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SALAGEAN-TYPE HARMONIC MULTIVALENT FUNCTIONS
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ABSTRACT. We define and investigate a new class of Salagean-type har-
monic multivalent functions. we obtain coefficient inequalities, extreme points
and distortion bounds for the functions in this class.
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1. INTRODUCTION

For fixed positive integer p, denote by H(p) the set of all harmonic mul-
tivalent functions f = h 4+ g which are sense-preserving in the open unit disk
U = {z:|z| <1} where h and g are of the form

h(z) = 2"+ Z apyp-1 2P 9(z) = Z Dpip12°P71, bp] < 1. (1)
k=2 k=1

The differential operator D™ was introduced by Salagean [6]. For fixed
positive integer m and for f = h + g given by (1) we define the modified
Salagean operator D™ f as

D" f(z) = D™h(z) + (—=1)™"Dmg(z) ; p>m, zeU (2)

where

 (k+p—-1\"
D™h(z) = 2P 4+ Z (——l-p > ak+p_1zk+p_1
p
k=2
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and

m = (k+p—1\" _
D"g(e) = 3 (FHEE) st

k=1 p

It is known that, (see [3]), the harmonic function f = h + g is sense-
preserving in U if |¢'| < |A/| in U. The class H(p) was studied by Ahuja and
Jahangiri [1] and the class H (p) for p = 1 was defined and studied by Jahangiri
et al in [5].

For fixed positive integers m, n and p and for 0 < a < 1 welet H,(m, n, a, 3)
denote the class of multivalent harmonic functions of the form (1) that satisfy

the condition Dt Dnf (s
z
Re{an(z } ﬁ‘an 1'““ @)

The subclass H,(m, n, «, 3) consists of function f,, = h+gy, in H,(m,n, a, 3)
so that h and g are of the form

e}

h(z) =2" =Y arp1 2P gn(2) = (1) b1 M (b < 10 (4)
k=2

The families H,(m,n,a,3) and H,(m,n,a,3) include a variety of well-
known classes of harmonic functions as well as many new ones. For example
Hi(1,0,0,0) = HS(a) is the class of sense-preserving, harmonic univalent
functions f which are starlike of order o in U, H;(2,1,,0) = HK(a) is the
class of sense-preserving, harmonic univalent functions f which are convex of
order a in U and Hi(n + 1,n,a,0) = H(n,a) is the class of Saldgean-type
harmonic univalent functions.

For the harmonic functions f of the form (1) with b, = 0, Aver and
Zlotkiewicz [2] showed that if

Z/{Z |ak]+|bk 1
k=2

then f € HS(0) and if
D K (lar] +[b]) <1
k=2

then f € HK(0). Silverman [8] proved that the above two coefficient condi-
tions are also necessary if f = h+7 has negative coefficients. Later, Silverman
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and Silvia [9] improved the results of [5] and [6] to the case b; not necessarily
Z€ro.

For the harmonic functions f of the form (4) with m = 1, Jahangiri [4]
showed that f € HS(«) if and only if

(k—a)lar| +) (k+ )l <1-a

2 k=1

NE

>
Il

and f € H,(2,1,,0) if and only of

> k(k—a)lag] + > k(k+a)lb <1-a.

k

=2 k=1
In this paper, the coefficient conditions for the classes HS(«) and H K («)
are extended to the class H,(m,n,a,3),of the forms (3) above. Further-

more, we determine extreme points and distortion theorem for the functions
in Hy,(m,n, o, B).

2. MAIN RESULTS

In our first theorem, we introduce a sufficient coefficient bound for harmonic
functions in H,(m,n,a, ).

Theorem 1. Let f = h+ g be given by (1). Furthermore, let

Z {\I}<m7n)p7 O[,ﬁ) |ak+p—1| + @(m7 n,p, Oé,ﬁ) |bk+p—1|} <2 (5)
k=1
where - )
\If(m,n,p,a,ﬁ) = k,p( +6) _ (6+Oé) k.,p
l—«
O(m,m.p,a, ) = kel T5) = <1—_1>;nnzcz,p<ﬁ +a)

Krp="22 a,=1,a(0<a<1),3>0, meN, necNyandm >n. Then
? p
f € Hp<m>n>aaﬁ)'
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Proof. According to (2) and (3) we only need to show that

e (2L 0D (025 D7 () = DI ) 5

The case » = 0 is obvious. For 0 < r < 1 it follows that

Re (Dmf (2) —aD"f (z)z;zjﬁf?gl)mf (2) = D" (2) \)

(1—-a)zP + Z — akp ) Qg p— AL

= Re{

o0

k+p—1 7 Sk+p—1
2P + Z’Cz,pakqu =0+ (—U”Z’Cz,pbkﬂmz b
k=2 k=1

mz ,Ck,p m n,Ckp )bk—l—p 1Zk+p 1
+

(0.]
k+p—1 7 <k+p—1
2P+ E K3t pthp-1 2"+ (1) KR brgp12tTP
k=2 k=1

o0

k+ 1 m m n —k+p—1
Z — Kk p)akp—12""F7 Z KR ) bkap—12" P~
L }
k+p—1 7 —k+p—1
2P + Z’Cg,pak+p—12 R (—1)nZKZ,pbk+p—12 P
k=2 k=1

o0
].—Oé +Z ICkp Oélckp A4p— 1Zk 1
k=2

= Re{ +

o0

1+ Z’CZ,pakﬂ-p—lzk_l + (_1)nZ’CZ,ka+p—lzk+p_lz_p
k=2 k=1

T —ktp—1_—
mz m n’Ckp )bk+p—1z +p—1,-p
+

00
1+ Z/Cﬁpak_;,_p_lzkil + (—1)”2Kﬁvpgk+p_1§k+pilzfp
k=2 k=1
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[e.9]

2 (KE:

k=

6 ., — k+ 1
Bez7P lep Appp—12" P~

Sk 1
m n’Ckp)bk:-i-p 1Z +p—

mZ

1+ ZKﬁpak—t—p—lzkil +

=2

_ Re (1—a)+ A(z) ‘
1+ B(z)

For z = re" we have

WE

A(re?)y =Y ( k=KL )k p1m

T

2

00
" K
k=1

where
T(m,n,p,« Z ’Ckp Af4p—17T
k=
k:l
and
Blre ZICkpak—l—p (k= 1)i g
k=2
Setting
(1-a)+A(z) a
1+ B(z)
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k=1,(k=1)0i

—a)

z kp—1_—
1)"ZIC27pbk+p_1z Tp-lymp

k=1

m nK:kp )Bker,lTk_le_(k—‘er_l)ei—ﬂe_(p_l)ieT(m, n,p, a)

k=1~ (k+p=1)if |

m n]Ckp)bk—i-p 1,,,]9 16—(k+p—1)i9

ZIC’C bk+p 1’/“k 1 —(k+2p 1)01
P

1+ w(z)
1 —w(z)

}
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the proof will be complete if we can show that |w(z)| < r < 1. This is the case
since, by the condition (5), we can write

wi)| = |

M8

[(1+ B, — KR p)ansp—1] + (14 B)KE, — (=1)™ 7K ) b 77
k

Il
_

= =
41— a) = > {KP, (14 B) = AKE llaksp—1 | + (K (1+ B) = (=1)™ " AKR ] brp—a |} 7!
k=1

NE

(1 + B (K = Ki pllartp—1| + (K, — (=1)™ 7Kg ) (1 + B)[br4p—1]

>
Il

1

Al —a) - {Z[’C%(Urﬁ) AR pllansp—a| + K, (1 + B) = (=1)™ " AKE ] brp- 1|}
k=1

<

<1

— )

where A = [+ 2a — 1. The harmonic univalent functions

> 1 > 1 —_—
f(z) = 2P + TP 4 yp2E =1 (6
( ) ; m(7717 n7p7 a’ /8) k ; @(m7 n7p7 a’ /8) k ( )

wherem e NNneNy,m>n0<a<1,>0and D> o, |z +D> o0y luel = 1,
show that the coefficient bound given by (5) is sharp. The functions of the
form (6) are in Hy,(m,n, a, ) because

o o (o]
ST [W(m,n,p, a, B) lagsp-1] + Om, n,p, a, B) [bsp-1l] = 1+ orl+ yxl = 2.
k=1 k=2 k=1

In the following theorem it is shown that the condition (5) is also necessary
for functions f,, = h + g, where h and g,, are of the form (4).

Theorem 2.Let f,, = h + G, be given by (4). Then f, € H,(m,n,a,3) if
and only if

K

[\IJ(m7 n,p,a, ﬁ)akerfl + @(ma n,p,«, ﬁ)bkﬂ’p*l] <2 (7)

B
Il

1
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where a, =1, 0<a <1, meN, neNyandm>n.

Proof. Since H,(m,n,a,3) C Hy(m,n,a, (), we only need to prove the
"only if” part of the theorem. For functions f,, of the form (4), we note that

the condition D Dnf (s
m Z m
fie {an ) } 6'D"f 1‘”

is equivalent to

o
k+p—1
(1—-a)z Z’Ckp alep Afpp—12" P
k=2
Re{ = =
k+p—1 +n—1 Sk+p—1
ZP—E’CZ,pak+p—1Z P (=T ZK:Z,pbk-i-p—lZ P
k=2 k=1
)2m—1 —k4p—1
" Z )" KR p) bk p—1Z P
+ oo oo
k+p—1 +n—1 —k+p—1
ZP_Z’CZ,pak-i-p—lZ P (-pm Z’CZ,pkarp—lZ P
k=2 k=1
(8)
o
ktp—1 4 )2m=1 —k+p—1
Z — Kk p)akp-127"" " Z )" K ) D12
k=2
. _ )
n k+p—1 m+n—1 n —k+p—1
2P — ZIChpaker_lz + (-1) ZICkypbkﬂ,_lz
k=2 k=1
>0
k-+p—
where
Kip = »

The above required condition (8) must hold for all values of z in U. Upon
choosing the values of z on the positive real axis where 0 < z = r < 1, we
must have
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(1—a)= > [Kp1+8) = (B+a)Kp,] arprt™
K2
1- ZICgpak—&-p—lrk_l - (_1)m_nZKZ7pbk+p—lrk+p_l
k=2 k=1

_Z [ (14 8) = (1)K, (B + )] biyporr™ ™!

+—E= - > 0.
1-— ZlCﬁﬁpaker_lrk_l — (—1)m_”ZICZ’pbk+p_1rk_l
k=2 k=1

If the condition (8) does not hold, then the expression in (9) is negative
for r sufficiently close to 1. Hence there exist zo = ry in (0,1) for which
the quotient in (9) is negative. This contradicts the required condition for
fm € Hy(m,n,a,3). And so the proof is complete.

Next we deteimine the extreme points of the closed convex hull of ﬁp(m, n,a, 3),
denoted by clcoH ,(m,n,a, 3).

Theorem 3. Let f,, be given by (4). Then fn, € Hy(m,n,, B) if and only

if
Fn(2) = [whsp-1hisp-1(2) + Ysip1Gmy, o (2)]
k=1
where
1
h = 2P Rt =P — ktp—1 k=23
p(z) z, k+p 1(Z) < \P(m,n,p, 6) ) ( )9y )
and
1
= 2P+ (-1t Zrel =1,2,3,...
gmk+p—l(z) z +< ) @(m,n,p,a,ﬁ)z ’ (k ) 73a )

Thip1 20, Yop1 20, 2, =1— Y peo Thtp1 — P pey Yktp—1. In particular,
the extreme points of Hy(m,n,a, 3) are {hyyp—1} and {grrp—1}-
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Proof. For functions f,, of the form (4)

o0
fm(2) = Z [$k+p—1hk+p71(2) + yk+p—1gmk+p71(2)]

k=1

= i(ﬂim 1 Y1) 2 — i ! Tprp 12" TP
P b ql<m7n7p7a7/8) P
k=1 k=2
- 1
(=1 m—1 B —k+p—1.
( ) ; @(mvnvpvaaﬁ)yk—H) 1

Then

- 1
Z \Ij(ma n,p,«a, ﬁ) (\I’(m, n,p,a, 6) xk+p1)

k=2

+Z@(m,n;p7a7ﬁ) <@<m nlp « ﬁ)yk+p1>

k=1
o0 o
= Th+p—1 + E Ypgp-1 =1 —12, <1
k=2 k=1

and so f,,(2) € clcoH,(m,n,a, 3).
Conversely, suppose that f,,(2) € clcoH,(m,n,a, 3). Set
Thtp—1 = \Ij(manap7a7/6)ak+p—lv (k = 2a37)

Ykip—1 = O(m,n,p, o, B)bpip_1, (k=1,2,3,...)

o oo
T, =1-— E Thtp-1 — E Yktp—1-
k=2 k=1

Then, as required, we obtain

and

% oo
fm(z) — ZP_Z ak+p_lzk+p71+(_1)mfl Z bk+p—1§k+p71
k=2 k=1
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.- 1 k+p—1 m—1 .- 1 T kdip—1
) Zp_% Womm g d) s Y ; S, mpra BV
oo o0
=2 = [ = by 1 (2] Bhip1 — Y [ = Gy (2)] Ukt
k=2 k=1
oo o oo o
=|1- Zxkﬂaq - Z Yk+p—1 ZP+Z $k+p71hk+p71<z)+z Yrtp—19mpyp1(2)
k=2 k=1 k=2 k=1

o
= Z [Zrtp—1Pitp—1(2) + Yrtp—19mps,_ (2)] -
=1

The following theorem gives the distortion bounds for functions in H,(m, n, a, 3)
which yields a covering results for this class.

Theorem 4. Let f,, € H,(m,n,a,3). Then for |z| =r < 1 we have
[fm(2)] < (14 bp)r” + [@(m, n, p, v, B) — Qm,m,p, o, B)by] "7
and
|[fm(2)| = (1 = bp)r” = {®(m, n,p,a, B) — Qm,n, p, v, B)bp } "7

where,
1 -«

) (140) - (B2) (B+a)
(1+5) - ()" "a+p)
()" 48 - (21) B+

(m,n,p,a,B) =
(

Q(m7n7p7a’ﬁ) -

Proof. We prove the right hand side inequality for |f,,|. The proof for
the left hand inequality can be done using similar arguments. Let f, €

H,(m,n,a, ). Taking the absolute value of f,,, then by Theorem 2, we obtain:

© o0
[fm(2)] = 12" = Z "llf-&-p—lzkﬂk1 + (=™t Z bk+p—12k+p’1
k=2 el
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(o] (o0
<rP+ E ak+p717’k+p71+ E b/Ychp—lrkﬂof1
k=2 k=1

(o]
= rp+bprp+2(ak+p_1 +bk+p_1)rk+p_1
k=2

(0.9]
= rp+bprp+2(ak+p—1 +bk+p—1 yritt
k=2

oo
= (14bp)rP+®(m,n,p, o, ) Z B, p o B) (Akyp—1 -+ bpgp1) P!
k':2 ) )

< (14by)rP+@(m,n, p, a, B)r™ P 1>~ U (m,n, p, @, B)agsp—1 + O(m, n,p, &, B)brip-1
k=2

< (14bp)rP+[®(m, n,p, o, B) — Q(m, n, p, o, 5)by)] rrP,

The following covering result follows from the left hand inequality in The-

orem 4. o
Corollary 1. Let f,, € Hy,(m,n,a,3), then for |z| =r <1 we have

{w : ’U)| <1l- bp - [@(m,n,p,a,ﬁ) - Q(ma n7p7auﬁ)bp] C fm([U)}

Remark 1. If we take m = n+ 1, § = 0 and p = 1, then the above
covering result given in [5]. Furthermore, the results of this paper, for p = 1
and # = 0 coincide with the results in [10].

Remark 2. For p =1, we obtain the results given in [7].
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