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ABSTRACT. The aim of this paper is to establish and prove a unique com-
mon fixed point theorem for two pairs of subcompatible single and set-valued
D-maps satisfying an implicit relation. This result improves and extends es-
pecially the result of [1] and references therein.
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1. INTRODUCTION AND PRELIMINARIES

Throughout this paper, (X, d) denotes a metric space and B(X) is the set of
all nonempty bounded subsets of X. For all A, B in B(X), we define

d(A, B) = sup{d(a,b) :a € A,b € B}.
If A= {a}, we write (A, B) = d(a,B). Also, if B = {b}, it yields that
d(A, B) =d(a,b).
From the definition of 6(A, B), for all A, B, C'in B(X) it follows that

(A, B) = §(B, A) > 0,

d(A, A) = diamA,

5(A, B) < 5(A,C) +6(C, B),
5(A,B) =04 A= B = {a}.
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Definition 1.1. [3] A sequence {A,} of nonempty subsets of X is said to be
convergent to a subset A of X if:
(i) each point a in A is the limit of a convergent sequence {a,}, where a, is
in A, for n € N,
(ii) for arbitrary € > 0, there exists an integer m such that A, C Ac for n > m,
where A, denotes the set of all points x in X for which there exists a point a
in A, depending on x, such that d(x,a) < €. A is then said to be the limit of
the sequence {A,}.

Lemma 1.1. [3] If {A,} and {B,} are sequences in B(X) converging to
A and B in B(X), respectively, then the sequence {6(A,, B,)} converges to
d(A, B).

Lemma 1.2. [4] Let {A,} be a sequence in B(X) and y be a point in X
such that 6(A,,y) — 0. Then the sequence {A,} converges to the set {y} in
B(X).

To generalize commuting and weakly commuting maps, Jungck introduced
the concept of compatible maps as follows:

Definition 1.2. [5] Self-maps f and g of a metric space X are said to be
compatible if

lim d(fgzn, gfz,) =0

whenever {x,} is a sequence in X such that

lim fx, = nhrglo g, =t.

n—oo
for some t € X.

Further, Jungck et al. gave another generalization of weakly commuting
maps by introducing the concept of compatible maps of type (A).

Definition 1.3. [7] Self-maps f and g of a metric space X are said to be
compatible of type (A) if

Jim d(fgzn, g*2a) =0
and

Tim d(gfra, f4) = 0
whenever {x,} is a sequence in X such that

lim fz, = lim gz, =t.

n—oo n—oo
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for some t € X.

Extending type (A) maps, Pathak et al. introduced the notion of compat-
ible maps of type (B).

Definition 1.4. [10] Self-maps f and g of a metric space X are said to be
compatible of type (B) if

Jim d(Fgn,g%n) < 5 | lim d(Fgan, f1) + lim d(ft, £,

<1
2
and )
limy d(gfan, [*en) < 5 [T}iggo d(gfrn, gt) + lim d<9t,92xn)}

n—oo

whenever {x,} is a sequence in X such that

lim fx, = hm gr, =t.

n—oo

for some t € X.

In 1998, Pathak et al. added a new extension of compatibility of type (A)
by introducing the concept of compatibility of type (C).

Definition 1.5. [9] Self-maps f and g of a metric space X are said to be
compatible of type (C) if
1
i d(fgun, g*2n) < 3 [nliggo d(fgwn, ft) + lim d(ft, f2w,) + lim d(ft,gzrrn)}

and

lim d(gfan, f2r,) <

n—o0

Aim d(gfz,, gt) + lim d(gt, g*x,) + lim. d(gt,fon)]
whenever {x,} is a sequence in X such that

lim fx, = lim gx, =t

n—oo

for some t € X.

Afterwards, Jungck generalized all of the above notions by giving the con-
cept of weak compatibility.

Definition 1.6. [6] Self-maps f and g of a metric space X are called
weakly compatible if ft = gt, t € X implies fgt = gft.
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Obviously, compatible maps and compatible maps of type (A) (resp. (B),
(C)) are weakly compatible, however, there exist weakly compatible maps
which are neither compatible nor compatible of type (A) (resp. type (B), (C))
(see [1]).

To extend the weak compatibility of single valued maps to the setting
of single and set-valued maps, the same author with Rhoades gave the next
generalization:

Definition 1.7. [8] Maps f: X — X and F : X — B(X) are subcompat-
ible if
{te X/Ft={ft}} C{te X/Fft= fFt}.

Recently in 2003, Djoudi and Khemis introduced the following definition:

Definition 1.8. [2] Maps f: X — X and F : X — B(X) are said to be
D-maps if there exists a sequence {x,} in X such that for some t € X

Jingo fr, =1
and
lim Fz, = {t}.
Example 1.1.

(1) Let X = [0, 00) with the usual metric d. Define f: X — X and F: X —
B(X) as follows:
fr=x
and
Fz =10, 2z
for x € X.
Let x,, = % forn e N* ={1,2,...}. Then,

lim fzr, = lim z, =0

n—oo n—o0

and
lim Fa, = lim [0, 22,] = {0}.

n—oo

Therefore f and F' are D-maps.
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(2) Endow X = [0, 00) with the usual metric d and define
fr=x+2

and
Fz =10,z

for every x € X. Suppose there exists a sequence {x,} in X such that fz, —t
and y,, — t for some t € X, with y, € Fx, = [0,2,]. Then,

lim x, =t—2

n—oo

and 0 <t <t — 2 which is impossible.

Let Ry be the set of all non-negative real numbers and G be the set of all
continuous functions G : R} — R satisfying the conditions:
(G1) : G is nondecreasing in variables t5 and tg,
(G2) : there exists 6 € (1,00), such that for every u, v > 0 with
(Go) : G(u,v,u,v,u+v,0) >0 or
(Gy) : G(u,v,v,u,0,u+v) >0
we have u > Gv.
(G3) : G(u,u,0,0,u,u) <0V u>D0.
In his paper [1], Djoudi established the following result:
Theorem 1.1. Let f, g, h and k be maps from a complete metric space
X into itself having the following conditions:
i) f, g are surjective,

(
(1) the pairs of maps f, h as well as g, k are weakly compatible,
(i) the inequality

G(d(fz, gy), d(hx, ky), d(fz, hx),d(gy, ky), d(fz, ky), d(gy, hx)) = 0
forall x, y € X, where G € G. Then f, g, h and k have a unique common
fixed point.

Our aim here is to extend the above result to the setting of single and
set-valued maps in a metric space by deleting some conditions required on G.
Also, we give a generalization of our result.
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2. IMPLICIT RELATIONS

Let Ry and let ® be the set of all continuous functions ¢ : R} — R satisfying
the conditions
(1) : for every u, v > 0 with
(va) = o(u,v,u,v,0,u+v) >
(pp) = p(u,v,v,u,u+v,0) >
we have u < wv.
(p2) : p(u,u,0,0,u,u) <0V u>D0.

0 or
0

Example 2.1.

Q(t1,ta, b3, ta, s, tg) = t1 — kmax{ts, t3, 4, 5(t5 + tg)}, where k > 1.

(p1) : Let w > 0 and v > 0, suppose that v > v, then p(u,v,u,v,0,u +v) =
o(u,v,v,u,u+v,0) = u — ku > 0, which implies that v > ku > u which is a
contradiction, then u < v. For u = 0, we have u < v.

(p2) = o(u,u,0,0,u,u) =u(l —k) <0V u>0.

Example 2.2.

Oty ty, ts, by, ts, te) = t5 — ¢y max{th, t5 th} — cot? 'tg — cststh ', where ¢; > 1,
co, c3 > 0 and p is an integer such that p > 2.

(p1) : Let w > 0 and v > 0, suppose that v > v, then p(u,v,u,v,0,u +v) =
o(u, v, v, u,u+v,0) = uP — cyuP > 0, which implies that u? > c;uP > w? which
is a contradiction, then u < v. For u = 0, we have u < v.

(p2) = o(u,u,0,0,u,u) =uP(l —c; —cg—c3) <0V u>0.

Example 2.3.

o(t1,ta, t3, b4, 5, t6) = t1 — amax{ty, t3, t4, by/t3ts}, where a > 1 and 0 < b < 1.
(p1) : Let w > 0 and v > 0, suppose that v > v, then p(u,v,u,v,0,u +v) =
o(u,v,v,u,u +v,0) = u(l —a) > 0 impossible, then u < v. For u = 0, we
have uv < wv.

(p2) = o(u,u,0,0,u,u) =u(l —a) <0V u>0.

3.MAIN RESULTS

Theorem 3.1. Let f, g be self-maps of a metric space (X,d) and let F,
G : X — B(X) be two set-valued maps satisfying the conditions
(1) FX CgX and GX C fX,

(2)p(0(Fz,Gy),d(fr,gy),d(fx, Fz),0(gy, Gy),é(fr,Gy),d(gy, Fz)) > 0
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for all x, y in X, where ¢ € ®. If either
(3) f and F are subcompatible D-maps; g and G are subcompatible and FX
1s closed, or

(3") g and G are subcompatible D-maps; f and F' are subcompatible and GX
15 closed.

Then, f, g, F' and G have a unique common fized point t € X such that
Ft = Gt = {t} = {ft} = {gt}.

Proof. Suppose that F' and f are D-maps, then, there exists a sequence {z,}
in X such that
lim fz, =1

and
lim Fz, = {t}

for some t € X. Since FX is closed and FF.X C gX, there is a point u in X
such that gu = t. First, we show that Gu = {gu} = {t}. Using inequality (2)
we get

o(0(Fxy, Gu),d(fr,, gu),0(fr,, Fx,),0(gu, Gu),6( fx,, Gu), §(gu, Fz,)) > 0.
Since ¢ is continuous, using lemma 1.1 we obtain at infinity
0(0(t,Gu),0,0,6(t, Gu), d(t, Gu),0) > 0

thus, by (¢») we have 0(t, Gu) = 0 hence Gu = {t} = {gu}. Since the pair
(g9, G) is subcompatible then, Ggu = gGu and hence GGu = Ggu = gGu =
{ggu}. Now, we show that Ggu = {ggu} = {gu}. If Ggu # {gu} then
d(Ggu,t) > 0. Using inequality (2) we obtain

©(0(Fx,, Ggu), d(f,, g*u), 6(fr,, Fr,),

§(g%u, Ggu), §(fzn, Ggu), §(g*u, Fx,,)) > 0.

Since ¢ is continuous, using lemma 1.1 we get at infinity
p(8(t, Ggu), d(t, g*u),0,0,6(t, Ggu), 6(g*u, 1))

— o(8(t, Ggu), 8(t, Ggu), 0,0, 8(t, Ggu), 8(Ggu, 1)) > 0
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which contradicts (p2). Hence (¢, Ggu) = 0; that is, Ggu = {ggu} = {gu} =
{t}. Since GX C fX there exists an element v € X such that {fv} = Gu =
{gu} = {t}. By inequality (2) we have

p(6(Fv, Gu), d(fv, gu), 6(fv, Fv),0(gu, Gu), 0(fv, Gu),6(gu, Fv))

= @(0(Fv, fv),0,6(fv, Fv),0,0,5(fv, Fv)) = 0

thus, by (¢q) we have Fv = {fv}. Since f and F' are subcompatible then,
Ffv= fFvandhence FFv= Ffv= fFv={ffv}. Supposethat §(F fu, fv) >
0 then by (2) it yields

0(6(F fv, Gu), d(f?v, gu), 6(f*v, F fv), 6(gu, Gu), d(f*v, Gu), §(gu, F fv))

= @(0(Ffv, fv),6(Ffv, fv),0,0,6(Ffv, fv),6(fv, Ffv)) = 0

which contradicts (y9). Hence Ffv = {fv} = {ffv} = {t}. Therefore t =
gu = fv is a common fixed point of both f, g, F' and G.

Similarly, we can obtain this conclusion by using (3') in lieu of (3).

Now, suppose that f, g, F and G have two common fixed points ¢ and ' such
that ¢ # t. Then inequality (2) gives

o(5(Ft,GY), d(ft, gt'), 5(ft, Ft),8(gt’, Gt'), 5(ft, Gt), 8(gt', F't))

= o(d(t,t'),d(t,t),0,0,d(t,t"),dt ) >0
contradicts (¢3). Therefore t' = t.

If we let in the above theorem, F' = G and f = g then we get the following
result:

Corollary 3.1. Let (X,d) be a metric space and let f: X — X, F: X —
B(X) be a single and a set-valued map respectively such that
i) FX C fX,

(i) p(6(Fx, Fy),d(fz, fy),d(fx, Fx),0(fy, Fy),0(fx, Fy),0(fy, Fz)) >0

for all x, y in X, where o € ®. If f and F are subcompatible D-maps and
FX is closed, then, f and F' have a unique common fixed point t € X such
that Ft = {t} = {ft}.

Now, if we put f = g then we get the next corollary:
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Corollary 3.2. Let f be a self-map of a metric space (X,d) and let F,
G : X — B(X) be two set-valued maps satisfying the conditions
(1) FX C fX and GX C fX,

(i)p(0(Fx, Gy), d(fx, fy),6(fx, Fx), 0(fy, Gy), 6(fx, Gy), 0(fy, Fx)) = 0

for all x, y in X, where ¢ € ®. If either

(2ii) f and F are subcompatible D-maps; f and G are subcompatible and FX
1s closed, or

(23i)" f and G are subcompatible D-maps; [ and F are subcompatible and GX
18 closed.

Then, f, F' and G have a unique common fixed point t € X such that Ft =

Gt ={ft} = {t}.
Corollary 3.3. If in Theorem 3.1 we have instead of (2) the inequality

S(Fr, Gy) > kmax{d(f, 9y), (., F), 8(gy, Gy), 5(6(f, Gy) + gy, Fir))}

for all x, y in X, where k > 1. Then, f, g, F and G have a unique common
fixed point t € X.

Proof. Take a function ¢ as in Example 2.1 then
p(0(Fz, Gy),d(fx,gy), 0(fx, Fx),6(gy, Gy), 8(fz,Gy), 0(gy, Fx)) = 0(Fz, Gy)

—kmax{d(fr,gy),d(fx, Fz),0(gy, Gy), ;(5(1”:16, Gy) +d(gy, Fx))} >0

which implies that

§(Fa, Gy) > kmax{d(fz. ), (fx. Fr), 8(gy. Gy). 5 (5(fz, Gy) + 8(gy, F))}

for all z, y in X, where £ > 1. Conclude by using Theorem 3.1.

Remark. As in Corollary 3.3 we can get two other corollaries using Fx-
amples 2.2 and 2.3 above.

Corollary 3.4. Let f, g, F' and G be maps satisfying (1), (3) and (3') of
Theorem 3.1. Suppose that for all x, y € X we have the inequality

0" (Fx,Gy) > kmax{d’(fx,gy), 0" (fr, Fx), 6" (gy, Gy)}
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with k > 1 and p is an integer such that p > 1. Then, f, g, F' and G have a
unique common fized point t € X.

Proof. Take a function ¢ as in Example 2.2 with ¢; = k, co = ¢3 = 0. Observe
by condition (2)

(0(Fz,Gy),d(fr,gy),0(fx, Fz),0(gy, Gy),d(fx, Gy),d(gy, Fr))

= 0 (Fz,Gy) — kmax{d’(fz, gy), 0" (fz, Fx),"(gy, Gy)} > 0.
Conclude by using Theorem 3.1.

Remark. We can get other results if we let in the corollaries f = ¢g and
also f =g and F' =G,

Now, we give a generalization of Theorem 3.1.

Theorem 3.2. Let f, g be self-maps of a metric space (X,d) and F, :
X — B(X),ne N*={1,2,...} be set-valued maps with
(1) F,X CgX and F,.1 X C fX,
(7) the inequality

O(0(For, Frpry), d(fz, gy), 6(fz, Fox),

6(9y, Foy1y), 0(fz, Fuy1y), 6(gy, Fux)) > 0

holds for all x, y in X, where o € ®. If either

(i13) f and {F,}nen+ are subcompatible D-maps; g and {F,41}nen+ are sub-
compatible and F,X 1s closed, or

(131)" g and {Fpni1}tnen are subcompatible D-maps; f and {F,}nen+ are sub-
compatible and F,1X is closed.

Then, there is a unique common fized point t € X such that F,t = {t} =

{st} ={gt}, neN".

Proof. Letting n = 1, we get the hypotheses of Theorem 3.1 for maps f, g,
I} and F, with the unique common fixed point t. Now, ¢ is a unique common
fixed point of f, g, F} and of f, g, F5. Otherwise, if ' is a second distinct fixed
point of f, g and Fj, then by inequality (i7), we get

@(5(F1t/, th), d(ft/, gt), 5(ft/, Flt/), (5(gt, th), 5(ft/, th), (S(gt, Flt/))

= (d(t',t),d(t,t),0,0,d(t',t),d(t,t)) >0
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which contradicts (¢7) hence ¢’ = t.

By the same method, we prove that ¢ is the unique common fixed point of
maps f, g and Fj.

Now, by letting n = 2, we get the hypotheses of Theorem 3.1 for maps f,
g, F5 and F3 and consequently they have a unique common fixed point t'.
Analogously, ¢’ is the unique common fixed point of f, g, F5 and of f, g, F5.
Thus ¢’ = t. Continuing in this way, we clearly see that ¢ is the required point.
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