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ABSTRACT. In this paper we define a complex adapted connection of type
Bott on vertical bundle of a complex Finsler manifold. When this connection
is flat we get a vertical vector valued cohomology. The notions are introduced
by analogy with the real case for foliations. Finally, using the partial Bott
connection we give a characterization of strongly Kéhler-Finsler manifolds.
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1. INTRODUCTION AND PRELIMINARIES NOTIONS

In the first section of this paper, following [2], [3], [7], we recall briefly some
notions on complex Finsler manifolds, concerning to the Chern-Finsler linear
connection, the canonical linear connection and the Levi-Civita connection
associated with the Hermitian metric structure on holomorphic tangent bundle
given by Sasaki lift of the fundamental tensor g;. In the second section, by
analogy with the real case for foliations (see [4], [9], [11]), we define an adapted
vertical complex connection of Bott type on vertical bundle Vi (T ‘M ), denoted
by Dv. In the third section we assume that the connection DV is flat, then the
natural exterior derivative dp. associated with D¥ on V(T M )-vector valued
differential forms has the property d%,, = 0. Thus we can think a cohomology of
Vo (T M)-vector valued differential forms H*(T'M, Ve (T'M)). Finally, using
the partial Bott connection [2], we give a characterization of strongly Kéahler-
Finsler manifolds.

Let m : T'"M — M be the holomorphic tangent bundle of a complex man-
ifold M, dime M = n. Denote by (7~ '(U), (2*,7")),_15 the induced complex
local coordinates on T' M, where (U, z¥) is a local chart domain of M.
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At local change charts on 7'M, the transformation rules of these coordi-
nates are given by:

’ ’ / aZ/k :
kE_ Jk . k _ Jj
2" =2z"(2); = — 1
(2); n" =S5 (1)
where 92 ~ are holomorphic functions on z and det(% Y40

It is well known the fact that 7" M has a structure of 2n-dimensional com-
plex manifold, because the transition functions %ZZ f are holomorphic.

Consider Te(T'M) =T (T'M)&T" (T’ M) the complexified tangent bundle
of T'M where T'(T'M) and T"(T'M) = T'(T'M) are the holomorphic and
antiholomorphic tangent bundles of T" M.

On T'M we fix an arbitrary complex nonlinear connection, briefly (c.n.c)
having the local coefficients N,z(z, 1), which determines the following decom-

position:

T(T'M)=H(T'M)®V (T'M) (2)

By conjugation over all, we get a decomposition of the complexified tangent
bundle, namely:

Te(T'M)=H (T M)®eV (T'M)e H (T'M)a V' (T' M) (3)

The adapted frames with respect to this (c.n.c) are given by,

{0k = 0 — N{ 053 s O = O — N3 953 O} (4)
where 0y, = %; o= % and the adapted coframes, are given by
{dzF; on* = dnf + NFd2?; dz¥; o7 = dif* + NEdz} (5)

Definition 1 A strictly pseudoconver complex Finsler metric on M, is a con-
tinuous function F : T'M — R satisfying:

(i) L = F? is C®-smooth on T'M — {0};

(i1) L(z,nm) >0 and L(z,n) =0 < n=0;

(iii) L(z,\n) = [\ L(z,n), ¥ X € C;

(iv) the following Hermitian matriz (g; :6185 (L)) is positive defined on
T'M — {0} and defines a Hermitian metric on vertical bundle.

Definition 2 The pair (M, F') is called a complex Finsler manifold.
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Proposition 1 A (c.n.c) on (M, F) depending only on the complex Finsler
metric ' is the Chern-Finsler (c.n.c) given by:

CF o )
Ni= 9" 0y 0 (L) (6)

Proposition 2 The Lie brackets of the adapted frames from TC(T/M), with
repect to the Chern-Finsler (c.n.c) are,

CF CF | CF or
[0, 6] = (0x Nj =65 Ny) 0= 0505, 05] = (o N3) 9: —(6; Np) O;;

. LCF . LCcF o
65, 0k] = (OkN) Os; [0, O] = (O N;) Oy; [0, 0] = [05,04] =0

and their conjugates.

In the sequel we will consider the adapted frames and adapted coframes with
respect to the Chern-Finsler (c.n.c) and the Hermitian metric structure G' on
T'M given by the Sasaki lift of fundamental tensor 95

G = ggdzi ® d7 + gi35ni ® o7 (7)

oF  CF CF CF
Also we recall the Chern-Finsler linear connection DI'= (N7, LY, C%;) and the

c c C Cc

c CF ¢ <<
1 3 3 — 1 (] 1 1 7
canonical linear connection DI'= (Nj, Ly, Cly, ij, C’;k), where

CF _ cr
Ly = g™ okgim; Cie= g™ Ok gjm;
i 1 i i Lo :
Ly, = 59 (Oxgjm + 0j9xm); Cjp= 59 (Ok gjm+ O Grm);
i L im i L :
Ly = 29 (5k9m3 - 5m9k3)§ ng: 29 (O Imj— Om gkj)
for details (see [7] p.51, p.61). By homogenity conditions of complex Finsler

metric F', we note that
CF _CF CF CF

Liy=0;N}; Ci=Ci; (8)

We denote by V the Levi-Civita connection associated to G, i.e. VG = 0 and
the torsion Ty = 0. According to [7] p.52 and [3] p.93, the local expression of
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V is given by:

CF

C

Ve 0; = Li=06;+ Db 0, + LL 6+ EL 05 Vs, 5= F40;;

. : . CF - -

where
1 - cr 1 - CF
i li h ) . e li h ) .
B}, = 59 (93%516 N+ 95 9x1); D}k = 59 (9h253' Ny =0 gkj)a
cF CF
Eo— 2 gk NI+ 0y gyo); FE = 2 ¥ (gy:0; NJ = 0= g,7);
ik = 29 91Ok V3 195 )5 85, = 29 InzOo1 Nk 7 9k1);
cF CF

i Ui ) ATh 7 ) AT
ik =995 OkN's s Hy = — OpN;

and their conjugates.
We remark that the Levi-Civita connection V is not compatible with the
natural complex structure J on 7" M, defined by:

J(0) = i0k; J(0F) = —i0; J(Ok) = 1 Ok J(OF) = —1 O, (9)

Imposing the condition that V to be compatible with the complex structure
J, namely:

(v& J)§2 - vfl(‘]§2) - J(v§1£2) = 0; V§17£2 S F(TC(T/M)) (10)

we get the conditions,

o CF
0ig5 = 0,95 9" O 953 = OF(N]) (11)

and in this case we call the metric structure G-total Kdahler.
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2. THE VERTICAL BOTT TYPE COMPLEX CONNECTION

In the similar manner with the real case for foliations, (see [4], [9], [11]),
for the complex vertical vector fields V, Vi, Vo € I'(Vo(T'M)) and a complex
horizontal vector field X € T'(Hq (T M)), we define on vector bundle Vo (T' M)
a connection DY, as follows:

DY Vo= (v + 0" )V, Va; DYV = (v +0")[X, V] (12)

where v" and v" are the complex vertical projectors, and V is the Levi-Civita
connection.

Definition 3 The connection DV from (12) is called vertical Bott type com-
plex connection.

The local expression of the connection DV is given by,

N ’ " : CF N . ’ 7 : C-F N
D;k 8j = (’U +v )Vak 8]:C;k817 ng aj: (U + v )[6k783] :L;kﬁl
. CF

DY & = (v +0)V,;

5 5. 0= 0; Dy 0= (v +0")[0k, 3] = (9:V}) O

J
and their conjugates, since DV = DgV,Vf e N(To(T'M)), V € T(Vo(T'M)).
Let RP" and R*Y be the curvature tensors on V(7' M) induced by DY and

V, where v = v' + v". For the complex horizontal vector fields X,Y and the
complex vertical vector fields U, V, W we have,

Proposition 3
(1) RQ?’YV = —oVyu[X,Y]

(1) R yV = (LxvV)yV
(11) R wV = RV
where Lx denotes the Lie derivative.
Proof (i) R}yV = D%DyV — Dy DYV — Dix )V = v[ X, v[Y, V]]—
oY, v[ X, V]] =v[h[X, Y], V] =0V, x )V = [X, [V, V]] = [V, [X, V]]-

o[ X, Y] —v[X, Y], V] — vVox,y)V = XY V] =YV X V] = [[X Y] V+
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WX, Y], V] = oVyxyV = [v[X,Y],V] = 0V,xy)V. From Ty = 0 we have,
WX, Y], V] =v[X,Y],V] =0vV,xy]V —oVyv[X,Y].
So,
RYVV = vVyxy)V — oVl X, Y] — oV, x vV = —oVyo[X, Y]
The relations (ii) and (iii) follows in a similar manner. @Q.e.d

Remark 1 Proposition 2.1 shows that the curvature of the vertical Bott type
connection DV, is related only in terms of the induced Levi-Clivita connection
on Vo (T M).

Taking all combination of X, Y, U, V, W in local frames {d;; dx; 0% (95} a direct
calculus leads to the following nonzero curvature of the vertical Bott type
complex connection D":

’ v . CF . CF CF . CF .
vy s 00 = _53(1’216) o —65(Ny") Cl o= Rl]kf)z
. CF —
v R‘Skvv‘% 0i = 0 5"3(Nl) 0= wk o
D O . CR CF _ CF
v R5k 8] 87 - - 8{ (L]k> al - a ( ) C al Qg,jkal
b cr cr
UR(; 5 0 = &(CY) =P, 70
' CF  op -
VRY S 0 = om (ND) Cor = 0,0 (M) dr= P10y
U/RDU a - _ 87 (g«f) a S?;F a
81@,& v J ik i,jk l

and their conjugates.

Remark 2 The curvatures of the vertical Bott type complex connection dif-
fers from the curvatures of the Chern-Finsler connection by two components,

0 1
namely Rﬁk and Pz',jE'
Proposition 4 If the complex Finsler metric is locally Minkowski and the

Hermitian metric G is vertical Kahler, i.e. it satisfy the second condition of
(11), then the vertical Bott type conection DV is flat.
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Proof: 1f the complex Finsler metric is locally Minkowski, namely L = L(n)

CF
[2], then g;z = g;5(n) and Nj= 0. Thus all curvatures of the vertical Bott type
CF _
connection except Sf 7, are vanish. Imposing the condition g% Ay g5 = 0 we

cr
get SiJk:: 0. Q.e.d

3. COHOMOLOGY WITH VERTICAL VECTOR VALUES
Let QP(Vo(T'M)) be the set of all Vg-vector valued differential p-forms
on T'M and Q(Ve(T'M)) = %’fo P (Vo(T'M)). We note that Q°(Vo(T'M)) =
['(Ve(T'M)) and for every gbpe_Qp(Vg(T'M)) we have,
O(E1,1&) € T(Vo(T'M)). Y&y, .. & € T(To(T'M) (13)

By analogy with the real case for foliations, we define the following exterior
differential with respect to the complex connection DV :

dp : (Vo (T M)) — QP (Ve (T M) (14)
where )
dped (&0, 1,y s &p Z 1Y D (60, s & on &)+
+ Z Z+J¢ fzafj] 507' 75@’7"'7@7"'75}7) (15)
0<i<j<p

Proposition 5

dhod(&0,61,6) = Y RE,0(&) on Q' (Vo (T M)

cicl

Proof: We have de¢(5o,§1) Dg ¢(&1) — Dg ¢(&) — ¢([&, 1)) and directly
we get dp. (o, 1,&2) = RE. 519?5(52) + RE ¢, 0(&) + RE ¢ 0(&1). Qe.d
More general on QP(Ve (T M)) we have,

d%)’uéﬁ(ﬁo? 517 e fp—i—l) - Z R&ngb(fo, A3 E’iv ) éj? ) §P+1> (16)

cicl

Thus we get a complex,
QO(Ve(T' M)) 225 QY (Vo (T M) 225 225 Qr(Ve(T' M) 225 .. (17)

From the above discussion we have,
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Theorem 1 Let (M, F) be a complex Finsler manifold. If the vertical Bott
type complex connection DV is flat i.e., Rg:& =0, V&,& € T(Te(T'M)),
then,

d5. =0 (18)

In this case dpv determines a cohomology

H*(T'M, Vo (T'M)) = f: HP(T'M, Vo (T M)

p=0
where

Ker{dp. : Q*(Va(T'M)) — QP (Vo (T M)}

HI M Vo T MD) = e 0 (Ve AD) — P (Ve(T )}

In the sequel for every complex vector fields &, &, & € T(To (T M)) we define

w(§) = v&;0(&1, &) = v[héy, hés] (19)
where v = v' + 0" and h = A" +h". Then, w € Q'(Ve(T'M)) and © <
Q> (Ve (T'M)).

We have,
Theorem 2

Proof: Tt sufficient to verify the relation (20) for every two complex horizontal
and vertical vector fields. Let X,Y be horizontal vector fields and U,V be
vertical vector fields. We have:

dpew(X,Y) = D%w(Y) — DYw(X) —w([X,Y]) = 0—0—v[X,Y] = —O(X, Y);

dpow(X, V) = D%w(V) — Dhw(X) — w([X,V]) = D%V — 0 — v[X, V] =
o[X, V] = 0[X, V] = 0= —v[hX,hV] = —O(X, V);

dpww(U,V) = Djw(V) — Dyw(U) —w([U,V]) =vVyV —oVyU —o[U, V] =
Te = 0= —o[hU,hV] = —O(U,V). Q.e.d

Theorem 3 Let (M, F) be a complex Finsler manifold. Then Ho(T M) is
integrable if and only if dpe.w = 0.
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Proof: If Ho(T' M) is integrable then, v[X,Y] = 0,V X,Y € I'(Ho(T'M)) and
the Theorem 3.2 leads to © = 0 and, so dp.w = 0. Conversely, if dpvw = 0
we obtain that v[X,Y] =0,V X,Y € I'(Ho(T'M)), so Ho(T' M) is integrable.
Q.e.d

Proposition 6 dp.© = 0 provided D" is flat.
According to (8) and (9) we have,

Proposition 7 Let (M, F) be a complex Finsler manifold. Then,
(dpe J)(U, V) =0, YU,V € I'(Vo(T M))
Finally, we give a characterization of strongly Kéhler-Finsler manifolds. Ac-
cording to [2] the partial Bott connection is defined by,
B / ! ! / !
DxV=v[X,V], VX el'(H(T M)),Vel'(V(I'M)) (21)

B . B L oF COF
Locally, we have Ds,0;=L}.0i, where L%y =0;Ny=L}.

Definition 4 (Cf. [1]) The complex Finsler manifold (M, F) is called strongly
CF CF
Kdbhler if Lt =L

If we consider QP(H'(T'M); V'(T'M)) the set of all horizontal p— differentials
forms with vertical valued, then the exterior derivative associated to the partial
Bott connection is given by

dg : QP(H (T'M); V' (T'M)) — QY (H (T'M); V' (T'M))

where

=

(dpd)(Xo, ..., X, Z DX (X0, ooy Xy oy Xp)

Vo e Q(H (T'M); V' (T'M)), ¥ X, ..., X, € T(H (T'M)).
Let S be the tangent structure [7] locally defined by,

S(0k) =0k, S(0) =0, S(9) =05, S(9) =0 (22)

In [8] is proved that S is a global defined and integrable structure. We have
S(0x) =0y and we can consider S|y gy € QYH'(T'M); V'(T'M)). Then,
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Proposition 8 The complex Finsler manifold (M, F) is strongly Kdhler if and
only if (dpS)(X,Y) =0,VX,Y € T(H (T'M)).

Proof: Follows by definitions of S and dg. Q.e.d
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