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ABSTRACT. The purpose of the present paper is to investigate the Variogls
kinds of hypersurfaces of Finsler space with special («, ) metric o + 5
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which is a generalization of the metric o + %2 consider in [9].
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1. INTRODUCTION

Let F™ = (M™, L) be an n-dimensional Finsler space, i.e., a pair consisting
of an n-dimensional differential manifold M™ equipped with a fundamental
function L(z,y). The concept of the (a,()-metric L(«, ) was introduced
by M. Matsumoto [5] and has been studied by many authors ([1],[2],[8]). A
Finsler metric L(z,y) is called an (a, §)-metric L(a, 8) if L is a positively
homogeneous function of o and 3 of degree one, where o? = a;;(z)y'y’ is a
Riemannian metric and 3 = b;(x)y’ is a 1-form on M".

A hypersurface M1 of the M™ may be represented parametrically by the
equation x* = xi(ua), a=1,---,n—1, where u® are Gaussian coordinates on
Mm™=1. The following notations are also employed [3] : Bz := 8%z /0u®0u”,
By = v"Blg, B;Jﬁ = BiB/g..., If the supporting element ' at a point (u®) of
M"~! is assumed to be tangential to M"™~!, we may then write y' = B’ (u)v,,
so that v® is thought of as the supporting element of M™~! at the point (u®).
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Since the function L(u,v) := L(x(u),y(u,v)) gives rise to a Finsler metric
of M™1 we get an (n-1)-dimensional Finsler space F"~! = (M"! L(u,v)).

In the present paper, we consider an n-dimensional Finsler space F" =
(M™, L) with (o, 3)-metric L(a, ) = a + 5;:1 and the hypersurface of F™
with b;(z) = 0;b being the gradient of a scalar function b(x). We prove the
conditions for this hypersurface to be a hyperplane of 1° kind, 2"¢ kind and
34 kind.

2. PRELIMINARIES
Let " = (M™, L) be a special Finsler space with the metric

L) =at T (1)

an

The derivatives of the (1) with respect to a and [ are given by

a/n—i-l + 6n+1

Ly = ——,
an
1 n
L, _ (b
an
I _ n(n+ 1)
ac T7
n(n+ 1)1
Lgg = ————~
88 o ,
—n(n+1)8"
Lop = — et

where L, = 0L/0a, Lg = OL/0B, L(«a, 3) = OL./0B, Lgz = 0Lg /0B and
L,s =0L,/0p.

In the special Finsler space F" = (M", L) the normalized element of sup-
port I; = L and the angular metric tensor h;; are given by [7]:

li = o 'LYi+ Lgb;,
hij = paij + qbibj + q1(b:Y; + b;Y;) + 2Y3Y5,

where

130



S.K. Narasimhamurthy, S.T.Aveesh, H.G.Nagaraja, P. Kumar- On special...

an+1 + ﬂn+l)(an+1 _ nﬁn—i—l)

p = LL,a ! !

o2(n+1) ;
o — LLg— (n+ 1)( . )5
a
_ L _ (e (a4 gt e
¢ = LLapa™ = 2(n+1) )

G = Loz_2(Laa—Laoz_1)

(@ + B + 2) 3 — an)
2(n+2) :

The fundamental tensor g;; = %8'1-8'jL2 and it’s reciprocal tensor g;; is given

by [7]
9ij = paij + pobib; + p1(b:Yj + b;Y:) + paYiYj,

where

(n+ 1)[na™™p" " + (2n + 1)5"]

aZn

[(1 o n)anJrl o 2n6n+1]’

Y

po = qo+L;=

(n+1)8"

_ -1 _
o= q+L pLB—W

P2 = q+p’L7?

(0™ 4 31 (n(n + 25" — ™) + (a7 — )2

P2 = a2(n+1)

g7 = p a7 + Spb't! + Sy (biy + Vy') + Sayy,
where
b =a’b;, Sy = (ppo+ (pop2 — p})e?) /¢,

S1 = (pp1 + (pop2 — p3)B)/Cp,
Sy = (pp2 + (pop2 — pf)b2)/§p, v = aib'V,

¢ =p(p+ pob® + p18) + (pop2 — p1) (V> — 37).

The hv-torsion tensor Cjj, = %&Cgij is given by [7]

2pCijk = pl(hijmk + hjkmi + hk,mj) + ’ylmimjmk,
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where 9
"= Pa]? — 3p14o, m; = b; — o 2BY;. (6)

Here m; is a non-vanishing covariant vector orthogonal to the element of
support "

Let jlk: } be the components of Christoffel symbols of the associated
Riemannian space R" and V}, be covariant differentiation with respect to z*
relative to this Christoffel symbols. We put

2E;; = by + by, 2F;; = by — by, (7)
where bij = ijl

Let CT = (I'f, I'th, Cji) be the Cartan connection of F”. The difference

]

tensor D%, = I — } of the special Finsler space F™ is given by [4]

71k
Dy, = B'Ej+ FyBj+ FjBy + Bjbo + Biby,
—bomg"™" Bjk — Cjin A" — Cpn A7 + Ciem A9 (8)
+>\S( jl'm ;F’kl; _I— Cllcmcg - Ojn;ﬁ 72715)7

where
By = pobr + p1 Yk, B' = giija Fik = gkiji

_ p
Bij = {pl(aij — QY;Y’]) + aﬁomlmj} /2,
Bf = g By, (9)
Ay =0"Eo + B" Eyo + BrE)" + BoF}",
N = B™Ey + 2ByF)", By = Biy'.
where ‘0’ denote contraction with y° except for the quantities pg, gy and
So.
3. INDUCED CARTAN CONNECTION

Let F™"~! be a hypersurface of F™ given by the equations ' = x*(u®). The
element of support 3° of F" is to be taken tangential to F™~!, that is

y' = B’ (u)v®. (10)
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The metric tensor g, and v-torsion tensor C,p, of F™~! are given by
9o = 9i;BLBY, Cagy = Ciju BLB)BY.
At each point u® of F™~!, a unit normal vector N'(u,v) is defined by
9ii (@ (u,v), y(u, ) BANT =0, gij(@(u, v),y(u,v)) N'N’ = 1.
As for the angular metric tensor h;;, we have
hag = hiyBLB%,  hi;BLN7 =0 hyyN'N’ = 1. (11)

If (B, N;) denote the inverse of (B, N*), then we have

B = ¢*°g;;B},  BLB] =0f,

BYN'=0, BLN;=0, N;=g;N,

Bf = gijj'ia '
B;B]‘-Y + N'N; = 5;-.

The induced connection ICT = (I';2, G4, Cg,) of F"~ induced from the
Cartan’s connection (I'j}, I'i., C%;) is given by [6]

L= BE(B, + LB + MSH,
G§ = By (B +Ig;B)),
Csy = BiaCJZ:kB%B’I:’

where
My, = NCLBLBE, Mg =g“"Ms, (12)
Hy = Ni(Bis+T5iBY),

and By = 0Bj/0U", B, = Bizv*. The quantities Mg, and Hy are called
the second fundamental v-tensor and normal curvature vector respectively [6].
The second fundamental h-tensor Hg, is defined as [6]

Hpg, = Ni(B}, + I, B4BY) + MsH,, (13)

where o
Mg = N;C%,. B4N*. (14)
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The relative h and v-covariant derivatives of projection factor B! with
respect to ICT are given by

Bus = HasN',  Bils = MapN'. (15)
The equation (13) shows that Hg, is generally not symmetric and
Hpy — Hyp = MpH, — M, Hp. (16)
The above equations yield
HO’y == ny, H,y() — Hry + MyHo. (17)
We use following lemmas which are due to Matsumoto [6]:

Lemma 1 The normal curvature Hy = Hgv® vanishes if and only if the nor-
mal curvature vector Hg vanishes.

Lemma 2 A hypersurface F"~ ' is a hyperplane of the 15 kind if and only if
H,=0.

Lemma 3 A hypersurface F™"~1 is a hyperplane of the 2"¢ kind with respect
to the connection CT' if and only if H, = 0 and H,g = 0.

Lemma 4 A hyperplane of the 3™ kind is characterized by H,s = 0 and
M,3 = 0.

4. HYPERSURFACE F""!(c) OF THE SPECIAL FINSLER SPACE

/@n+1

Let us consider special Finsler metric L = a4 "=~ with a gradient b;(z) =
d;b for a scalar function b(z) and a hypersurface F"~1(c) given by the equation
b(x) = c(constant) [9].

From parametric equations z' = z*(u®) of F"(c), we get d.b(z(u)) = 0 =
b;B!, so that b;(z) are regarded as covariant components of a normal vector

(o2

field of F"~!(c). Therefore, along the F"~!(c) we have
bB. =0 and by =0. (18)
The induced metric L(u,v) of F"7(c) is given by

L(u,v) = aagvo‘vﬁ, Uap = aijBéBé (19)
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which is the Riemannian metric.
At a point of F""!(c), from (2), (3) and (5), we have

P = 17 Go = 07 q1 = Oa q2 = —06_2, bo = 07 b1 = 0 (20)
p2:0, C:L SOZO, 51:(), SQIO

Therefore, from (4) we get B B
g = a¥ 1)

Thus along F""!(c), (21) and (18) lead to g“b;b; = b*.
Therefore, we get

bi(x(u)) = V2N, b* = ab;b;. (22)

i.e., b;j(z(u)) = bN;, where b is the length of the vector b'.
Again from (21) and (22) we get

b' = bN;. (23)
Thus we have

Theorem 1 In the special Finsler hypersurface F*~1(c),the induced metric is
a Riemannian metric given by (19) and the scalar function b(x) is given by

(22) and (23).
The angular metric tensor and metric tensor of F™ are given by

o
a?’

hij = ai

Gij = Qij-

(24)

Form (18), (24) and (11) it follows that if h&aﬁ) denote the angular metric
tensor of the Riemannian a;;(x), then along F"(c), haps = hgg

From (3), we get

8}90 - (n + 1)[TL<TL — 1)0[’H—1ﬂn—2 + 2n(2n + 1)6277,—1]
% B aQn .

Thus along F"!(c), % = 0 and therefore (6) gives y; = 0, m; = b;.

Therefore the hv-torsion tensor becomes
Cijr =0 (25)
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in a special Finsler hypersurface F"~!(c).
Therefore, (12), (14) and (25) give

M,3 =0 and M, = 0. (26)
From (16) it follows that H,z is symmetric. Thus we have

Theorem 2 The second fundamental v-tensor of special Finsler hypersurface
F™Y(c) vanishes and the second fundamental h-tensor Hagz is symmetric.

Next from (18), we get bs B, +;B;, 3 = 0. Therefore, from (15) and using
bis = by B+ b; |; N7Hp, we get

by; BLBY + b; |; BAN'Hg + b HagN' = 0. (27)
Since b; | ;= —th’ihj, we get
bi |; BLN? = 0.
Thus (27) gives o
bH,ps + by BLBY = 0. (28)

It is noted that b;; is symmetric. Furthermore, contracting (28) with VP
and then with v* and using (10), (17) and (26) we get

bH,, + by; BLy’ =0, (29)

bHo + bi;y'y’ = 0. (30)

In view of Lemmas (1) and (2), the hypersurface F"~!(c) is hyperplane of the

first kind if and only if Hy = 0. Thus from (30) it follows that F"~!(c) is

a hyperplane of the first kind if and only if b;;y'y? = 0. Here b;; being the
covariant derivative with respect to CT' of F™ depends on °.

Since b; is a gradient vector, from (7) we have E;; = b;;, F;; = 0 and F]’ = 0.
Thus (8) reduces to

D;k = Bibjk + B;b()k + B}ibOj — bomgim ik
—Cim AL — Crn AT + Ciem AL g™ (31)
FN(Ch O 4 CunCo — CiiChn)-
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In view of (20) and (21), the relations in (9) become to

B;=0, B'=0, B;=0, (32)

By virtue of (32) we have By = 0, By, = 0 which leads AJ* = 0.
Therefore we have

D;O = 0,
Dy =
Thus from the relation (18), we get

bDjy, = 0, (33)
bDi, = 0. (34)
From (25) it follows that
b b;CL Bl = b M, = 0.

Therefore, the relation b;; = b;; — b, Dj; and equations (33), (34) give
bz‘|jyiyj = boo.
Consequently, (29) and (30) may be written as

bH, + by B., =0,
bHo -+ boo - 0

Thus the condition Hy = 0 is equivalent to byy = 0, where b;; does not
depend on y'. Since y' is to satisfy (18), the condition is written as b;;y'y? =
(biy")(c;y?) for some c¢;(z), so that we have

2bij = b,‘Cj + bjCi. (35)
Thus we have

Theorem 3 The special Finsler hypersurface F"~'(c) is hyperplane of 15 kind
if and only if (35) holds.
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Using (25), (31) and (32), we have b, Dj; = 0. Substituting (35) in (28) and
using (18), we get
H,s = 0. (36)

Thus, from Lemmas (1), (2) (3) and Theorem 3, we have the following:

Theorem 4 If the special Finsler hypersurface F"~'(c) is a hyperplane of the
1%t kind then it becomes a hyperplane of the 2™ kind too.

Hence from (17), (36), Theorem 2, and Lemma (4) we have

Theorem 5 The special Finsler hypersurface F"~Y(c) is a hyperplane of the
37 kind if and only if it is a hyperplane of 15 kind.
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