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1. INTRODUCTION

As the development of singular integral operators, their commutators have
been well studied (see [1-4]). Let T be the Calder6n-Zygmund singular inte-
gral operator, a classical result of Coifman, Rocherberg and Weiss (see [3])
states that commutator [b, T|(f) = T(bf) — bT(f)(where b € BMO(R™)) is
bounded on LP(R") for 1 < p < oco. In [6-8], the sharp estimates for some
multilinear commutators of the Calderén-Zygmund singular integral operators
are obtained. The main purpose of this paper is to prove the sharp function
inequality for the multilinear commutator related to the singular integral op-
erator with variable Calderén-Zygmund kernel. By using the sharp inequality,
we obtain the LP-norm inequality for the multilinear commutator.

2. NOTATIONS AND RESULTS

First let us introduce some notations (see [4][8][9]). In this paper, @ will
denote a cube of R™ with sides parallel to the axes, and for a cube Q let
fo=1Q|™" Jo f(z)dx and the sharp function of f is defined by

1
fx) = Zgg@‘/cglf(y) — Joldy.
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It is well-known that (see [4])

P~ supint o [ 11(0) = Cla.

an ceC

We say that b belongs to BMO(R") if b# belongs to L>*°(R") and define
10]| Baro = |07 ||z It has been known that (see [9])

|6 — bargl||Bro < CK|[b]|Bmo-

Let M be the Hardy-Littlewood maximal operator, that is that
M(f)) = supll ™ [ 17()ldy:

we write that M,(f) = (M(]f|P))"/? for 0 < p < .
For b; € BMO(R")(j = 1,---,m), set

m
bl a0 = TT 11051l a0

=1

Given some functions b; (j = 1,---,m) and a positive integer m and 1 < j <
m, we denote by C7" the family of all finite subsets o = {o(1),- - -, 0(j)} of
{1,---,m} of j different elements. For o € CJ", set 0¢ = {1,---,m} \ 0. For

g: (bla' : '7bm) and o = {0(1)7 : ,O’(])} € ijm’ set ga = (bd(l)a' : '7b0'(j))7

by = bo1) = bo(z) and ||bs||Brio = 1boyl|Brio - - 11bagy || Brr0-
In this paper, we will study some multilinear commutators as follows.

Definition 1. Let K(x) = Q(x)/|z|* : R"\ {0} — R. K s said to be a
Calderon-Zygmund kernel if
(a) 2 € C=(R"\ {0});
(b) Q is homogeneous of degree zero;
(c) [« Qz)z*do(x) = O for all multi-indices o € (N U {0})" with |a] = N,
where X = {x € R : |z| =1} is the unit sphere of R™.

Definition 2. Let K(z,y) = Q(x,y)/|y|™ : R* x (R"\{0}) — R. K is
said to be a variable Calderon-Zygmund kernel if
(d) K(x,-) is a Calderén Zygmund kernel for a.e. x € R",

7l
(e) malﬁh‘ggn‘ ava x,y HLOO (Rrxs) = =M < 0.
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Suppose b; (j =1,---,m) are the fixed locally integrable functions on R".
Let T" be the singular integral operator with variable Calderén-Zygmund kernel
as

T()@) = [ K(w.a—y)f)dy).

W and that Q(x,y)/|y|™ is a variable Calderén-

Zygmund kernel. The multilinear commutator of singular integral with variable
Calderén-Zygmund kernel is defined by

= [, T ) = )K= ) )

where K(xz,z —y) =

Note that when by = --- = by, T} is just the m order commutator (see [1][5]).
It is well known that commutators are of great interest in harmonic analysis
and have been widely studied by many authors (see [1-3][5-8]). Our main
purpose is to establish the sharp inequality for the multilinear commutator.
Now we state our theorems as following.

Theorem 1. Let b € BMO(R") for j = 1,---,m. Then for any 1 <
r < 00, there exists a constant C > 0 such that for any f € C§°(R"™) and any
r e R,

(T (= )<C|bBMo( +Z > M (w))-

j=1 aeCm

Theorem 2. Let b; € BMO(R") for j =1,---,m. Then Ty is bounded on
LP(R™) for1 < p < o0.

3. PROOF OF THEOREM
To prove the theorems, we need the following lemmas.

Lemma 1. (see[10]) Let 1 < p < 0o and T be the singular integral operator
with variable Calderon-Zygmund kernel. Then T is bounded on LP(R").

Lemma 2. Let 1 <r < oo, bj € BMO(R") for j=1,---,k. Then

IQI/ H 1b;(y) — (bj)eldy < CH 11651 Baro

7j=1
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and

1/r i
<|Q|/ H| Q| dy) SC11_[||bj||BMO~

=1

Proof. Choose 1 < p; < 00 j =1,---,ksuch that 1/p;+---+1/p;, =1, we
obtain, by Holder’s inequality,

1/p; k
1 Jy L=l < T (157 |, s = Gsdaban) < C Ll

j=1
and
1 k . Lr k . 1/pjr
(M/Qg\bxy)—(bj)m dy) 121(‘@|/| DaPras) <
C H 16511 B2ro-
j=1

The lemma follows.
Proof of Theorem 1. 1t suffices to prove for f € C§°(R"™) and some constant
Cy, the following inequality holds:

|Q|/ IT:(f Codx<C|bBMo( +Z S M ( z))).

j=1 OGC’"

Fix a cube Q = Q(zo,7) and T € Q.
We first consider the Case m=1 . Write, for f; = fxa2q and f2 = fx(q),

Ty, (F)() = (b ()= (b1)2@) T () () =T ((b1=(b1)2) 1) () =T ((br—=(b1)20) f2) (%)
Let CQ = T(((bl)QQ — bl)fg)(l'o) then

Ty, (f)(z) — Co
< \( 1(2) = (01)20)T'(f)(@) + T((b1)2g — (b1) f1)(2)
+T(((b1)2g — b1) f2) (@) — T(((b1)2 — b1) f2) (o)
< (i) = (b1)20) T () ()] + [T ((b1)2g — (b1) f1) ()]
HT(((br)2g — b1) f2) (@) = T(((b1)2g — 1) f2) (o)
= A(z) + B(z) + C(z).
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For A(x), by Holder’s inequality with exponent 1/r 4+ 1/r' =1, we get

ol /Q |b1(2) = (b1)20|T(f)()|dx

<|2Q|/ e it dx) (|@|/|T Ida:>1/r

< CllbillpmoM(T(f)) ().

IN

For B(z), choose p such that 1 < p < r, and 1 < ¢ < o0, pg = 7, by the
boundedness of 7" on LP(R") and the Holder’s inequality, we obtain

%Q(@m
= o [T~ G
< (& [T G poore)
< 01 fo () - el @aat@rar)
- C|Q|11/p ([, ) - (bl)gQP/m’dx)l/pql ( INL (sc)l”qdw)l/pq
<

1 . - 1/pd’
(g Lo ) (1 L) - )

< Cllbllzro M, (f)(2).
For C(z), by [11], we know that

0= 33 ale) [ PO T b))y

vz —ylrtm
where g, < CK" 72, ||an|[zee < CET", |Yin(z — y)| < Ck*?7" and

Vie(x —y)  Yar(wo —y)

|z —y[ |z — y|”

S Ck’n/2|$ . xg|/|l’0 o y|n+1
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for |z —y| > 2|xg — x| > 0. So we get, by Minkowski’s inequality and Hélder’s
inequality,

C(x) = /n(K(x, z—y) — K(zo,x0 —v))((b1)20 — b1(y))f2(y)dy‘
Qz,z —y)  Qxo, 20 — y)
SO ooy | o=~ Jmo—yP" | |(b1)2 — b1 ()|1.f (y)ldy
[ee] oo Gk th th(xo )
N C;/chz\zlcz,;,;' (@ |/ yyn pral LGVl
n n €T |
‘@<Czk2kﬁzﬁmwm%ﬂﬁuww4MMW@m
= Okgl L IZ:; (2lr§n+l /2l+1Q 1(y) — (b1)20l[f(y)|dy
= , 1/ 1 1/r
<OE 2 (g o 0~ 0l ) (i 0T 0)

< CZZ2’I||b1||BMoMr(f)(i’) < Cl|by|lBro M, (f)(T),

=1
thus
157 J, C@ds < Clilloaold, (1)),

Now, we consider the Case m > 2, we have known that, for b = (b1, - -, b,,,),

(@) = ()20) ++ (bun(x) — (bm)20)T(f) ()
H(=D)"T((br = (b1)2@) - - - (b = (bm)20)

=
=
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= (01(2) = (b1)2q) - - - (b () = (bm)2q) T (f) ()
)

H(=D)"T((0r = (b1)2q) - - - (b = (bin)2@) f) (@)
+ > (D)™ (b)) = (b)20)a Ty, (F)(@),

thus,

+[T((br = (b1)2q) - -+ (bm = (b )2) f1) () |+
[T((b1—= (b1)2) -~ (bn = (bm)20) f2) () = T'((b1 = (b1)2q) - - (b — (bm)20) f2) (o) |
= L(z) + I(z) + I3(x) + Iy(x).

For I (z), by Holder’s inequality with exponent 1/p;+---+1/p,,+1/r =1,
where 1 <p; <oo, j=1,---,m, we get

1
a1 o
157 Jy 10) = @)l 1) = (b )l T )
1/p;
(IQI/ " "’Q'pjdx> (15 L reras)”

CI 1Bl a0 M (T())(&).

For I(x), by the Minkowski’s and Hoélder’s inequality, we get

1
Ql /Q L(x)dx

<Y 5 1 100 — B lITy (1) w)lds

Q

IN

IN

IN
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<08 % (o [ 106~ O Pate)) (i [ )

<Ccy X 160 || 5210 M (T, (£)) ().

For I3(x), choose 1 < p <7, 1 < ¢; < o0, j = 1,---,m such that
1/g1+---+1/qgm +p/r =1, by the boundedness of 7" on LP(R") and Holder’s
inequality, we get

0] ng(m)dx
1 ) 1/p
: (@/ T((by = (b1)2q) - - (b — (bm)20) fx20) ()] dm)
! P » ) 1/p
< C (@ /R" |b1(x) — (b1)2g [P - - - [bm(x) — (bim)2g|P| f(x)x20 ()] d:c)

1 ) 1/r m pa; 1/pa;
< C <|2Q| o |f(2)] d:c) 1;[ <|2Q\ b () — (b))25] dx)
< OlbllzroM,(f)(%).

For I,(x), choose 1 < p; < oo j=1,---,msuchthat 1/py+---+1/p,+1/r =1,
by Minkowski’s inequality and Holder’s inequality, we obtain

Qz,z —y)  Qxo, 0 — u
Li(z) <C _ d
e O b P e o [I by)eo) 1 9)ldy
3 Shy Yik(z — y) th(xo—y)]
<C ane(z _
- zzl/Ql“@\?lQ Lzlhzll el )|/R" yl? 2o — y["
x| [1 (% b;)20)11f(y)|dy
7=1
< OS2 /2 Mmb, (b J
Z Z/ZHQ\M 2o — |n+1|j1;[1( i(y) = (b)2)11f (w)|dy

<Oy kS o [ T - Gl

k=1 =1
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IN

00 1 1/r
27[ r .
CZ <|21+1Q| 210 1f(y)] dy)

=1
m 1 1/p;
11 <M g i) — (bj)2Q|p"dy)
j=1

< O3 12 T i llsaro M, (£)(@) < CllBllmaoM, (F)(@),

=1 Jj=1
thus 1
|Q]/QI4<I)dI < C||bl|Bmo M, (f)(z).

This completes the proof of the theorem.
Proof of Theorem 2. Choose 1 < r < p in Theorem 1. We first consider the
case m=1, we have

| To, ()] e M (To, (f)||ze < CI(To, (F)F |1
CIMAT(fN)er + Cl| Mo (£)| 1o
CINT ()| 2o + ClIMo(f)] 1o

Cll fllee + Cll fll e

Clifl ze-

VAN VAN VAN VAN VAN

When m > 2, we may get the conclusion of Theorem 2 by induction. This
finishes the proof.
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