to show that

2f'(2)

e

<1-—p, for |z] <.

We have

N
) 4

Xy BlamA-(1-)(A-A))["!
g 2 (0= D) e e AN (A7)

~ R Bla—A-(N- A
1= 2 GiBta—A-(-N(1-A7)

Hence (10) holds true if

i (n—1)Ba-A-(1-XN1-A)7) """
m=14+pna—A—-(1-X)(1-A4)79))

n=2

(1o LA Ao N0 - Al
<(1-p) (1 Z(n—1+ﬁ(na—A—(1_)\)(1_Aw))>

and it follows that -
1=p)[(n—1)+BMna—A—=(1=X)(1-A)y)] (n>2).

2" < n—pBla—A—(1-N(1-4)y = 7%

as required.

Theorem 5. If the function f defined by (2) is in the class M*(a, 3,7, A, ),
then f is convex of order p(0 < p < 1), in the disk |z| < ro(«, 3,7, A, p), where
rola, 8,7, A, N, p), is the largest value for which

1
<(1—/)) [(n—1)+B(na—A—-(1-1) (1—A)’Y)]>“
nn—p)fla—A-(1-X2)(1-A4)7) '
The result is sharp for function f,(z) given by (6).
Proof. By using the same techniques as in the proof of the Theorem 4, we can
show that

T = TQ(aaﬁvvaap) = inf

n>2

z //(Z)
f'(2)

with the aid of Theorem 1. Thus we have the assertion of Theorem 5.

<p—1 for |z| <y,
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5.CONVEX LINEAR COMBINATIONS

Our next result involves a linear combination of function of the type (6).

Theorem 5.1. Let

fi==z (11)
and

 Bla—A—(-N(-Ay )
T = T e AN (- Ay 2P0

Then f € M*(c, 3,7, A, \) if and only if it can be expressed in the form
f(z) =2 dufal2) (13)
n=1

Where 9,, > 0 and %o: 0, = 1.

n=1

Proof. From (11), (12) and (13), it is easy to see that

= - < Bla—A—(1-=N(1—A)7)8,2"
f@y_gyaud—z—iim_1+5ma_A_u—AM1—m7»

n=2

(14)

Since

i(n—1+ﬁ(n&—A—(1—>\)(1—A)7))
n=2 fla-—A-(1=21-4)7)

fla-A-(1=-N{A=-A4)7)
(n—1+Bna—A—(1-X)(1-A4)7)

=> 6, =1-0 <1
n=1

It follows from Theorem 1 that the function f € M*(a, 3,7, A, A). Since

Bla—A—(1-X(1-4)y)
(n—l—i-ﬁ(n&—A—(1_)\)(1_14)7))7 (TLZQ)

ay <
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Setting

m—1+pnha—A—(1-XN)(1-A4)7))

T A (1N (- A)7)

ay, (n>2)

and

51:1_2511
n=2

it follows that f(z) = % On fn(2). This completes the proof of the theorem.
n=2

Finally we prove the following:

Theorem 5.2.The class M*(«, 3,7, A, \) is closed under convez linear com-

binations.
Proof. Suppose that the functions fi(z) and f(z) defined by

2)=z2-Y a,;2", (j=1,2;z€D)

are in the class M*(a, 3,7, A, A) . Setting

f(z) = pfi(z) + (1 = p) fa(2), 0<u<l
we find from (15) that

f(z):z—i{uam—i—(l—u)an,g}z", (0<u<l;zeD).

n=1
In view of Theorem 1, we have

o0

dn—14+8Mna—A—(1-X)1—A)7) {pans + (1 — p) ans}]

n=2

S 14 B(na— A— (1— ) (1— A)7)an

n=2

o0

Z m—14+0na—A—(1-=X)(1—-A)7)]ans2

n=2
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<puBla—A-(1-N1-A4)7)+1Q-ppla-A-1-N)(1-A)7)

—Bla—A—(1-X)(1—A)7).
which shows that f € M*(«, 3,7, A, \). Hence the theorem.
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