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A SUBCLASS OF M-W-STARLIKE FUNCTIONS

M. K. Aour, A. SHAMANDY, A. O. MOSTAFA, S. M. MADIAN

ABSTRACT. In 1999, Kanas and Ronning introduced the classes of functions
starlike and convex, which are normalized with f(w) = f/(w) —1 = 0 and w is
a fixed point in U. The aim of this paper is to continue the investigation of the
univalent normalized with f(w) = f'(w) — 1 = 0, where w is a fixed point in U by
using the method of Briot-Bouquet differentail subordination.
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1. INTRODUCTION

Let H(U) be the class of functions which are regular in the unit disc U = {z €
C:lzl <1}, A={fe€ HU): f(0) = f'(0)—1=0}and S ={f € A: fis
univalent in U}.

We recall here the definitions of the well-known classes of starlike and convex

functions:
S*:{feA:Re<Z}f;S)> > 0, zeU},

SC:{fEA:Re<1+Z]‘£,;S)>>O, zeU}.

Let w be a fixed point in U and A(w) ={f € H{U) : f(w) = f'(w) —1 =0}.
In [7], Kanas and Ronning introduced the following classes:

S(w) ={f € A(w) : f is univalent in U},
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_ $*(w) = w) :Re EZWE)
ST (w) = S*( )—{fES( ): R 02 > 0, GU},
= S%w) = w) : ei(z—w)f”(z) z
CV(w) = 5% w) {fES( ): 1+ R 72) > 0, GU}.

It is obvious that the natural ” Alexander relation ” between the classes S*(w) and S¢(w)
is as follows:

g€ 5%w) & f(2)=(z—-w)g'(z) € §"(w). (1.1)
It is easy to see that a function f € A(w) has the series of expansion:
f(z)=(z—w)+as(z —w)* + ... (1.2)
In [2], Acu and Owa defined the following classes:

z(1+ 2)
(z —w)(1 = 2)

s(w) ={f: D(w) — C} N S(w),s*(w) = S*(w) N s(w)

where w is a fixed point in U.
Also Acu and Owa [2] considerd the integral operator L, : A(w) — A(w) defined
by

D(w)z{zeU:Re(f)aand Re{ }>O},forD(0):U;

f(z) = LoF(a) = 1+a/F )t —w)*tdt, a€R, a>0. (1.3)

( w
Let f € A(w), w be a fized point in U, m € Ng = NU{0},N ={1,2,..}, A >
0 and ! > 0, we define the following differential operator I])'(\,1) : A(w) — A(w)
as follows:

D f(2) = f(2), (1.4)
IODAG) = L DFG) = IO S + (0 ) T
“0 3 (FAEE e - "
2D f(2) = Iw(A,l)f(z)W + (Lu(\ 1) f(2)) w
0 5 (FA) e o o
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and (in general)

Ly A0 f(2) = Lo\ DI N D f(2))

1+An—-1)+1
—w)" A>0:0>0).
—i—E ( T > an(z —w)"™ (m € No; A > 0;1>0)

(1.7)
From (1.7) it is easy to verify that

Az —w) Ly () £(2)) = A+DIT D f(2) = (1= A+ D L (WD f(z) (A>0),

(1.8)
Lyt N D2 (A D f(2)) = L2 (A DI (A1) f(2))

for all integers miand meo.

Remark 1. (i) For A =1 and [ = 0, the operator D} = I'1'(1,0) was introduced
and studied by Acu and Owa [3];

(it) For w = 0 the operator I"™(\,1) = I*(\, 1) was introduced and studied by
Catas et al. [4];

(iii) For w = 0,1 = 0 and XA > 0, the operator DY = I§*(X,0) was introduced
and studied by Al-Oboudi [1];

(iv) For w=0,l =0 and X = 1, the operator D™ = I§*(1,0) was introduced and
studied by Sdalagean [11];

(v) For w=0 and A =1, The operator I"™(l) = I§*(1,1) was studied recently by
Cho and Kim [5] and Cho and Srivastava [6];

(vi) For w = 0 and | = X\ = 1, The operator I,, = Ij*(1,1) was studied by
Uralegaddi and Somanatha [12].

Definition 1. Let w be a fized point in U, m € Ng, A > 0,1 >0 and f €
S(w). Then the function f(z) is said to be an l-A\-m-w-starlike function if

I D £(2)
Re{ T D (2)

The class of all these functions is denoted by Si, (A, [, w).

>0, z € U. (1.9)
|

Remark 2. (i) S} (1,0,w) = S} (w),m € Ny, where S}, (w) is the class of
m — w—starlike functions introduced by Acu and Owa [3];
(i1) S;(1,0,w) = S*(w) and S;,(1,0,0) = S;,, m € Ny, where S}, is the class of
m—starlike functions introduced by Salagean [11];
(i) If f € S (A, w) and we denote I}(N, 1) f(z) = g(2), we obtain g(z) € S*(w);
(iv) Using the class s(w), we obtain s}, (A, l,w) = Sk (A 1,w) N s(w).
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Also we note that:
(1) S (A, 0,w) = Py, (N, w)

= {f € S(w): Re{IMH( /()

()}(z)}>0,)\20,m€NO,z€U}; (1.10)

where

LPNf(2) = (z = w) + Y[+ An = 1)) an(z — w)";

n=2
(i) S (1,1, w) = P (l,w)
Z{fES(w):Re{W}>O ,lZO,mGNo,zeU}; (1.11)
where
0 (2) +Z (ﬁf) a—

2. MAIN RESULTS

In order to prove our main results, we shall need the following lemmas.
Lemma 1 [7]. Let f € S*(w) and f(z) = (z —w) + ba(z —w)? + ... . Then

2 3+d

|ba| < |b3] < m»

_— 1_d27
(2.1)
(2+d)(3+d) _ 1 2+d)(3+d)(3d+5)

[ba] < (1—d2)3 |bs| < 5- (1—a2)* ’

where d = |w| .

Remark 3. It is clear that the above lemma provides bounds for the coefficients
of functions in the class S¢(w), due to the relation between S¢(w) and S*(w).

Lemma 2 ( /8/, [9] and [10] ). Let h be conver in U and Re[Bh(z) + 7] >
0, ze U. If p e HU) with p(0) = h(0) and p satisfied the Briot-Bouquet differentail
subordination

2p'(2) B
p(z) + O h(z), (2:2)
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then p(z) < h(z).
Theorem 1. Let w be a fixed point in U and m € Ng,l > 0 and A\ > 0. If
fesh (A Lw) then f € s} (N1, w). This means

SjnJrl()‘?law) - S:n()‘alvw)’ (23)

Proof. Since f € s3, (), l,w), then we have Re {gﬁgg;g} >0, ze U We

denote p(z) = I?;z/g’})l}{z(f), where p(0) = 1 and p(2) € H(U). By using (1.8), we
obtain .

00 f(z) I (I D)

IO | L UEDIE)

A= XD IO £(2) A (2 —w) (I7FE (D) f(2))
A=A IR AD f(R) Az —w) (I (N f(2)

and

ﬂ@):(@”%%Dﬂ@Yﬂﬂ%Dﬂd—%Mﬂ%bﬂ@Ym”%%Dﬂd
(M1 f(2))? ’
(2.4)
::(Im+%kl)ﬂz» (umAJxﬂz»’_p@00@<xznxay
IO f(2) T T Df(2) ImDf(z)
Thus, we have
ANz—w) o (1=A+D] L A DF(R) (1=A+1)
) = ot~ S| S ) o) - S8 e
(ImH( O f (z))/ s Mz —w)p'(2)
N0 A O e s s (25)
. (I 2 (0D f(2)) .
Since Re { (Im+1()\ l)f(z)) } > (0, we obtain
Mz —w) 1+2
p(z) + p(2)(1+ l)p (2) 1—2z
2p'(2) L E he), with (0)= 1. (2.6)

P T DAL — w/ep(e) 1z
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By hypothesis, we have Re {%p(z)} > 0, and from Lemma 2, we obtain

that, p(z) < h(z) or Re{p(z)} > 0. This means f € s}, (\,l,w). R
Remark 4. From Theorem 1, we obtain
sy (A Lw) C sp(1,0,w) C S*(w) (meN;I>0;A>0).
Theorem 2. If F(z) € sk, (A l,w) (A >0), then f(z) = L, F(2) € S, (A, L, w) (A >
0), where L, is the integral operator defined by (1.3).
Proof. From (1.3), we obtain

(1+a)F(z) = af(z) + (z — w) f'(2). (2.7)
By means of the application of the operator I**! (\,1), we obtain

AA+a) I N F(2) = ha— (1= X+ D] IO D £ (2)FAH) I D £(2) (A > 0).
(2.8)
Similarly, be means of application of the operator I'(), 1), we obtain

A14+a) I NDE(2z) =[Ma— (1= A+ D] I, l)f(z)—l—(H—l)IL”“()\, Df(z) (A>0).
(2.9)
Thus, we have

)f(z)>+[Aa_(1_A+l)} (I$+1<A,1>f<z>)

[ (D) F(2) “*”(w“u,nf(z) OO ()

A
L (MWD F(2) (1+1) (I“’)(\) +Aa—(1-A+1)]

(2.10)

_ IO f()

Using the notation p(z) = O ) with p(0) = 1, we have

= —p(2) (2.11)

o RO A0 ()
o PE Tt Ea ) (2.12)
Thus, we have
BUODFE) ()  ew

() Da—(1=A11)]
(w21 P(2) T X ra]

Iy (AL F(z)
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Since F'(z) € s, (A, l,w), we obtain

IMTY D) F(z) 14z
Im (\1) F(2) 1—2z

or
zp'(2)
P(2) + —g— )+ B < h(2). (2.14)
NT—(w/2)P NI (w/2)]

By hypothesis, we have Re {%p(z) + W} > 0 and from Lemma

- L (D f(2) ; _
2, we obtain p(z) < h(z) or RG{W} > 0,z € U. This means f(z) =
L, F(z) € S;,(A\Lw). B
Remark 5. (i) Putting w =1=0 and A =1 in Theorem 2, we obtain that, the
integral operator defined by (1.3) preserves the class of m-starlike functions;

(ii) Putting w = m =1 =0 and X\ = 1 in Theorem 2, we obtain the integral
operator defined by (1.3) preserves the well known class of starlike functions.

Theorem 3. Let w be a fixed point in U and m € Ng,A > 0, | > 0 and
fesyALw) with f(z) =(z—w)+ > an(z —w)™. Then, we have

n=2
2 1+1 \™
<
jaa] = (1—d2)<1+)\+l> ’
3+d 1+1 mn
< 1
las] - < —d2)2<1+2)\+l> ’ (1)

(
2(2+d)(3+4d) 1+7 \"
N <1+3)\+l> ’
1(24+d)(3+d)(3d+5) 1+1 \™
6 (1—d2) (1+4)\+l> ’

IN

|as|

where d = |w|.

Proof. From Remark 2 for f € S¥ (A, 1, w), we obtain
Dﬂ)\f(z) =g(z) € S*(w). (2.16)

If we consider g(z) = (z —w) + Y. by(z —w)™, from (2.16) we obtain
n=2

T+ An—1)+1 ma b n—23
1+l n — Yn, T Ay Iy
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Thus, we have
141 mn
n = bn, n=2,3,...
¢ <1+)\(n—1)+l> n=23

and from the estimates (2.1) of Lemma 1 and Remark 1, we get the result. H
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