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NEW EXACT TRAVELING WAVE SOLUTIONS FOR THE
KAWAHARA AND MODIFIED KAWAHARA EQUATIONS BY
USING MODIFIED TANH-COTH METHOD
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ABSTRACT. In this paper we use the modified tanh-coth method to solve the
Kawahara and the modified Kawahara equations. New multiple traveling wave so-
lutions are obtained for the Kawahara and the modified Kawahara equations.
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1. INTRODUCTION

The world around us is inherently nonlinear. Nonlinear evolution equations
(NEEs) are widely used as models to describe complex physical phenomena in various
fields of sciences, especially in fluid mechanics, solid state physics, plasma physics,
plasma wave and chemical physics. Particularly, various methods have been utilized
to explore different kinds of solutions of physical models described by nonlinear
PDEs. One of the basic physical problems for those models is to obtain their trav-
eling wave solutions. Concepts like solitons, peakons, kinks, breathers, cusps and
compactons are now being thoroughly investigated in the scientific literature [1-3].
During the past decades, quite a few methods for obtaining explicit traveling and
solitary wave solutions of nonlinear evolution equations have proposed a variety of
powerful methods, such as, Painleve expansion method [4], Jacobi elliptic function
method [5], Hirota’s bilinear method [6], the Sine-Cosine function method [7], the
Exp-function method [8], the tanh method [9, 10] and so on. Among those, the
tanh method, established by Malfliet [9], uses a particularly straightforward and
effective algorithm to obtain solutions for a large numbers of nonlinear PDEs. In
recent years, much research work has been concentrated on the various extensions
and applications of the tanh method. Fan [11, 12] has proposed an extended tanh
method and obtained new traveling wave solutions that cannot be obtained by the
tanh method. Recently, Wazwaz extended the tanh method and call it first the
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extended tanh method [13-15] and later as the tanh-coth method [16]. Most re-
cently, EI-Wakil [17, 18] and Soliman [19] modified the extended tanh method (the
tanh-coth method) and obtained new solutions for some nonlinear PDEs. The goal
of this work is to implement the tanh-coth method and the Riccati equation in [20]
that named modified tanh-coth method, to obtain more new exact travelling wave
solutions of the Kawahara and the modefied Kawahara equations. The Kawahara
equation occurs in the theory of magneto-acoustic waves in a plasmas and in the-
ory of shallow water waves with surface tension. This equation was proposed by
Kawahara in 1972, as a model equation describing solitary-wave propagation in me-
dia [21]. In the literature this equation is also referred as fifth-order KdV equation
or singularly perturbed KdV equation [22]. The modified Kawahara equation was
proposed first by Kawahara [21] as an important dispersive equation. This equation
is also called the singularly perturbed KdV equation. This equation arises in the
theory of shallow water waves.

2.DESCRIPTION OF MODIFIED TANH-COTH METHOD

Consider the general nonlinear wave PDE
up = G(u, Uy, Ugyg, ...) = 0. (1)

In order to apply the tanh-coth method, the independent variables, x and t, are
combined into a new variable £ = pu(x — ct), where p and ¢ are undetermined
parameters which represent the wave number and velocity of the traveling wave,
respectively. Therefore, u(z,t) is replaced by u(§), which defines the traveling wave
solutions of (1). Equations such as (1) are then transformed into

du du od*u

Hence, under the transformation £ = pu(z — ct), the PDE in (1) has been reduced
to an ordinary differential equation (ODE) given by (2). The resulting ODE is then
solved by the modified tanh-coth method, which admits the use of a finite series of
functions of the form

N
u(w, ) = u(€) = ag+ Y _[aY7 (&) +b;Y 7 (€)], (3)
j=1

and the Riccati equation
Y'=a+gY +4Y?, (4)

where «, # and v are constants to be prescribed later. The parameter N in (3) is
a positive constant that can be determined by balancing the linear term of highest

22



A. Jabbari, H. Kheiri - New exact traveling wave solutions for the Kawahara...

order with the nonlinear term in (2). substituting (3) into the ODE in (2) and using
(4), we obtain an algebraic equation in powers of Y. Since all coefficients of Y7 must
vanish. This will give a system of algebraic equations with respect to parameters
a;, b;, p and c. With the aid of Maple, we can determine a;, b;, ; and c. We will
consider the following special solutions of the Riccati equation (4) are given in [23] by

e a=p3=17=0, V(¢ =¢€—1,

- % _ —175: 0, Y(£) = coth(€) + esch(€) or Y(€) = tanh(€) + isech(),
S < ) tan(€) or Y(€) = esc(€) T cot(c),

e a=1,vy= —1 ,8=0, Y(f) nh(§) or Y(§) = coth(§),

. =7=i1 B=0, Y() = ( ) or Y (§) = cot(§),

c a=ly=—43=0 Y() = m

e a=1,7v=4,8=0, Y(§ = %a

o a=— —4,6=0, Y(&) = 1_6(;1(52)(6)

e a=1,0=22,7v=2, Y(E)thq:aifflzg),

¢« = -1,5=42y=-2, Y(£)= 1?2((25)

Other values for Y can be derived for other arbitrary values for «, 8 and ~.
3. THE KAWAHARA EQUATION
Let us first consider the Kawahara equation which has the form
Ut + QU + Drr — Klgrzee = 0, (6)

where a, b and k are nonzero real constants. In order to obtain travelling wave
solutions for Eq. (6), we use

ut) = ul€), €= ule — ) 7)
Substituting (7) into (6), we obtain

—cu + aw + bpPu" — kptu®) =0, (8)
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and by once time integrating we find
—cu + %u2 + by — kptu™ = 0. (9)

Balancing the order of the nonlinear term w2 with the highes order linear term (¥

in (9), we obtain N=4.
Thus, the solution of (3) has the form

w(€) = ag+a1Y + asY? + a3V + aqY + b Y £ bV 2 £ b3Y 3 + b Y1 (10)

Substituting (10) into (9) and using the Riccati equation (4), and because all
coefficients of Y* have to vanish, we obtain a system of algebraic equations in the
unknowns ag, a1, as, as, a4, b1, ba, b3, by, a, 3,7, 1 and ¢ of the following form:

%abf — 840kp byt = 0,
absby — 360kputbsat — 2640k bsfa® = 0,
%abgﬁ + abgby + 20bp2bya® — 120k p oo — 1080k b3 B’ — 3020k 1tby 320
—2080ku byya® = 0,
abiby + absbs + 12bub3a® + 36bubsBa — 336k by fa — 24kptby o
—1164kpb35%0? — 816ku*bsya® — 1476k by 3o — 4608k by fya® = 0,
—cby + %abQQ + abibs + abgag + 6bpbaa® + 16buby 3% + 21bp>bs B + 32bp%byva
—60kutby fad — 330kutby 20 — 240k byya® — 1680ku b3 fya’® — 525kutbs o
—256kutbsBt — 3232k utby B2y — 1696k byy2a® = 0,
—cb3 + aaiby + abyby + abzag + 9bu>b3 32 + 2bpbra® + 10buboBa + 18bubsya
+28bp2by By — 50kt 8202 — 40kp*b1ya® — 130ku*be 3o — 440k 1 bo By
—81k b3t — 576kutbsy?a® — 1062k b3 52 yor — 2240k by Sy v — T00k by 33
= ()7
—cby + %abﬁ + aa1bs + aasby + absag + 4b,u2b262 + 12b,u2b472 + 3b,u26150z
+8bu?boryar + 15bp>bs By — 15kpu*b f3ar — 136kutbay?a® — 60k by ya?
—232k b B2 ya — 16k ptba Bt — 195k b3 53y — 660k b3 By o — 660k u*bs 322
—480kp by o = 0,

(11)
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—cby 4 aagby + aarby + aagbs + abiag + buby 32 + 6bu’bsy? + 2bubiyor (12)
+6bubo By — 16ku*biv2a® — 30ku*be 83y — 22ku*by B2ya — kptb B
—120ku*ba By — 150k b3 8242 — 120k b3y — 240k by 8y = 0,
1
—cag + 2b,u2a20z2 + 2bu26272 — 24k:,u4a4a4 — 24k:,u4b474 + aa1by + 5(1(102

+aazby + aasbs + aasbs + bpPai o+ by By — kp'by 3Py — 14kp* by 3%
—16kp'byy3a — 14kptas f20® — 8kutby By?a — 36ku’bs By — 8kutar Bya?
—kptayBPa — 16kt asya® — 36kutaza’s = 0,

—cay — k:,u4a164 + aaiag + aasby + aagbs + aasbs + bu2a162 + 6bpaga?
+2bparyo + 6bpasfo — 240kptasBa’® — 150kt asf?a® — 120kpasya®
—30kptas B a — 120kutasya® B — 16ku*a1y?a® — 22kpta  32ya = 0,

1
—cay + iaa12 + aagag + aazby + aagbs + 4b,u2a262 + 12b,u2a4a2 + 3b,u2a1ﬂ’y

+8bpagya + 15bp azBa — 660kutasf?a? — 480kutasya® — 195kutas 3o
—660kptazya’ B — 136kptazy?a® — 16kptasf* — 232kt asf?yo — 15kutal 33
—60kputar By?a = 0,

—cag + aasby + aaias + aasag + 2bplary? + bplasB? + 10bpasfy + 18buazya
+28bp2asfoc — T00kptay B3er — 2240k p*ay fya® — 81kutasB* — 576kputazy?a?
—1062kp*agBPya — 130kptas 33y — 440kt as 8y a — 50kpar 3242 — 40kp* a1y = 0,
—cay + %CLCL22 + aajasz + aagag + 6b,u2a272 + 16b,u2a4ﬁ2 + 21b,u2a3ﬁ7 + 32b,u2a47a
—1696ku asy a? — 256kutasft — 3232kt asfPya — 525kutas 33y — 1680kuasfy3a
—330kptas5%y? — 240kptasy3a — 60kputa 873 = 0,

aasasz + aajay + 12bu2a3’y2 + 36bu2a4ﬁ’y — 1476ku4a453’y — 4608ku4a4ﬂ'y2a

—1164kptas 5242 — 816kutasy o — 336kutas By — 24kp*ay* =0,
1
5(1(132 + aagay + 20bpasy? — 3020kt as 5342 — 2080kt asyia — 1080kt as 8y3
—120kptasyt = 0,

aazay — 2640kt asBy® — 360kutazy* =0,
1
§aa42 — 840kptasy* = 0.

Case (1): By seting a« = =1 and v = 0 in (11) and solving the resulting system,
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we obtain the following two sets of solutions:

0. b =0 16802 33600
® aAn = a = Qa = a3 = Qa = = = —
0 1 2 3 4 ) 1 , U2 169ka ’ 3 169ka )

b_1680b2 C_36b2 —i/i b o
YT T69ka T 169k TV T

—72b% 0 b —0. b 1680062 336002
= — a _= a = a = a = = = =
169kq’ 1 2T W T TS AT T 60ka’ 0 169ka’

. 168007 —36b N /b b S0

_= CcC = = —_— —_ .

4 169ka 169k " " 13k &

Substituting these values and Y = ¢ — 1 in (10), after some simplifications, we

obtain

.CLO

36b2

1680ku* 2z~ iegrt)
ul(wv ) = a (m—Mt) ) (13)
(eﬁ‘ 169k 1) — 1)4
and
anp2 app2 2 2ah2
.1 2kt —3e@HTGEY 4 12e31@+T5EY 4 52e21@ 5t 4 12em(@ G — 3
U2\, =
a (Pt 355t _ 1)4

(14)

where p = £ ﬁ, % > 0.

Case (2): By assuming a = 1/2, v = —1/2 and f = 0 in (11) and solving the
obtained system and Substituting it’s solution and Y = coth(&) & c¢sch(§) or Y =
tanh(&) &+ isech(§), in (10), we we have

sz, t) = 1129522[1 — 2(coth(€) + esch(€))? + (coth(€) + esch(€))Y],  (15)
waet) = 2950 11 o (ranh(€) + isech(€))? + (tanh(€) = isech(€))], (16)
169ka
where £ = ﬁ(w - %%%2;), % > 0.

2
us(z,t) = 161;ka [33 — 210(coth(€) & esch(€))? + 105(coth(€) = esch(£))*],(17)
2

ug(x,t) = 162)]{:(1 [33 — 210(tanh(€) + isech(€))? + 105(tanh(€) + isech(€))H8)
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where ¢ = /1o (z + 31%%,5) b>o.
105b° o —4
ur(2,t) = Jpgp—[1 = 2(coth(§) £ esch(€)) ™ + (coth(§) £ esch(€)) ], (19)
ug(x,t) = 112522 [1 — 2(tanh(¢) £ isech(£)) ™ + (tanh(€) £ isech(€))*](20)
where £ = |/ 2 (z — %%%Qk), b>o.
2
ug(x,t) = 169%a [33 — 210(coth(€&) & csch(€)) ™2 + 105(coth(€) + csch(€))~4)21)
ujo(z,t) = i [33 — 210(tanh(€) £ isech(€)) ™2 + 105(tanh(€) + isech(€))29)

169ka

where & = 4/ 13,C( T+ %%bg,f), % > 0.

Case (3): By solving (11) for a« = v = +1/2 and 8 = 0, and Substituting obtained
values and Y = sec(§) &+ tan(§) or Y = csc(§) F cot(§), in (10), we get

wn(@.8) = (14 9(see() £ tan(€))? + (seel€) £ tan(©),  (23)
w12 0) = 1 L (escl€) F cot(€) + (csel) Feot(©)'], (24

where € = /(e = 350, § <0,
uiz(z,t) = 16921@ 33 + 210(sec(€) + tan(€))? 4 105(sec(€) + tan(€))?], (25)
uig(z,t) = 1692k 33 4 210(csc(€) F cot(€))? + 105(csc(€) F cot(€))Y], (26)

where ¢ = /b (z + 38t), £ <.
w15(2.0) = o114 3(seel) & tan(€) 2 + (seel€) & tan(9) Y. (27)
1. £) = 101 4 p{ese(€) F cot(€)) " + (esel€) Feot(€) Y, (29

where £ = /728 (x — 3871y b <,
urz(x,t) = 1692ka [33 + 210(sec(€) + tan(€)) ™2 + 105(sec(€) + tan(€))~4](29)
1s(2.£) = 2 [35 + 210(csel) F cot(€)) 2 + 105(csc(€) F cot(€) . (30)

169ka
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—b 36b%t\ b
where & = /37 (2 + 805 )> 7 < 0.

Case (4): Let « =1, vy = —1 and # = 0. By solving (11) and Substituting it’s
solutions and Y = tanh(§) or Y = coth(§), in (10), we obtain

urg(x,t) = 1050° [1 — 2tanh?(€) + tanh?(€)] (31)
’ 169ka ’
2
where & = %\/Bik(x - 31%%;), 2>0.
ugo(x,t) = 307 [11 — 70 tanh?(¢) 4 35 tanh®(€)] (32)
’ 169ka ’

1./ b 36b%t\ b
Wh€r€§:§ m(l?‘i‘ 169k:)’ E>O

2
a1 (2,1) = Jgop{1 — 2coth*(€) + coth (€)), (33)

1 b 36b%t\ b
Wher€§:§ m($— 169k:)’ E>O

3v?
169ka

where & = %\/%(m + %%2,;), b>0.

The solutions (32) and (34) are same Eq. (33) and Eq. (34) in [24] respectively.
Case(5): By considering o = v = £1, and § = 0 in (11) and solving the resulting
system, we obtain unknown variables. By Substituting these values and Y = tan(§)
or Y = cot(§), in (10) we derive

uga(x,t) = [11 — 70 coth?(€) + 35 coth?®(¢], (34)

uns(a ) = 2007 (1 9 tan?(6) + tan(6)) (35)
2T 169ka ’
_ 2
where £ = % ﬁ(x - %%%kt), % < 0.
ugy(x,t) = 3b° (11 + 70 tan®(€) + 35 tan?(¢)) (36)
’ 169ka ’
_ 2
where & = %\/ﬁ(x + 7%%%;), % < 0.
10562 9 4
= 1+2
uzs(,) = e (142 cot”(€) + cot™(£)), (37)
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— 2
where £ = 13111 (x — —?i%%,f), % < 0.
u6(x,t) = 30° (11 + 70 cot?(€) + 35 cot(€)). (38)
’ 169ka

where £ = 11/ (z +?i%%,f),%<0.
The solutions (36) and (38) are same Eq. (35) and Eq. (36) in [24] respectively.
Case (6): By letting & = 1, v = —4, and # = 0 in (11) and solving the result-

ing system and Substituting it’s solutions and Y = tanh(¢)

a2 @ 1 (10), after some

simplifications, we get

105b% (1 — 4tanh?(€) + 6 tanh*(€) — 4 tanh®(€) + tanh8(€))

1) = . (39
(@8 = {5ora (1+ tanh2(£))4 (39)
2
where & = oo(x— 3800, 2> 0.
s (. 1) = 302 (11 — 236 tanh?(£) 4 66 tanh® (&) — 236 tanh®(€) + 11 tanh8(¢))
2 169ka (1 + tanh?(¢))4 ’
(40)
where ¢ = 1, /8- (z + i%%zk) 5>0.
10567 2 2 4 4
ugg(z,t) = 27O4ka(6 — 4 coth”(§) — 4tanh*(£) + coth™(§) + tanh™(§)), (41)
2
where ¢ = 1,/ 16 (z — 38°1) 2 > 0.
30° 2 2 4 4
uso(x,t) = 27O4ka(_174 — 140 coth?(§) — 140 tanh*(&) + 35 coth™(§) + 35 tanh™(§)).

(42)

where £ = 34/ 5-(z +?1%%,f),%>0.
The solutions (41) and (42) are same Eq. (44) and Eq. (47) in [24] respectively.

Case (7): By solving (11) for « = 1, v = 4, and 8 = 0 we obtain unknown variables.
tan(£)

By Substituting these values and Y = ;——5 GL in (10), after some simplifications,
we get
1056% (1 + 4tan?(€) + 6tan*(¢) + 4 tan®(¢) + tan®
(o) 105 (O + 6tant(€) + dtand(©) 1an'(E)
169ka (—1+ tan*(£))
2
where £ = % —II’C( - i%%,f), % < 0.
30?2 (11 + 236 tan?(&) + 66 tan? (&) + 236 tan® (&) + 11 tan8(¢))
U32(x t) 2 1 y (44)
169ka (—1 + tan?(¢))
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2
where & = \/13( —i-?i%%k) 2<0.

1052
uss(x,t) = 27O4ka(6 + 4cot2(§) + 4tan2(§) + cot4(§) + tan4(§)), (45)
_ 2
where £ = 131;6 (x — i%%,f), % < 0.
3b2
uga (7, 8) = oo (=174 140 cot?(€) + 140 tan?(€) 435 cot? (€) + 35 tan? (€)). (46)

where § = \/ 13k( T+ ?166%15)’ % <0.

The solutions (45) and (46) are same Eq. (45) and Eq. (48) in [24] respectively.
Case (8): By letting a = —1, v = —4 and § = 0 in (11) and solving the resulting

system and Substituting it’s solutions and ¥ = 1f2;§§z£) in (10) we have

10562 (1 + 4 cot?(€) + 6 cot*(€) + 4 cotb(€) + cot®(€))

uzs(2,1) = 169ka (=1 + cot?(&))* ’ (47)

where £ = 11/ 735 (z — 31%%2,5), b <o.
302 (11 + 236 cot?(&) + 66 cot*(&) + 236 cot® (&) + 11 cot3(€))

uze(2,1) = 169ka (=1 + cot?(€))* » 48)

where £ = 11/ =k (z + ?%%Qk) b <o.
105b2 9 5 A 4

us7(2,t) = om0 (6 + 4tan”(€) + 4 cot” () + tan’(§) + cot™(€)),  (49)

where & = =2 (- %%%2;), b <o.
2
usg(x,t) = 30 (—174+140 tan?(€) + 140 cot?(€) + 35 tan? (€) + 35 cot?(€)). (50)

2704ka

where £ = 1,/ = (4 38°1) b
The solutions (49) and (50) are same Eq. (45) and Eq. (48) in [24] respectively.
Case (9): By solving (11) for & = 1, # = F2 and v = 2 Substituting these values

and Y = 1;?;(115()5), in (10) and after some simplifications, we get

420b% (1 + 2tan?(&) + tan*(€))
169ka (£l +tan(&)*

U39(x,t) = (51)
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_ 2
where £ = 13111( - ?i%%,f), b <.
(o.1) = 120% (29 F 24 tan(€) + 34 tan?(€) F 24 tan®(€) + 29 tan(¢)) (52)
1o 169%a (£1 + tan(é))* ’
where £ = /22 (z +?%%,f),%<0.
105b2 y
142
s (2,1) = o0 (1+ 2c0t?(€) + cot?(£)), (53)
_ 2
where £ = 131;6 (x — i%%,f), 7 <0.
uga(x,t) = 30° (11 + 70 cot?(€) + 35 cot(€)). (54)
’ 169ka

where £ = \/13k( —i—%%%,f), %<O.

The solution (54) is same Eq. (36) in [24].

Case (10): By assuming a = —1, § = +2 and 7 = —2 in (11) and solving the
obtained system, then Substituting it’s solutions and Y = 11‘22(5()5) in (10), after
some simplifications, we obtain

4206 (1 + 2 cot?(£) + cot?(€))

t
ug3(r,t) = 169ka (£1 4 cot(€))* ’ (55)
_ 2
where £ = 13ll’€ (x — ?i%%,f), % < 0.
waaa. 1) = 126% (29 F 24 cot(€) + 34 cot?(€) F 24 cot?(€) + 29 cot?(€)) (56)
MY T 169ka (£1 + cot())* ’
where € = 31/ 53¢ 7o+ 380, 4 <.
105b°
uas(2,t) = Too (1 + 2 tan®(€) + tan*(€)), (57)
_ 2
where £ = 13(1’6 (x — %%,f), % < 0.
ugg(z,t) = 30° (11 + 70 tan?(€) + 35 tan’(€)). (58)
169ka

where £ = \/;( 362 b o)

The solution (58) is same Eq. (35) in [24].

Not only our solutions cover all results obtained by wazwaz in [24], but also other
new solutions appear.
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4. THE MODIFIED KAWAHARA EQUATION

Let us consider the modified Kawahara equation
Ut + CLUZUI + buzer — Kugzges = 0, (59)

where a, b and k are nonzero real constants. In order to obtain traveling wave
solutions for Eq. (59), we use

u(z,t) =u(§), §=pl@—ct), (60)
Substituting (60) into (59), we obtain
—cu' + avu’ + bpPu" — kptu® =0, (61)
by once time integrating we find

—cu + %Us + bpu” — kptut® =0, (62)

Balancing the order of the nonlinear term u? with the highest order linear term (%
in (62), we obtain N=2.
Thus, the solution of (3) has the form

u(€) = ag + a1Y + a2V? + b1 Y 1 4 bV 2 (63)

Substituting (63) into (62) and using the Riccati equation (4), and because all
coefficients of Y* have to vanish, we obtain a system of algebraic equations in the
unknowns ag, a1, a2, b1, b2, a, 3,7, 1 and ¢ of the following form:

1
gab23 — 120kptboa* = 0,

abiby? — 24kp*bia* — 336kutbyBad = 0,
ab1%by + abs?ag + 6bpbaa® — 60kputb Ba® — 330ku by f20? — 240kputboya® = 0,

1
gabf“’ + aayby? + 2abibrag + 10bubafor + 2bp%bya® — 50kutby G2 a® — 40k by va®

—130kuba B3 — 440k bafya® = 0,

aashy® + ab12a0 + abgao2 — ¢cby + 2aa1b1bs + 3bu2b15a + 8b,u,2b2'ya + 4bu2b2ﬁ2
—16kp*be Bt — 15kp*b1 B3 — 60k by Bya® — 136kuboy?a® — 232k bef2ya = 0,
aa b ? + ab1a02 —cb1 4+ 2aa1b2ag + 2aa2b1boy + 2bu2b170¢ + 6bu2b25'7 + bu261B2
—16kutbiy2a? — 22kptby f2ya — kpltby f* — 30kutbe 83y — 120k befy2er = 0,
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1
—cap + gaag3 + 2aa1biag + 2aasboag + aasbi? + aaq’by + 2bu2a2a2 + 2b,u,217272
+bp2b1 By + bplar fo — kpta BPa — 14kptas32a? — 16kp*asye® — 8kutal fya?

—kp*b1 By — 8kptb1 By — 14kp*by5** — 16kp*bay’a = 0, (64)

aay2by + aa1a02 — caq + 2aaiasbs + 2aaobiag + 2b,u2a1'ya + 6bu2a2ﬂa + b,uQalﬁz
—22kptar B2y — kpta Bt — 16kptaiy?a® — 30kutasB3a — 120k asya®s = 0,
aai’ag + aas®bs + aasao® — cas + 2aaiazby + 3bu2a1ﬁ’y + 8b,u2a270z + 4b,u2a262
—15kptay 33y — 16kptaspt — 60kptar fv2a — 136kutasy?a? — 232kptas f2ya = 0,

1 .
aas’by + gaal‘i + 2aaiasag + 10b,u,2a2ﬂ’y + 2b,u2al'y2 — 50ku4a1ﬁ2'y2 - 40k,u4a1’y?’a

—130kptas 83y — 440kp*asfy’a = 0,
aai’as + aas®ag + 6bplasy® — 60kputar By — 330kutas5%y? — 240kutasy3a = 0,
aaras?® — 24kptay* — 336kutasfy® =0,

1
gaagg’ — 120kptasy* = 0.

Case (1): By assuming « = § = 1 and v = 0 in (64), and solving the resulting
system, we obtain

12b 4b? [b b
® ag =a1 = a2 , 01 2 = F T0ka. c 2BL’ I 55k >

Substituting these values and Y = e¢ — 1 in (63), after some simplifications, we

obtain
12 et \/;( e

V10ka i\ﬁ — a2y

Case (2): By consideringa = ,v=—1,and 3=01in (64) and solving the obtained
system and Substituting it’s solution and ¥ = coth £ £ csché or Y = tanh € £iseché
n (63), after some simplifications, we have

ui(x,t) = (65)

. 6b (1 + cosh(u(x — ggkt)))
V10ka sinh?(u(z — 224))
6b (1 Fisinh(u(z — 45:1)))

ug’(x’t):i\/lOka cosh? (u(x — 322 ) (67)

ug(zx,t) =
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() = £ L (68)
o V10ka (1 % cosh(u(z — 224)))’
6b (¢ sinh(p(z — ﬁ?5)) T1)

V10ka (2isinh(p(z — 32-t)) F 2 & cosh?(u(z — 32:1))) 7

where p = &, % > 0.

Case (3): by solving (64) for a =y = j:%, and 8 = 0 we obtain unknown variables.
By substituting these values and Y = sec{ +tan§ or Y = csc& Fcot§ in (63), after
some simplifications, we derive

6b 1
et — & , 7 70
6(z, ) V10ka (1 T sin(pu(z — %t))) "
ur(z,t) = £ i : 4b° i

V10ka (1 £ cos(u(z — 221)))’

where p = \/%, % < 0.

The solution (69) is same Eq. (43) in [25].

Case (4): By letting a = 1, v = —1, and § = 0 in (64) and solving the resulting
system and Substituting it’s solution and ¥ = tanh & or Y = coth(§) in (63), after
some straightforward computations, we obtain

P h? —-ééit 72

U’S(x7 )* \/msec (:U’(w 25k ))7 ( )
3b 4b?

ug(w,t) = :F\/MCSChQ(M(x - ﬂt))a (73)

Where,u:%w/%, % > 0.

The solution (71) and (72) are same Eq. (23) and Eq. (30) in [25] respectively.
Case (5): By assuming @ = v = 1, and § = 0 in (64) and solving the resulting
system and Substituting obtained values and Y = tan(§) and Y = cot(§) in (63),
after some simplifications, we get

3b 4b?

ulO(x7t) = i\/m8602(u($ - ﬁﬂ)? (74)
3b 4b?

uy(z,t) = :EWCSCZ(M(CC - %—kt)), (75)

where,u:%\/g—,f, % < 0.

The solution (73) and (74) are same Eq. (21) and Eq. (32) in [25] respectively.
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Case (6): By solving (64) for a« =1, vy = —4, and § = 0 in (64) we derive unknown

tanh(6) . (63), after some

variables. By Substituting obtained results and Y = Tranh? (@)

straightforward computations, we obtain

3b 1 —2tanh?(u(z — 2224)) + tanh? (u(z — 2224))

ua(z,t) = £ 2k Bk (76
12(m.1) = £ e (1 + tanh?(u(x — 2224)))2 (76)
3b 4b? 4b?
t) = —2 + coth? — ——t)) + tanh? — ——t
u3(z, 1) ﬂm( +coth®(u(z — 5-t)) + tanh™(u(z — 5=-1))),(77)

where p = \/;k, k>0

The solution (76) is same Eq. (38) in [25].
Case (7): By assuming o = 1, v = 4, and § = 0 in (64) and solving the result-

ing system and Substituting it’s solutions and Y = 1_“;‘;&5)@ in (63), after some

simplifications, we obtain

3b 14 2tan®(u(z — 2224)) + tan* (u(z — 21))

U4\, == 2 ) 78

a(mt) =+ e (tan?(u(z — 2224)) — 1)2 (78)
2 2

uis(x,t) = i4 ?il;k:a@ + cot?(u(z — %t)) + tan?(u(z — %t))) (79)

where p = 1 ‘/5k’ k,<0

The solution (78) is same Eq. (39) in [25].
Case (8): By considering o« = —1, v = —4, and = 0 in (64) and solving the

1 Cgct)E?)(g) (63) after some

obtained system and Substituting it’s solutions and ¥ =
straightforward computations, we get

3b 1+ 2cot?(u(x — m t)) + cot*(u(z — %t))

) T E (el )
I P 2 ) e .
ur(z,t) = m( + tan” (u(z — 5k t)) + cot”(u(z — 257”))7 (81)

-b b

where p = ‘/5kz’k<0

The solution (80) is same Eq. (39) in [25].

Case (9): By solving (64) for « = 1, v = 2, and 3 = —2 we obtain unknown variables.
tan(£)
lJian( &)

By Substituting these values and Y = n (63), after some simplifications,
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we obtain
1 + tan? — 5
V10ka (1 + tan(u(x — 25kt)))2
B 3b 9 4b?
Ulg(l',t) - :t\/m CsC (,u(l’ - ﬁﬂ)? (83)

where p = \/5, b <.

The solution (82) is same Eq. (22) and Eq. (32) in [25].
Case (10): By letting « = 1, y = 2, and § = 2 in (64) and solving the resulting

tan(€)

system and Substituting it’s solutions and ¥ = 1= fan(g) |

cations, we obtain

n (63), after some simplifi-

6b (1 +tan?(u(z — ;Lgkt)))
2

u0(e,E) = i\/ 10ka (tan(u(x — %t)) 1)’ (84)
3b 4b?
ug (z,t) = i\/m ese? (u(x — ﬂt)), (85)

where p = \/g,g,z<0

The solution (84) is same Eq. (22) and Eq. (32) in [25].

Case (11): By considering &« = —1, v = =2, and § = 2 in (64) and solving the
obtained system and Substituting it’s solutions and ¥ = 1ioct0(f() g1 n (63), after some
straightforward computations, we obtain

B 6b (14 cot?(u(z — 25k t))
ups(z,t) = & 0% (1 + cor(u(e — 202" (86)
3b 4p?
u23(x7t) = i\/m SGCZ(/,L($ - 257kt))7 (87)

where p = %\/ T k < 0.
The solution (86) is same Eq. (21) and Eq. (31) in [25].
Case (12): By solving (64) for « = —1, v = =2, and § = —2 we obtain unknown

cot(£) n (63), after some

variable. By Substituting resulting solutions and Y = 1= cot(g)

simplifications, we get

B 6b (14 cot?(u(z — m t))
uz4(x,t) = i\/loka (cot(u(x — % ) —1)2’ (88)
3b 4b?
ugs(x,t) = im sec?(p(z — 255 (89)
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where p = %\/% % < 0.

The solution (88) is same Eq. (21) and Eq. (31) in [25].

Not only our solutions for the modified Kawahara equation (59) cover all results
obtained by Wazwaz in [25], but also other solutions appear.

5.CONCLUSIONS

In this article, the modified tanh-coth method has been successfully implemented to
find new traveling wave solutions for two nonlinear PDEs, namely, the Kawahara and
the modified Kawahara equations. The results show that this method is a powerful
Mathematical tool for obtaining exact solutions for the Kawahara and modified
Kawahara equations. It is also a promising method to solve other nonlinear partial
differential equations.
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