Acta Universitatis Apulensis No. 23/2010
ISSN: 1582-5329 pp. 79-89

SOME PROPERTIES FOR CERTAIN INTEGRAL OPERATORS

AABED MOHAMMED, MASLINA DARUS AND DANIEL BREAZ

ABSTRACT. Recently Breaz and Breaz [4] and Breaz et.al[5] introduced two
general integral operators F), and F,, ., . Considering the classes N(y), MT(y, 3)
and K D(pu, ) we derived some properties for F;, and F,, . o,. Two new subclasses
KDF,(u, B3, a1, ...,a) and KDF,, . o, (p, 3,1, ..., o) are defined. Necessary and
sufficient conditions for a family of functions f; to be in the KDF, (p, 3, a1, ..., o)
and KDF,, o, (1, 5,01, ...,0p) are determined.
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1. INTRODUCTION.

Let A denote the class of functions of the form
flz)=z+ Zanz"
n=2

which are analytic in the open unite disc U = {z € C: |z| < 1}. We also denote by 8
the subclass of A consisting of functions which are also univalent in U. Furthermore,
we denote by T the subclass of § consisting of functions whose nonzero coefficients,
from the second one, are negative and has the form:

o0
f(z)=2-— Zanz”, an > 0.
n=2

A function f € A is the convex function of order o, 0 < a < 1, if f satisfies the
following inequality

2f"(2) )

Re +1)>a, zelU
( f'(z)

and we denote this class by K(«).

Similarly, if f € A satisfies the following inequality:

79



A. Mohammed, M. Darus, D. Breaz - Some properties for certain integral operators

f(z)
for some a, 0 < a < 1, then f is said to be starlike of order o and we denote this
class by 8*(«).

Re <Zf/(2)> >a,z€U

Let N() be the subclass of A consisting of the functions f which satisfy the in-
equality

Re (Z]{,ZS) + 1) <7v,zelU, v>1

This class was studied by Owa and Srivastava [8].

Let MT(u, 3) be the subclass of A consisting of the functions f which satisfy the
analytic characterization

2f'(2)
f(z)

forsome 0 < f<1l,and 0 < pu < 1,

2f'(2)
f(2)

— 1' <p ‘ 7 + 1‘
Definition 1.([9])A function f is said to be in the class KD(u,[3), if satisfies
the following inequality:

()

for some 4 >0 and 0 < 3 < 1.

For fj(z) € A and o > 0 for all j € {1,2,3,...,n}, D. Breaz and N. Breaz [4]
introduced the following integral operator

Fu(2) = O/Zjlill (fjit))aj dt, (1)

Recently Breaz et.al [5] introduced the following integral operator

2f"(2)
f'(2)

+

z

Fooon(2) = /H [Fi6)] dt, (2)
=1

o J

where f; € A and o > 0, for all j € {1,2,3,...,n}.
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For univalence, starlike and convexity of these integral operators see ([4]-][7]), see
also ([1]-[3]) for several properties.

Now by using the equations (1) and (2) and the Definition 1, we introduce the
following two new subclasses of K D(pu, 3).

Definition 2. A family of functions f;, j € {1,...,n} is said to be in the class
KDF, (i, 3,01, ..., ), if satisfies the inequality:

2F)(2) 2F/(2)
Re (5 1) 2 G
for some >0 and 0 < B < 1, where F,, is defined in (1).

+ 3, (3)

Definition 3. A family of functions f;, j € {1,...,n} is said to be in the class

KDF,,.. o, (1, 8,04, ...,;an) if satisfies the inequality:

2 e (2) > ‘zF&’ o (2)‘
e s n + 1 Z M 1,--,Cn +/67 (4)
( Fonoon (2) Fon oo (2)

for some >0 and 0 < B < 1, where Fy, ., 15 defined as in (2).

n

2. MAIN RESULTS

Our first result is the following:

Theorem 1. Let oj € R, oj > 0 for j € {1,...,n} and f; € A and suppose that

n

< M;.If fj € MT(uj, Bj) then Fy, € N(o), where o = > o (pujM; +1)+1.

7=1
Proof. From (1), we observe that F,, € A. On the other hand, it is easy to see that

i =11 (22). )

fi(2)
[i(2)

Differentiating (5) logarithmically and multiply by z , we obtain

2F) (2) B ij/(z) B
eI [f](z) 1] |

J=1
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Thus we have

zF)(2) = [zf’(Z) ]
4 l=) o | =1+ 1
R LY 56
We calculate the real part from both terms of the above expression and obtain

Re(lf/ﬂ(())Jrl) Zn:ozR [};’;/(()) 1]+1. (6)

Since Rw < |w|, then

F/I
Re < e ) Z ‘ + 1.
=1
Since f; € MT'(u;, 55) for j € {1,...,n}, we have
2 fi(z) fiz

(59 0) S

j=1

ujf()Jr ’+1<Z i | 70 '+Za]ﬁ]+1

n n n
< Zajﬁjuij + Zajﬁj +1= Zajﬂj (/LJ'M]' + 1) +1
j=1 j=1 j=1
n
Hence F,, € N(0), 0 = > «a;f3; (n; M; +1) + 1.
j=1
Lettingn =1, a1 = o, ag = ... =, =0, My = M and f; = f, in the Theorem 1,
we have

Corollary 1. Leta € R ,a > 0, f € A and suppose that ’J;f/((zz))

< M, M fixed.

If f € MT (s, B) then Fi(z) = [ (fT) dt € N(o) , 0 = af(uM +1) + 1.

Letting a =1 in Corollary 1, we have

Corollary 2. Let f € A and suppose that ];’(Zz)

then Fy(z f0<t>dteN() o= B(uM +1) + 1.

If f € MT(p, 5)

Theorem 2. Let a; > 0 for j € {1,...,n}, let 3; > 0 be real number with the
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property 0 < (B; < 1 and let f; € KD(uj,p3;) for j € {1,...,n}, pj > 0. If
0 < > aj(1—=p0;) <1 then the functions F,, . ., given by (2) is convex of or-

j=1
n
derp=1- 32 0,1~ ).
Proof. From (2), we observe that Fy, . . € A and

ZF// ( n f”Z n
GNC] -1—1—204]( ie) +1>—;+1.

Aly..,Qn

We calculate the real part from both terms of the above expression and obtain

Fyoam fi(2) “
Re(ZF/’7( ) Zaﬂ?{e(z ;—i—l)—;aj—kl.

al,...,an(

Since f; € KD(uj, ;) for j = {1,...,n}, we have

SF f// p
e (1) > S (o |+ ) - S
Fal7 QO 'n.(
This relation is equivalent to
2F (2)
Re <IO‘1’7( > Za],u] —i—Za] + 1.
Fal,...,an(
S o f”( )
ince ;i |2 o)

2Py, (?) -
Re | o0 1) >1 -3 ay(1 - ),
Fog,...an (’Z) ]:1
n
which implies that F,, . a, is convex of order p=1— )" a;(1 — 3;).
j=1

Lettingn =1, ai =, ao =... = a, =0 and f; = f, in the Theorem 2, we have

Corollary 3. Let a be a real number, o > 0. Suppose that the function f; €
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KD(u,B) and o < a(l — ) < 1 . In these conditions the function F,(z) =

[ (f'(t)"dt is convex of order 1 — (1 — 3)cv.
0

Letting o« = 1 in Corollary 3, we have

Corollary 4. Let f € KD(p, 3) and consider the integral operator Fi(z) = [ f'(t)dt.

In this condition Fy is convex of order 3.

A necessary and sufficient condition for a family of analytic functions
f] € KDFTL(/-%ﬁv aq, "'aan)

In this section, we give a necessary and sufficient condition for a family of functions
fi € KDF,(u, 3,1, ...,a,). Before embarking on the proof of our result, let us

2F"(z)
Fr(z) 7

Recall that, from (1), we have
o (1i()\Y
Fo =TT (52)" s
j=1
After some calculation, we obtain that

3£ i)

J=1

calculate the expression required for proving our result.

that is equivalent to

2F(2) <zfj’-(z)_1>'

Bz =Y\ GG

o0 o0
Let fj(z) =2 — Y anjz". Then fi(2) =1— 3 na, ;2" ! and we get

n=2 n=2
>
z — Ny, 2"
ZF” > n - n,)
e
" j=1 z—= ) Gn "
n=2
o0 o0 o0
n 1—-> nan,jz”*1 -1+ > an,jz”*1 n > (n—1) amjz”*l
o n=2 n=2 o n=2
= Z Qi 00 - Z &) X
Jj=1 1- > an,jznfl J=1 1—3 an,jznil
n=2 n=2

(7)
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Theorem 3. Let the function f; € T for j € {1,...,n}. Then the functions f; €
KDF,(u, 3,01, ...,an) for j € {1,...,n} if and only if

(&)

n | 2 e (n=1) (1) an,

oo
i=1 1= 3 an,;
n=2

<1-8. (8)

Proof. First consider

2F!(z2) 2F!(2) 2F!(2)
n _ 1 n < 1 n
rro e (1 ) <y T
From (7) we obtain
o0 > (n—=1)ay;2""
F//
|| = RIS -
" Z
no | 2 oy (n—1)|an,l 2" n Z j(n—1)an,;
<+ | <(u+1)) |® —
i=1 L= lan;l 2" =1 1— > an;
n=2 =2

If (8) holds then the above expression is bounded by 1 — (3, and consequently

F//( ) F//( ) B
] e (i ) <o
which equivalent to
2F/(2) 2F(2)
Re(1+ 55 ) 2| o

Hence f; € KDF,(u, 3,1, ...,an) for j € {1,...,n}.

Conversely. Let f; € KDF,(u,3,a1,...,ay) for j € {1,...,n} and prove that (8)
holds. If f; € KDF, (i, B, a1, ...,ay) for j € {1,...,n} and z is real, we get from (3)
and (7)

oo [e.e]
> (n—1) a2 0 > (n—1) a2
=2
e S | wE
1—Zanjz” 1 j=1 Zan]z" 1

n= n=2
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o0
n > (n—1) an’jz”_l
—9
uZaj L = + B.
j=1

1= 3 anzz"!
n=2

That is equivalent to

o0 oo
no | > aju(n—1)a, ;2" no | > aj(n—1)ay;z"!
— =2
8 = e - <1-6.
j=1 1= 3 anjz"~! =t 1= 30 angzt !
n=2 n=2
The above inequality reduce to
= 1
n | 2 aj(p+1) (n—1)an;2""
=2
" — <1-4.
n=2
Let z — 17 along the real axis, then we get
o0
n | 22 aj(pt+1)(n—1)an;
=2
n — <1-p.
i=1 1= 3 an,
n=2

Which give the required result.

A necessary and sufficient condition for a family of analytic functions
fj € KDFOéL.--,an (/.L, Byaq, ..y an)

In this section, we give a necessary and sufficient condition for a family of analytic

functions f; € KDF,, o, (1,08, 01,...;an). Let us first calculate the expression,

F// . . .
Zlel’::;f:((z)) , required for proving our result. From (2) we obtain

After some calculus, we obtain

a2 ()
B @ 2T

A yeeeyOnp _]:1 ¥
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Let fi(2) = z — 3 anj2", f]’(z) =1- Y nay;z" ! and f]”(z) =—> n(n-—
n=2 n=2 n=2

D)an,;j2"2 we get

o
n(n —1ay,. 2" !
ZFo,cll,...,an(Z) o = n§2 ( ) "
Fo ( ) - Qj 0 . (9)
a1,es0m \ 2 Jj=1 1-— Z nanjz”—l
n=2

Theorem 4. Let the functions f; € T for j € {1,...,n}. Then the functions
fi € KDFy,, o, 5,01, ...,00) for j € {1,...,n} if and only if

(o]

no | 20 ajn(n—1)(p+ 1Lan,;
n=2 _ <1-4. (10)
j=1 1— > nap;
n=2
Proof. First consider
L P C IO SO SN Lo N
S N ) R R TR A TR
01 yonyin \Z a1,eyan \# Q1 ey \F
From (9) we obtain
S n(n—1) a2
—1)a, 2"
2F" > — nn "
(w4 1) | == “””]=<u+1>2aj S <
[o S BRI e 7% (Z) n=2 1— Z nan,jzn_l
n=2
oo nfl oo
n ZQ ajn (n —1) |an, ;| || n 22 ajn(n—1)an,;
n= n=
<(u+1)) < X <+, =
j=1 1— 3 nlangl|z|" j=1 1— % nay;
n=2 n=2

If (10) holds then the above expression is bounded by 1 — § and consequently

2F" z zF" z
/al,..,,an( ) _ Re (1 + /0417...,o¢n( )) < _6,
Floan(2) Fl o an(?)

which equivalent to

2F! (2) zF! (2)
Re (1 + Al,..,Qn ) Z L Al,..,Qn ‘—‘—ﬁ
F(gv’lr--aa’n(z) Fév’ly---aan(z)
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Hence fj € KDF,, o, (1,B,01,...;a) for je{1,...,n}.
Conversely,Let f; € KDF,, . o, (,01,...,0,) and prove that (10) holds. If f; €

KDF,,.. o, (i, 5,01, ...;a,) and z is real we get from (4) and (9)
(o.] o
n Son(n—1)a,;2"1 n Son(n—1)a,;2"1
LS [ > 03 [ e
j=1 1— 3 nap;z"" 7=1 1= > nap;z""!
n=2 n=2
[o¢]
00 Son(n—1)a,;z"1
=2
> 1% Z aj n %) + ﬂ)
j=1 1— > na,jz"1
n=2

which is equivalent to

oo oo
no | > ajun(n—1)a,;z" ! no | 2 ajn(n—1)a,;z"!
n=2 _ + n=2 _ <1-— ,8
j=1 1— 3 nayjz"t j=1 1— 3" nayjz"t
n=2 n=2

The above inequality reduce to

0
n | 2 agn(p+1)(n—1)an;2""!
n=2

= <1-g6.
j=1 1— ) napjz"!
n=2
Let z — 17 along the real axis, then we get
oo
no | 2 oyn(p+1)(n—1)an;
n=2 S 1- ﬂv

o
j=1 1= 3 nan;
n=2

which give the required result.
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