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ABSTRACT. In this paper, we will obtain a form of Bernstein-Stancu bi-
variate operators and finally we will give an approximation theorem for them.
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1. INTRODUCTION

Let N be the set of positive integers, Ny = NU {0} and Ay = {(z,y) € R x
Rlz,y > 0,2+y < 1}. For m € N, the operator B,, : C([0,1] x[0,1]) — C(A2)
defined for any function f € C([0,1] x [0,1]) by

(Bnf)@,y) = > Pmki(@,9)f (k ‘7) (1)

k,j=0
k+j<m
for any (z,y) € Ag, where
m! ko —k—j
. 1— g —y)mki, 9
Pmk(T,y) = R ——T y'(1—z—y) (2)

for any k,j € No, k+j < m and any (x,y) € A, is named the Bernstein
bivariate operator (see [11]).

Let e;; : Ay — R be the functions test, defined by e;;(x,y) = z'y’ for any
(x,y) € Ay, where i, j € Ny. In the paper [10] the following representation for
the polynomials B,,e,, is proved.

Lemma 1. The operators (By,)m>1 verify for any (x,y) € Ay and any
m € N, p,q € Ny the following equality

N . o
= — = >0 > ml IS, 0)S(g, 'y, (3)

i=0 j=0

(Bmépg) (T, y)
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where S(p,i), S(q,j) are the Stirling’s numbers of second kind and m* =
=m(m—1)...(m —k+1), k€ Ny, m =1.

Let I;,Is C R be given intervals and f : I} x [, — R be a bounded
function. The function wyp(f; -,) @ [0,00) x [0,00) — R, defined for any
(51,52) S [0, OO) X [0, OO) by

Wtotal(f; 61752) = Sup {‘f($7y) - f('rl7y/)| : (Zﬂ,y), (xlayl) € I x 127

o — 2’| <61, |y — ¢ <62} (4)

is called the first order modulus of smoothness of function f or total modulus
of continuity of function f. For some further information on this measure of
smoothness see for example [6] or [15]. The following result is given in [14].

Theorem 1. Let L : C(I; x I,) — B(I; x I5) be a constant reproducing
linear positive operator. For any f € C(I; x 1), any (z,y) € I X Iy and any
01,09 > 0, the following inequality

(L) @.y) = f@ )l < (1407 VEC=2P)(@,9)) -

(145 VEZE =)@ 1)) wiora(f:51.62) (5)

7 2

holds, where ” and” =7 stand for the first and the second variable.

The purpose of this paper is to give a representation for the bivariate op-
erators and GBS operators of Stancu type, to establish a convergence theorem
for these operators. We also give an approximation theorem for these opera-
tors in terms of the first modulus of smoothness and of the mixed modulus of
smoothness.

2. THE CONSTRUCT OF THE BIVARIATE OPERATORS OF STANCU TYPE.
APPROXIMATION AND CONVERGENCE THEOREMS

Let «, 3 be given real parameters such that 0 < o < 3. For m € N, the

operator P\ C([0,1]) — C([0,1]) defined for any function f € C([0,1])
and any z € [0, 1] by

(P 1) mek (5. )
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is called the Bernstein-Stancu operator (see [1]).

Next, we will construct a type of Bernstein-Stancu bivariate operator, in-
spired by the Bernstein bivariate operator (1.1). Let ay, 31, a9, 32 be given
real parameters such that 0 < a1 < 1, 0 < ay < (. For m € N, the
operator Sy 0((0,1] x [0,1]) — C(Ay), defined for any function
feC([0,1] x [0,1]) by

k + aq ] + Qo
Slat,az,61,02) Y) = E ke (2, ( ’ ) 7
( m f)('x y) = p k,J (l' y)f m -+ 61 m - 52 ) ( )

k+j<m

for any (x,y) € Ay is a bivariate operator of Stancu type. Obviously, this
operator is linear and positive. For #; = (3 = 0, we obtain the Bernstein
operator (1.1).

Lemma 2. The operators
following equalities:

<S7(7{ja,az,ﬁhﬂz))m21 verify for any (x,y) € Ag the

(SeresiPeg)(z, y) = (8)

(m+ B)(Sirex P Pey) (2, y) = ma + o, (9)

(m + Ba) (SR eq ) (2, y) = my + as, (10)

(m + B1)?(Slere2brtle, ) (2, y) = m(m — 1)z® + (1 + 200)mz + o2, (11)

(m + B2) (S o2 Pegs ) (2, y) = m(m — 1)y + (1 + 2a2)my + a3, (12)
Proof. We use the equalities (S5 > e (2, y) = (Bmeoo)(z, y),

)
)
(m + B1)(Sw 7 erg) (w, y) = m(Bpear) (2, y) + o (Bmeo) (x,y) and
(it PSS )0 3) = B 5,3) + 0 B, 5) +
+ a2 (Bpen) (T, ).
Lemma 3. The operators
following equalities:

(m+ B2(Sies B (- — ) (2,y) = ma(l — ) + (Bix — ar)?,  (13)

(m+ B2)? (Sio PP (e — ) () = my(1 — ) + (Boy — a2)”. (14)
Proof. We use the equalities (8)-(12) and the relations
(S () (@, y) = (S P ew) (@, y) 2w (S P er) (@, )+
+ (S(a1 o200%) 00V (2, y) and

(S%u,az,ﬁhﬂz))mzl verify for any (x,y) € Ag the
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(S5 (—y)2) (2, ) = (S ey (2, y) -2y (S ey ) (2, y)+
+ yQ(Sy(,?l’a%ﬂl’ﬁQ)@oo) (.1' y).

Lemma 4. The operators
following inequalities:

(517(7?1,az,ﬁhﬂz))m21 verify for any (x,y) € Aq the

A(m + Br)*(SSe2 PR (- — 1)) (z,y) < m+ 45 (15)
and
A(m 4 Bo)2(Slev e Pl (x — )2 (2, y) < m + 465 (16)

Proof. We use the relations (13), (14) and the inequalities z(1 — z) < 1/4,

y(l - y) S ]-/47 (ﬁlx - a1)2 S 5%7 (ﬁ?y - &2)2 S ﬁ22a for any x,y € [07 1]
Theorem 2. If f € C([0,1] x [0,1]), then for any (z,y) € Ay and any
m € N, we have the following inequalities:

_ (qlo1,a2,81,02) - m+462 )
|f (2, y) — (Svesfu®) £, y)| < <1+511,/—4<m+511)2

2
. <1 + 52_1 %) Wrotal (f301,02), (17)

for any 61,00 > 0 and

[f (@, y) = (S§ret®) £z, )| <

m + 47 m + 4033
< Awiota | [; : . 18
=~ total <f \/4(m+61)2 4(m+52)2 ( )
Proof. The relation (2.12) results from Theorem 1.1 and Lemma 2.3; choos-

ing by 0; = % and &y = \/%, we obtain the relation (2.13).
Corollary 1. If f € C([0,1] x [0,1]), then

lim Slere2frf) f— f (19)

m—00

uniformly on A,.
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3. APPROXIMATION AND CONVERGENCE THEOREMS FOR GBS OPERATORS
OF SCHURER TYPE

In the following, let X and Y be compact real intervals. A function
f: X xY — Ris called B-continuous (Bogel-continuous) function at (z¢, yo) €
X xYif

lim  Af{(z,y), (z0,y0)] = 0.

(z,y)—(x0,y0)

Here Af [(l’,y), (JIQ?yo)] - f(ZE, y) - f(l’o, y) - f(xa yo) + f(x(byo) denotes a

so-called mixed difference of f.
A function f: X x Y — R is called B-differentiable (Bogel-differentiable)
function at (zg,y0) € X x Y if it exists and if the limit is finite:

i Af[(z,y), (o, y0)]
(@y)—(@ow0) (x — 20)(y — Yo)

The limit is named the B-differential of f at the point (xg, yo) and is noted by
Dp f(xo,Yo)-

The definition of B-continuity and B-differentiability were introduced by
K. Bogel in the papers [7] and [8].

The function f: X xY — R is B-bounded on X x Y if there exists K > 0
such that

[Af[(z,y), (s, D] < K

for any (z,vy),(s,t) € X x Y.
We shall use the function sets B(X xY) = {f : X x Y — R|f bounded on
X x Y} with the usual sup-norm || - ||, By(X X Y) ={f: X xY — R|f B-
bounded on X x Y} and we set || f| 5 = sup IAf[(z,y), (s,t)] | where
Y

(2,9), (1) X x
FEBX xY), C(X xY)={f:X xY — R|f B-continuous on X x Y}
and Dy(X xY) = {f: X xY — R|f B-differentiable on X x Y}.
Let f € By(X xY). The function wyixea(f;-,-) : [0,00) x [0,00) — R,
defined by

Wiixed (301, 02) = sup {|Af[(z,v), (s, )] : |z — s| < 01, |y —t] < d}  (20)

for any (d1,d2) € [0,00) % [0, 00) is called the mixed modulus of smoothness.
For related topics, see [2], [3], [4] and [5].
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Let L : Cp(X XY) — B(X xY) be a linear positive operator. The operator
UL : Cy(X xY) — B(X xY) defined for any function f € C,(X x Y') and
any (z,y) € X xY by

(UL, y) = (LIfCy) + [l %) = £ ) (2, 9) (21)

is called GBS operator (”Generalized Boolean Sum” operator) associated to
the operator L, where ”-” and ”*” stand for the first and respectively the second
variable. Let €;; : X x Y — R be the functions test, defined by e;;(z,y) = 'y
for any (z,y) € X x Y, where i,7 € Ny. The following theorem is proved in
[4].

Theorem 3. Let L : Cp(X X Y) — B(X xXY) be a linear positive operator
and UL : Cp(X xY) — B(X xY) the associated GBS operator. Then for any
feC(X xY), any (z,y) € (X xY) and any 61,09 > 0, we have

[f(@,y) = (ULF) (2, y)| < |f(z,9)[ 11 = (Leoo) (z,y)[+

+| (Leoo) (,y) + 67 V(L(- — 2)2) (2, y) + 8V (L(x = 9)?) (2,9)+

+07 105V (L(- = 2)2(x — 9)?) (2, y) | Wanixea (f3 01, 82). (22)

For B-differentiable functions, we have (see [12]):

Theorem 4. Let L : Cy(X xY) — B(X xY) be a linear positive operator
and UL : Cy(X X Y) — B(X xY) the associated GBS operator. Then for any
f € Dy(X xY) with Dgf € B(X xY), any (x,y) € X XY and any 61,95 > 0,
we have

!f(x,y) - (ULf>($7y>’ <
< (@)1= (Leoo) (2, y)[+3]|Dp flloo v/ (L(- — 2)2(x — y)?) (,y)+

VL =22+ = y)?) (2, y) + 07 V(L= 2)3(x = y)?) (,y)+
+0y V(L( = 2)2(x — y)*) (@, )+

+0770 1 (L — 2)*(x — y)?) (2, y) | Wmixed (DB f; 61, 62). (23)
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Lemma 5. There exists a natural number my € N such that

(SO —af =)o) € e, O
(S =) = ") (@) < g B1)12(m S
(S =)= ) ) @) < gy ﬁnl(m vap

for any m € N, m > my and any (z,y) € As.
Proof. Using the relations (m + (3;)%(m + ﬁz)j(s,ﬁ?“”ﬁlﬁ”eij)(q;, y) =

i j . .
=22 (:1) (:i)my”%é”1aé‘”2<Bmey1y2><x,y), for any i, j € Ny we get

v1=012=0

(m+ B1)2(m+ Bo) 2SS 12 P52 ()2 (x — y)2) (2, y) = Am® + Bm+ C, where
A, B, C are real numbers depending on z,y, oy, (1, as, B2 and
A=zy(l1—x)(1—y)+ 22%y?* < 3/16. Further on, we have
(m+ By (m+ B2)2(S% %) (= )2 (x — y)?) (2, y) = AmP + Bm? +Cm+ D,
where A, B, C, D are real numbers depending on x,y, ay, 31, ae, B2 and
A =3x(1 —x)[zy(1 —z)(1 — y) + 42*y?*] < 15/64. We used the inequalities
z(1 —x) < 1/4, for any = € [0,1] and zy(1 — z)(1 —y) < 1/16, 2y < 1/4,
r?y? < 1/16, for any (z,y) € A,.

Theorem 5. If f € Cy([0,1] x [0,1]), then for any (x,y) € Ay and any
m € N, m > my, the following inequalities

(a1,02,81,62) B | mA47
[(USp, Hx,y) = flz,y)] < <1+611 o

m + 43 b -lgot 1
Am+ B2 " 2y/(m+ Br)(m + o)
for any 61,05 > 0 and

(USR5 f) (2, y) — f(a,y)] <

5 m+43%  |m + 452
S §Wmixed <f7 2ﬁ17 262>
m m

4657

) wmixed(f; 517 52), (27)

(28)
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hold, where
k—i-Oél
{7 §(1,02,01,02) y) = ke (2 ( ( : )‘l‘
(UsSy Nz, y) k%_o Pmei(@,y) { f Y
kti<m

j + oo k+ aq j +
+ Z, - ) .
f( m+52) f(m+51 m+ﬁz))
Proof. For the first inequality, we apply Theorem 3 and Lemma 5. The
inequality (28) is obtained from (27) by choosing §; = 4/ %‘éﬁ% and

o m+462
0y = \/ =

Corollary 2. If f € Cy([0,1] x [0, 1]), then

lim USlere2fu) f = f (29)
uniformly on As.
Proof. 1t results from (3.6).
Theorem 6 Let the function f € Dy([0,1] x [0,1]) with Dpf € B([0, 1] x
[0,1]). Then, for any (z,y) € Ay and for any m € N, m > m;y, we have

(a,2,01,62) B 3
(S 7 [)(w.9) = Fla)] € e Dyt

+ ! (1+5—1—1 T N

2v/m+ Biv/m+ Fa VMR Vmt B
151 1 ‘ .
+51 52 2\/m—|—ﬁ1\/m—|—ﬁg> wmzxed(DBfa 61752)7 (30)
for any 61,05 > 0 and

(a1,02,61,82) _ 3

(S 7) f)(0.9) = Fla)] € e Dy ot
7 1 1
N e e (DBf m+ By ¢m+ﬁz>' (30)

Proof. Tt results from Theorem 4 and Lemma 5.
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Remark 1. Other construction for bivariate operators of Stancu type can
be found in the paper [6].

Remark 2. For 3, = 35 = 0, we find some results obtained in the paper
[13].
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