Acta Universitatis Apulensis No. 23/2010
ISSN: 1582-5329 pp. 107-115

SOME INCLUSION PROPERTIES FOR NEW SUBCLASSES OF
MEROMORPHIC P-VALENT STRONGLY STARLIKE AND
STRONGLY CONVEX FUNCTIONS ASSOCIATED WITH THE
EL-ASHWAH OPERATOR
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ABSTRACT. The purpose of this paper is to derive some useful properties for
new subclasses of strongly starlike and strongly convex functions of order v and type
(11, p2) in the open unit disk U using a multiplier transformation for meromorphic
p-valent functions introduced recently by R.M. El-Ashwah. Inclusion relationships
using these subclasses are established.
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1. INTRODUCTION AND DEFINITIONS

Let 3, denote the class of functions of the form

£(2) :Zip+zanzn (peN={1,2.}), (1.1)
n=0

which are analytic in the punctured unit disk U* = {2 : 2 € C; 0 < |2| < 1} = U\{0},
where U = {z : z € C;|z| < 1} is the open unit disk.

The classes of strongly starlike functions and strongly convex functions in the
open unit disk have earlier been introduced and studied by Takahashi and Nunokawa
[9], Shanmugam et al. [7] and others. A function f € ¥, is said to belong to the
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class of meromorphically strongly starlike functions of order v and type (u1, p2) in
U, denoted by 87 (41, p2,7), if it satisfies

_gﬂl < arg{z;(/i;) +’Y} < %/@ (1.2)

(€W, 0< 1 <1,0< 2 <1, v>p).

A function f € ¥, is said to belong to the class of meromorphically strongly
convex functions of order v and type (1, p2) in U, denoted by Cp(p1, p2,7), if it

satisfies (2 F(2)

T zf'(z T

. TR T 1.

2,u1<arg{ 702 +7}<2M2 (1.3)
(zEU,O<u1§1,0<u2§1,’y>p)

Recently El-Ashwah [4] defined the operator

DO0fE) =5+ (“*(ﬁp)) a2 (1.4)
n=0

(A>0;¢>0;me Nyg=NU{0}; z€ U").
It is easily verified from (1.4) that

AT F(2)) = LI OO f(2) — (C+ M) TP f(2) (A>0). (1.5)

We note that
Ig(/\,ﬁ)f(z) = f(z) and

(1 f(2)

2P

(11 f(2) = = (p+ DS () +2f(2).

Also by specializing the parameters A, [ and p, we obtain the following operators
studied earlier by various authors:

(i) I7*(1,€)f(z) = I(m,£)f(z) (see Cho et al. [2,3]);

(i) I;*(1,1)f(2) = D' f(2) (see Aouf and Hossen [1], Liu and Owa [5] and Srivas-
tava and Patel [8]);

(iii) I7*(1,1)f(2) = I"™f(z) (see Uralegaddi and Somanatha [10]).

Also we note that:
(1) I (1,0) f(2) = I,(m, ) f(2), where I(m,{)f(z) is defined by

1 &S [(l+n+p\™ «
I,(m,0)f(z) = o + Z (E) anz" (£>0;me Np; z€U");  (1.6)
n=0
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(i) 1" (A, 1) f(z) = DY, f(2), where DY’ f(z) is defined by
- N .
DY, f :—p Z (n+p)+1"a,z" (A>0; me Np; z€U"). (1.7)

Now, we introduce the following new subclasses of meromorphically strongly
starlike and meromorphically strongly convex functions of order v and type (11, p2)
in the open unit disk U:

RO £ o, 12, 7) = {f €5y ITO ) f € 8511, 2, 7). —Z(ffg’gf((zf) #7,z€ u}
' (1.8)
and
z O (2)]
M (N 6 s p2, ) = {f € Xy I' (N O f € Cplpn, p2,7), — ([I[ﬁi((/\ 5))]{()2)]))] #7, 2 € U}-
! (1.9)

The object of this paper is to derive some properties for the classes Rg”()\, 05y, 2, 7y)
and M (A, € pa, 2, 7).

2. MAIN RESULTS
In order to prove our results, we need the following result of Nunokawa et al. [6]:

Lemma 2.1. Let q(2) be analytic in W with ¢(0) = 1 and q(z) # 0. If there exists
two points z1,z2 € U such that

T T
—5 = argq(z) <argq(z) <argq(zz) = Suz (2.1)
for pi >0, ua > 0, and for |z| < |z1| = |22, then we have
/
ad(n) _ e k7 (2.2)
q(z1) 2
and .
2d(2) _ ity (2.3)
q(z2) 2
> 1+} I anda—ztan{g (‘;2;‘;1)} (2.4)
Theorem 2.2.
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Rg”l()\,& s fi2,7y) C RpH(A 4 i, pa, y), for each m € No.
Proof. Let f € R;”*l()\,ﬁ; 1, f2,7y). Further suppose that

2" A0 f(2))
A0 f(2)

where g(z) = 1+ c12 + c22? + ... is analytic in U, ¢(0) = 1, and ¢(z) # 0 Vz € U.
Using (1.5), we get

=(y—-paz) -7, (2.5)

eIt (A0 £(2)
I\ 0 f(2)

By logarithmic differentiation, we easily get

=Av—-p)q(z) + [ = Ay —p)]. (2.6)

2 (I (N0 f(2)) by (1N O f(2)) N A(y = p)zq'(2) oy
L (O f(2) LrOOF(z) 7 Ay =p)a(z) + €= A7 = p)]
Ay —p)zq'(2)
= —p)q(z) + . 2.7
=) Ay =p)a(2) + [€ = Aly — p)] @7)
Suppose that there exist two points z1, z2 € U such that,
—5m = argq(z1) < argq(z) < argq(z2) = Fuz for |2 < |z1] = |2of.
Then from the proof of the Nunokawa lemma [6], we have
21/ (z1) _ ik(pu + pe) (1 +8) 2.8)
q(z1) 4ty '
and '
22 () _ ik(p + p2)(1 +83) (2.9)
q(22) 4ty ’ '
where -
Q(Zl) = (_itl)(u1+u2)/2 exp {iZ(MQ — Ml)} , t1 >0 (2,10)
a(z) = (it2) 2 exp (i (2 = ) |, 2 >0 (2.11)
and
g1zl
~ 1+ |al

Replacing z by 22 in (2.7) and using (2.9) and (2.11) therein, we find that

2N O f (22))
L O f(22)
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22 ¢'(22)/q(22) }

— (= pale) 14 5

Kis
— (y—p) 4122 oxpy (%uz)

1
5 +

Xi(p1 + p2) (14 t2)k ]
Ato[A(y — p)té’“ﬂu)/2 exp (Z%M) +{¢— Ay —p)}]
This implies that

[0y
g{ IO f (z2) ”}

. -1
T o barg {1+ Xi(pn + o) (13 + o)k }

Ay — p)tS D exp (iZpg) + {0 — Ay — p)}]

7 B+ ) (85 + 0)[€ = Ay — )] + 4A(y — p) 6§72 cos Ty
= —pottan

2 de(p, pa,t2)
> SH2, (2.12)

where )
e, p2,t2) = [0 = A(y — p)J2 + 27 [€ = A(y — p)] (v — p) 1§72 cos Ty
+)\2(’y—p)2tg“1+“2)+k)\2 (%) (t2_1+t2)(7—p)tg“1+“2)/2 sin pa

and
1—|al
> .
~ 1+4]d]
Similarly, replacing z = z; in (2.8) and using the same procedure as above, we obtain
that .
21N ) f (1)) ™
arg - +ye < ——m. (2.13)
{ L0 f(2) 2

Thus we get the contradiction to the hypothesis that f € R;,”H()\,E; 1y 142, 7Y)-
Hence the function ¢(z) defined by (2.5) yields

T <a ()<7T
_z rea(z) < —
o M1 g4q 5 M2

which implies that

7T (LN 0) f(2)) 7r
_2’“<arg{ N 07() ”}<2“2'

Thus f € R}'(A, 4; 1, p2,y), which completes the proof of the Theorem 2.2.
On taking A = 1 in Theorem 2.2 and using (1.6), we get the following result:
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Corollary 2.3.

Rgz+1(€;“17#277) - R}T)n(& M17M2a7); fO’f’ each m € NO
where

RJT(&/M,MZ,’Y) = {f € ZP : Ip(m7€)f € S;(M17M277)7 _Z(Ip(;::’g))ff(z;) 7£ Y, 2 € u}a

Ip( 7€ (Z
(2.14)
and I,(m,?) f(z) is given by (1.6).
If we put £ =1 in Theorem 2.2 and use (1.7) therein, we get
Corollary 2.4.
RIPY(N; i, o, ) © RIY(N s p2,7y), for each m € No
where
m m * Z( g\rfpf(z )/
Ry (N1, p2,v) = f € 2p: DY, f € 8,(1, p2:7), = #7,2z€U
DAvpf(Z)
(2.15)

and DY f(2) is given by (1.7).
Theorem 2.5.

MY, 6 i, 2, y) © M, 6 i, i, ), for each m € No.
Proof.

fe MY 4 pa, pa, ) Im“()\ 0)f(2) € Cplp, p2,7)

= (
= 2L f(2) € 8y, p2,7)
<:>Im+1A€)( 52 1'(2) ) 85 (11, p12,7)
= —52f'(2) € RPN 6 i, o, )
= —22f'(2) € RPN i, 2, )

= IO (<L2(2)) € 81, 12.7)

= =2 (IO f(2)) € 85, p2,7)
<~ Im()\ K)f( ) € ep(ulau27’7)
= f € M\ 6 p, pi2,7).
For A=1 and ¢ =1 in Theorem 2.5, we get results similar to Corollary 2.3 and
2.4 respectively.
It is obvious from Theorem 2.5 that Alexander’s type relationship holds between
the classes M) (A; p1, p2,v) and Ry'(A; pa, p1,7y), which we state formally as:
Theorem 2.6.

f GM}Zn(A7£;M17M27’y) — _%Zf/ € R;n()‘7£;ﬂlau277)'

/\\_/\_/

>~
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3. INTEGRAL OPERATORS
Let f € ¥,. Then for ;. > 0, we consider the integral operator
Fup(f)(z): X, — 3, defined by
z

Fup(f)(2) = 2 / L E() dit

Zh+p
0

_ [;Jr?:() <n+’“‘u+p> z”] « f(2). (3.1)

Theorem 3.1. If f € R}*(\, 4; i1, p2,7), and for >0,

2 A O (Fup (N ()]
L5 (A O) (Fup(£)(2))]

then F,, p(f)(2) € RyY(\, 45 i, pr2,7), where Fy, p(f)(2) is given by (5.1).

/
#~ Vzel,

Proof. Let
21N O (Fup(f)(2)))

5 (A O (Fup(£)(2))]

where ¢(z) is analytic in U, ¢(0) =1, and ¢(z) # 0 (z € U).
Using (3.1), we have

2L N OFp()(2) = n Il A Of(2) = (n+p) L'\ OFup(f)(2). (3.3)
By (3.2) and (3.3), we get

(N0 f(2)
TN (D)

= (v—p)q(z) =7, (3.2)

=(v—-p)a(z) +[u—-(v-p) (3.4)

Differentiating (3.4) logarithmically, multiplying by z and using (3.2), it follows that

2(I3' (A 0 f(2))
A0 f(2)

The remaining part of the proof is similar to that of Theorem 2.2 and so is omitted.

(v —p)zd'(2)
(v=p)az) +[p—(v=p]

+v=(-paqlz)+ (3.5)
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Theorem 3.2. If f € M;"(\, ¢; pa, pi2,7), and for p >0,

[2 5" (N O Fup () ()T
5 (A O Fp()(2))

then F, p(f)(2) € MY (A, 4 pa, pi2,y), where F, p(f)(2) is given by (5.1).

#*~ Vzel,

Proof.
f S Mgl(Avg;Ml7u277) — _%Zf/ € R;)n()‘vg;ﬂlvu%Fy)
— F,U,,p (—%Zf/(Z)) € R;)n()\)gv,ula//Q)’Y)
= 12 (Fup(£)(2)) € RN 6, p2,7)

— Fﬂ,p(f)(z) € Mgn(Aﬂev /J'17IU/277>'
Letting A = 1 in Theorem 3.1, we get the following result:

Corollary 3.3. If f € R} ((; ju1, p2,7), and for >0,

_ 2 p(m, O)(Fup(f)(2))]
[ (m, ) (Epup(f)(2))]

then F,th(f)(z) € Rzﬁb(& K1, (2, ’7)7 where Ip(mv K)f(Z), R;n(ﬁ’ M1, p2, ’7) and F/L,P(f)(z)
are given by (1.6), (2.14) and (3.1) respectively.
If we set £ =1 in Theorem 3.1, we can easily get the following result:

/
#~v Vzel,

Corollary 3.4. If f € R}'(A; 1, p2,7), and for p >0,

_F [D,:\rjp(Fﬂvp(f)(Z))]/
(DY, (Fup(f)(2))]
then Fy,p(f)(2) € Ry (A; pa, 2, ), where DY f(2), R'(Aspa, p2, ) and Fp(f)(2)

are giwen by (1.7), (2.15) and (3.1) respectively.
For A =1 and £ =1 in Theorem 3.2, we get results similar to Corollary 3.3 and

#~v Vzel,

3.4 respectively.
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