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ABSTRACT. In the present paper, we investigate the majorization properties
for certain classes of multivalent analytic functions defined by fractional derivatives.
Moreover, we point out some new or known consequences of our main result.
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1. INTRODUCTION
Let f and g be analytic in the open unit disk
A={z:2€C ,||z| <1}. (1)
We say that f is majorized by g in A (see [3]) and write

flz) <g(z)  (2€), (2)

if there exists a function ¢, analytic in A such that

[p(z)] <1 and  f(z) = @(2)9(2) (2 € A). (3)

It may be noted here that (2) is closely related to the concept of quasi-subordination
between analytic functions.

For two functions f and g, analytic in A, we say that the function f is subordinate
to g in A, and write

f(z) <g(2),
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if there exists a Schwarz function w, which is analytic in A with
w(0)=0 and |w(z)]<1 (z€A4)
such that
f(z)=g(w(z) (2€A).
Indeed, it is known that
f(z) < g(z) = f(0) =g(0) and f(A) C g(A).

Let A, denote the class of functions of the form
f(z) =2+ Z a2 (peN:={1,2,3,...}), (4)

which are analytic in the open unit disk A. For simplicity, we write A; =: A.
For two functions f; € A, (j = 1,2) given by

fi)=2+ > a2t (=12 peN), (5)
k=p+1

we define the Hadamard product (or convolution) of f; and fo by

(frsfo)(z) =22+ D apparaz® = (fax fi)(2).

k=p+1

In the following, we recall the definitions of fractional integral and fractional
derivative.

Definition 1. (See [6]; see also [8]) The fractional integral of order A(A > 0)
1s defined, for a function f, analytic in a simply-connected of the complex plane

containing origin by
- 1 f(©)
DA = 1o | de, (©)
TN S -9
where the multiplicity of (z — &) 1 is removed by requiring log(z — &) to be real when
z—&>0.

Definition 2. (See [6]; see also [8]) Under the hypothesis of Definition 1, the frac-
tional derivative of f of order A(A > 0)

ﬁbf%dé (0<A<1),
dn D2 f(2) (n<A<n+lneNu{o},

D;f(z) = (7)
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where the multiplicity of (z — &) 1 is removed by requiring log(z —&) to be real when
z—&>0.
Recently, Patel and Mishra [7] defined the extended fractional differ-integral
operator
QgA’p) : .Ap — Ap
for a function f € A, and for a real number A(—oco < A < p+1) by

F'lp+1-X)

i) ° DA (8)

QP f(z) =

where D) f(z) is the fractional integral of f of order A if 0 < X\ < p+ 1. It is easy to
see from (8) that for a function f of the form (1), we have

Tn+p+)I(p+1-X)
Fp+ I (n+p+1 _)\)anz (z € A)

and
2QPPf(2)) = (p— NP f(2) + AP f(z) (oo <A<p; z€A). (9)

Definition 3. A function f(z) € Ay is said to be in the class S;"j [A, B;~] of
p-valent functions of complex order v # 0 in A if and only if

1 Z(ng,p)f(z)>(j+l)

T\ (297 52) Y

(z€A; 1< B<A<I1;peN; jeNy:=NU{0}; yeC—-{0}; —co <A< D).

1+ Az

1
1+ Bz (10)

—-p+J

Clearly, we have the following relationships:
L Sp [, =159] = S (4);

2. 571,159 = S(7) (v € C—{0});

3. S1°[L—159] = K(7) (v € C—{0});

4. 5?70[17 —L;l1—a]=5(a) for0<a<]l.
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The class S;‘ () was introduced by Goyal and Goswami [2]. The classes S(v) and
K (vy) are said to be classes of starlike and convex of complex order y # 0 in A which
were considered by Naser and Aouf [4] and Wiatrowski [9], and S*(«) denote the
class of starlike functions of order a in A.

An majorization problem for the class S(y) has recently been investigated by
Altinas et al. [1]. Also, majorization problems for the class S* = S*(0) have been
investigated by MacGregor [3]. In the present paper, we investigate a majorization
problem for the class S{,\ I1A, B;A].

2. MAJORIZATION PROBLEM FOR THE CLASS SQ’J [A, B; 9]

We begin by proving the following result.

Theorem 1. Let the function f € A, and suppose that g € S{,\’j[A,B;V]. If
(P F(2))D is majorized by (2P g(2))9) in A, then

()

(200270) " < |(27202) 7| (21 <o (1)

where g = ro(p, 7y, A, A, B) is smallest the positive oot of the equation

|V (A=B)=(p—A)B|—[(p—A)+2|B[lr* = [|[7(A=B)— (p— N B|+2]r+(p—A) = 0,

(12)
(-1<B<A<I1; peN; veC-{0}).
Proof. Since g € S;"j [A, B;~], we find from (10) that
A, (3+1)
1 Z(Qg p)g(z)> , 1+ Aw(z2)
14 - - =T 1
(Qz ’ g(Z))
where w is analytic in U with
w(0)=0 and |w(z)|<1 (z€l).
From (13), we get
(Ap) G+ , -
Z<QZ g(z)> _ (=) +[(v(A - B) + (p — j) Blw(z) (14)
<Qg)\,p)g(z)>(j) 1+ Bw(z)
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By noting that

; () ()
QP g(2) 04 = (p = N (@M g(2)) "+ (= (QP() L (1)
by virtue of (14) and (15), we get

RN (0~ M1+ |B]J2]
’(99 9)) | < G- B - o~ B

<

(00929() "] 10)

()

()
Next, since (Qg/\’p)f(z)) is majorized by (Qg/\’p)g(z)> " in the unit disk A, from

(3), we have
) ()
(207 1(2)) " = ol=) (207g(2))”
Differentiating it with respect to z and multiplying by z, we get

(G+1)

)UH) = 2/ (2) [0y (2)) Pzl (@9)" " an

(207 1(2)

Using (15), in the above equation, it yields

(00519 5)” = ZE (009() "+ o) (0899) s

Thus, by noting that ¢ € P satisfies the inequality (see, e.g. Nehari [5])

_ 2)|2
¢ < e

(z € A) (19)

and making use of (16) and (19) in (18), we get

\ (004105 ())”
) ,
< (e T et B ) (24 90)”
(20)

which upon setting

[zl =7 and |p(z)|=p (0<p<1)
leads us to the inequality
) d(p) )

<

(0ep())

(2+17g(2))

)

(1-=7r2)(p—A)—[v(A=B)—(p—NBlr
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where

®(p) = —r(1+|B|r)p?* +(1=1%)[(p=A) =7 (A=B) +(p—A) Blr)lp+r(1+|B|r) (21)

takes its maximum value at p = 1, with rq = ro(p, v, A, A, B), where ro(p, v, \, A, B)
is smallest the positive root of the equation (12). Furthermore, if 0 < p < ro(p,7, A, A, B),
then the function 1 (p) defined by

¥(p) = —o(1+]Blo)p*+(1=0%)[(p— )~ |7 (A=B)+(p—X)Blo)|p+a(1+|Blo) (22)
is a increasing function on the interval 0 < p < 1, so that

U(p) <¥(1) = (1 =0*)[(p—A) = WA= B)+ (p — A)Blo)]

(0<p<1; 0< 0 <1ro(p,7, A\ A, B)). (23)

Hence upon setting p = 1, in (22), we conclude that (11) of Theorem (1) holds true
for
|Z| <rp= TO(pvaa )\7 Aa B)v

where ro(p, 7y, A, A, B) is the smallest positive root of the equation (12). This com-
pletes the proof of the Theorem 1. O

Setting A =1 and B = —1 in Theorem 1, we get the following result.

Corollary 1. (See [2]) Let the function f € A, and suppose that g € S{}’j(fy). If
)
(Q’\’pf( )) & is magjorized by (Qi"pg(z))(] in A, then

0| ‘ (2417 (z)>(j)

(005:) for || < (24)

where

k— /K —4(p— N2y —p + A
212y —p+ A
(k=24+p—A+2yv—p+A; peN; ye C—{0}).

r=nr (pv v >‘) - ) (25)

Putting A =1, B = —1, and j = 0 in Theorem 1, we obtain the following result.

Corollary 2. Let the function f € A and suppose that g € S,),"O('y). If Q;\’pf(z) 18
magorized by (Q2Pg(z)) in A, then

(215@)| < | (2 29(2)| for ol <.

where r1 is given by (25).
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Further putting A = 0, = 0 in Corollary 2, we get

Corollary 3. (See [1]) Let the function f € A and suppose that g € SIS\’O(V). If
Q;\’pf(z) is magjorized by Q?’pg(z) in A, then Let the function f(z) € A be analytic
in th open unit disk A and suppose that g € S(v). If f(z) is majorized by g(z) in
A, then

@< (2l <)

where

342y =1 — 9+ 212y — 1]+ [2y — 12
B 22y — 1 ‘

ra = 12(7)

For v =1, Corollary 3 reduces to the following result:

Corollary 4. (See [3]) Let the function f € A be an analytic and univalent in the
open unit disk A and suppose that g € S* = S*(0). If f(z) is majorized by g(z) in
A, then

<19 (21 £2-V3).

Acknowledgements. The first-named author is grateful to Prof. S. P. Goyal,
University of Rajasthan, for his guidance and encouragement.

REFERENCES

[1] O. Altinas, O. Ozkan and H. M. Srivastava, Majorization by starlike functions
of complex order, Complex Var. 46 (2001), 207-218.

[2] S. P. Goyal and P. Goswami, Majorization for certain classes of analytic
functions defined by fractional derivatives, Appl. Math. Lett. (2009), in press.

[3] T. H. MacGreogor, Majorization by univalent functions, Duke Math. J. 34
(1967), 95-102.

[4] M. A. Naser and M. K. Aouf, Starlike function of complex order, J. Natur.
Sci. Math. 25 (1985), 1-12.

[5] Z. Nehari, Conformal mapping ,MacGra-Hill Book Company, New York,
Toronto and London (1955).

[6] S. Owa, On distortion theorems I, Kyunpook Math. J. 18 (1978), 53-59.

[7] J. Patel and A. K. Mishra, On certain subclasses of multivalent functions
associated with an extended fractional differintegral operator, J. Math. Anal. Appl.
332 (2007), 109-122.

[8] H. M. Srivastava, S. Owa (Eds.), Univalent Functions, Fractional Calculus,
and Their Applications, Halsted Press (Ellis Horwood Limited, Chichester), John
Wiley and Sons, New York, 1989.

103



P. Goswami, Z. Wang - Majorization for certain classes of analytic functions

[9] P. Wiatrowski, On the coefficients of some family of holomorphic functions,
Zeszyry Nauk. Uniw. Lddz. Nauk. Mat.-Przyrod., 39 (1970), 75-85.

Pranay Goswami
Department of Mathematics,
Amity University Rajasthan,
Jaipur (India) - 302002

email: pranaygoswami83@gmail.com

Zhi-Gang Wang

School of Mathematics and Computing Science,
Changsha University of Science and Technology,
Yuntang Campus, Changsha 410114, Hunan,
People’s Republic of China

email: zhigwang@163.com

104



