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ABSTRACT. In this paper, we determine conditions on 3, a; and f;(z) so

i B
that the integral operator {B Jo & T, (fi(&) /€)M d£} is univalent in
the open unit disk. We also obtain similar results for the integral operator

1
{8 )5 & exp (1, 0ufi(€)) de}7.
2000 Mathematics Subject Classification: 30C45.

1. INTRODUCTION

An analytic function that maps different points in the open unit disk U :=
{z € C: |z] < 1} to different points in C is a univalent function. Such functions
have been studied for long time. Let A be the class of all analytic functions
f(2) defined in U and normalized by the conditions f(0) =0 = f’(0) — 1. Let
S be the subclass of A consisting of univalent functions. Pascu [2] has proved
the following theorem:

Theorem 1 ([1],/2]) Let € C, v € R and RF > v > 0. If f € A satisfies

2f"(2)
f'(2)

1—|z[*

v

<1 (z€l),

then the integral operator

Fa(z) = [ﬁ / Z sﬁlf’@)dfr

s in S.
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We denote by Sp the class of functions f € A satisfying

2f'(2)
—1|<p (0<p<1;, z€eU
Ze ( )
while S3 denote the class of functions f € A satisfying
2f'(2) ’
—1l<pg (0<p<1;, zel).
e ( )

Using Theorem 1, Pescar [4] proved the following theorem.

Theorem 2 ([4]) Let ., 3 € C and RB > Ra > 3/|al. If f € Sy satisfies the

condition

f(2)l <1 (z€0),

then the integral operator
e f<§>)i ’
Hop(2) {ﬁ [ (BE) ae )

Using Theorem 1, Breaz and Breaz [1] extended Theorem 2 and obtained
the following theorem.

s in S.

Theorem 3 (Theorem 1, p.260 [1]) Let o, 5 € C and RB > Ra > 3n/|al. If
fi€e Sy (i=1,2,--- ,n) satisfies the conditions

’fl(z)’§1 <Z€U7 i:1727"'7n>7

then the integral operator

Fuplz) = {6 / Z 5B—Iﬁ (%) : df} )

=

isin S.
Using Theorem 1, Pescar [5] obtained the following theorem.
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Theorem 4 (Theorem 1, p.452 [5]) Let f € A and 5 € C satisfies

1§3?6§|ﬁ|§3—\2/§.

If
l2f' () <1 (z€U),
then the function
1
® B
Ty(2) = {6 / £o1 (ef@))ﬁc%}
0
s S.
By Schwarz’s Lemma (see below), the only function f € A with |f(z)| <1
is f(z) = z and hence the hypothesis of Theorem 3—4 are satisfied only by a
single function f(z) = z.
In this paper, we extend Theorem 2 and Theorem 4 to obtain a sufficient
conditions for univalence of a more general integral operator. We also prove
some related results. The class of functions to which our theorems are appli-

cable is non-trivial (when M; # 1 for some 7).
To prove our main results, we need the following lemma:

Lemma 1 (Schwarz’s Lemma) If the function w(z) is analytic in the unit
disk U, w(0) =0 and |w(2)| <1 for all z € U, then

w) <zl (z€U), W'(0) <1

and the either of these equalities holds if and only if w(z) = ez, where |e| = 1.

2. UNIVALENCE CRITERIA

For e A(i=1,2,--- ,n)and ay,aa, ..., an, 3 € C, we define an integral
operator by

I g {ﬁ | sﬁH (@) g d&}é | 3)

When oy = ay =+ = a,, = @, Fy, 0y, an;8(2) becomes the integral operator
F, (%) considered in Theorem 3.
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Theorem 5 Let 0 < §; < 1. Let f; € S, (i = 1,2,--- ,n) satisfy the condi-
tions

If ap,9,...,0,,3€C, RG>~ and

_21+M (1+5;) (4)

|O‘z ’
then the function Fy, oy an5(2) defined by (3) is in S.

Proof.  Define the function h(z) by

0

Then we have h(0) = A'(0) — 1 = 0. Also a simple computation yields

SIS NYEEEN g

and

From equation (5), we have

zh”(z) n 1 Zf’( )
w1 z2f;(z) £.(2)

From the hypothesis, we have |f;(z)| < M; (2 €U, ¢=1,2,---,n) which,
by Schwartz Lemma, yields

Ifi(2)] < M;|lz| (€U, i=1,2,--- n).
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Using this inequality in the inequality (6), we obtain

zh"(2) "1 < 22fl(2) )
M; u +1
v | S 2 M
— 1 2 fi(2) ' )
< — | M; |5 -1 +1+M; ). (7)
ZZI i < f2(z)
Since f; € S, in view of (4), the equation (7) yields
zh"(2) "1+ Mi(1+ )
= (8)
h'(z) ; il
Multiply (8) by
1—|z*
/y )
we obtain
1— |27 |2k (2) 2
< 1- T<1 U).
D IEE < -pr <t cen
Since RG > v > 0, it follows from Theorem 1 that
: }
5 [ s
0
Since
1 1 1
e s Sy (LN
5 [ mion] - {ﬁ/ e TI(5Y) df}
) o o
= Fay a0, an;8(2);
the function F,, 4, a,(%) defined by (3) is in S. I
Theorem 6 Let oy, cs,...,0,,€C,0< 5, <1 (i=1,2,...,n) and
o
i=1 "

If fi € S, (1 =1,2,--+ ,n), then the function Fy, a,... an5(2) defined by (3) is
inS.
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Proof.  From (5), we get

n

1
<2 i

=1

zh"(z)
e

o

and by using (9) and f; € S}, we obtain

Xh

This, as in the proof of Theorem 5, shows that

Zh//

1—|z[*

v

zh"(z)
W (2)

<1l (z€U)
and therefore, by Theorem 1,
z 5
k/ﬁ“wwﬁ}e&
0
Therefore the function Fy,, a,.... a,:5(2) defined by (3) is in S. I

Example 1 Let o, € C,0< 3, <1 (i =1,2,...,n) satisfy

1 n
ol =
If fi € Sp, (i =1,2,---,n), then the function F,5(z) defined by (2) is in S.

In particular, if a, 5 € C, 0 < B < 1 satisfy RG > % and f € S} , then the
function H, 3(2) defined by (1) isin S.

Fori=1,2,...,n,let a;, 5 € Cand f;(z) € A. Define the integral operator
Ton,.omi5(2) by

Ton,.an;p(2) = {5/; ¢ exp (Z Oéifi(f)) dﬁ} . (10)
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Theorem 7 Let f; € A (i =1,2,--- ,n) satisfy
2fi(z)| < M; (M;=1; z€U).
Let a;, € C (i =1,2,...,n) and v > 0 be the smallest number such that

2v+1
27 .

QiMi|ozi| <(27+1) (11)

=1

Then, for B € C, RB > ~, the function Ty, . a,.3(2) defined (10) is in S.

.....

Proof.  Define the function h(z) by

h(z) = /OZ €xp (Z aifi(§)> dg.

Then we have h(0) = 2'(0) — 1 = 0. Also a simple computation yields

W (z) = exp (Z aifi(z))

and

'(z) /

) = 2 el (12)
By Schwartz’s Lemma, we have |2 f/(2)| < |z|, (¢ €U, i=1,2,--- ,n),and

therefore we obtain, from (12),

zh"(2) - / -
) | D oladl 2] < (D Mifaa])l2].
i=1 i=1
Thus ) 9
1— o [20(2) | _ |2](1 = |2]?) &
. e N ; il ( )

For the function @ : [0,1] — R defined by Q(t) = #(1 — t*?), v > 0, the
maximum is attained at the point ¢t = 1/(2y + 1)'/?7 and thus we have

Q< —

2v+41

2y+1) >
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In view of this inequality and our assumption (11), we obtain
1— |22 |21 (2)
gl h'(z)

and, by Theorem 1, Ty, 4..3(2) is univalent in U for § € C with R3 > ~. |
Also we have the followmg result.

<1 (z€U)

Theorem 8 Let a;,3 € C,0< 8 <1 (i =1,2,...,n). Let fi € Sj (i =
1,2,-+- ,n) satisfy

and v > 0 be the smallest number such that

QZMi|ozi|(1+ﬁz') <@2y+1)F . (13)

Then, for B € C, RB > v, the function Ty, . a,.3(2) defined (10) is in S.

......

Proof.  From (12), we have

Zh//
Z o (2)]
2fi(2)
S ( L 1] 1o
< ZMmi!(l + B3)zl.
i=1
The remaining part of the proof is similar to the proof of Theorem 7. |

Similarly we have the following result.
Theorem 9 Let f; € S, (i =1,2,--- ,n) satisfy
lfi(2) <M, (M;>1, ze€U; i=12,...,n).

Let 0, € C,0< 3, <1 (i =1,2,...,n), and v > 0 be the smallest number
such that

2ZME|ai\<1 +B) < (2y+1)E (14)

Then, for B € C, RB > v, the function Ty, . a,.3(2) defined (10) is in S.

-----
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